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Abstract. This memoir deals with the hypoelliptic calculus on Heisenberg 
manifolds, including CR and contact manifolds. In this context the main 
differential operators at stake include the Hormander's sum of squares, the 
Kohn Laplacian, the horizontal sublaplacian, the CR conformal operators of 
Gover-Graham and the contact Laplacian. These operators cannot be elliptic 
and the relevant pseudodifferential calculus to study them is provided by the 
Heisenberg calculus of Beals-Greiner and Taylor. 

The Heisenberg manifolds generalize CR and contact manifolds and their 
name stems from the fact that the relevant notion of tangent space in this 
setting is rather that of a bundle of graded two-step nilpotent Lie groups. 
Therefore, the idea behind the Heisenberg calculus, which goes back to Stein, 
is to construct a pseudodifferential calculus modelled on homogeneous left- 
invariant convolution operators on nilpotent groups. 

The aim of this monograph is threefold. First, we give an intrinsic ap- 
proach to the Heisenberg calculus by finding an intrinsic notion of principal 
symbol in this setting, in connection with the construction of the tangent 
groupoid in Po6 . This framework allows us to prove that the pointwise in- 
vertibility of a principal symbol, which can be restated in terms of the so-called 
Rockland condition, actually implies its global invertibility. 

Second, we study complex powers of hypoelliptic operators on Heisen- 
berg manifolds in terms of the Heisenberg calculus. In particular, we show 
that complex powers of such operators give rise to holomorphic families in the 
Heisenberg calculus. To this end, due to the lack of microlocality of the Heisen- 
berg calculus, we cannot make use of the standard approach of Seeley, so we 
rely on an alternative approach based on the pseudodifferential representation 
of the heat kernel in IB G Si . This has some interesting consequences related to 
hypoellipticity and allows us to construct a scale of weighted Sobolev spaces 
providing us with sharp estimates for the operators in the Heisenberg calculus. 

Third, we make use of the Heisenberg calculus and of the results of this 
monograph to derive spectral asymptotics for hypoelliptic operators on Heisen- 
berg manifolds. The advantage of using the Heisenberg calculus is illustrated 
by reformulating in a geometric fashion these asymptotics for the main geomet- 
ric operators on CR and contact manifolds, namely, the Kohn Laplacian and 
the horizontal sublaplacian in the CR setting and the horizontal sublaplacian 
and the contact Laplacian in the contact setting. 
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CHAPTER 1 



Introduction 

This memoir deals with the hypoelliptic calculus on Heisenberg manifolds, in- 
cluding CR and contact manifolds. In this context the main differential operators at 
stake include the Hormander's sum of squares, the Kohn Laplacian, the horizontal 
sublaplacian, the CR conformal operators of Cover-Graham and the contact Lapla- 
cian. These operators cannot be elliptic and the relevant pseudodifferential calculus 
to study them is provided by the Heisenberg calculus of of Beals-Greiner |BG| and 
Taylor fTay\ . 

The Heisenberg manifolds generalize CR and contact manifolds and their name 
stems from the fact that the relevant notion of tangent space in this setting is 
rather that of a bundle of graded two-step nilpotent Lie groups. Therefore, the 
idea behind the Heisenberg calculus, which goes back to Stein, is to construct 
a pseudodifferential calculus modelled on homogeneous left-invariant convolution 
operators on nilpotent groups. 

Our aim in this monograph is threefold. First, we give an intrinsic approach to 
the Heisenberg calculus by defining an intrinsic notion of principal symbol in this 
setting, in connection with the construction of the tangent groupoid in |Po6j . This 
framework allows us to prove that the pointwise invertibility of a principal symbol, 
which can be restated in terms of the so-called Rockland condition, actually implies 
its global invertibility. 

These results have been already used in |Po9| to produce new invariants for 
CR and contact manifolds, extending previous results of Hirachi Hi and Boutet de 
Monvel Bo2 . Moreover, since our approach to the principal symbol connects nicely 
with the construction of the tangent groupoid of a Heisenberg manifold in |Po6j . 
this presumably allows us to make use of global AT-theoretic arguments in the 
Heisenberg setting, as those involved in the proof of the (full) Atiyah-Singer index 
theorem ( ASl], |AS2| L Therefore, this part of the memoir can also be seen as a 
step towards a reformulation of the Index Theorem for hypoelliptic operators on 
Heisenberg manifolds. 

Second, we study complex powers of hypoelliptic operators on Heisenberg man- 
ifolds in terms of the Heisenberg calculus. In particular, we show that complex pow- 
ers of such operators give rise to holomorphic families in the Heisenberg calculus. 
To this end, due to the lack of microlocality of the Heisenberg calculus, we cannot 
make use of the standard approach of Seeley, so we rely on an alternative approach 
based on the pseudodifferential representation of the heat kernel in |BGS| . This 
has some interesting consequences related to hypoellipticity and allows us to con- 
struct a scale of weighted Sobolev spaces providing us with sharp estimates for the 
operators in the Heisenberg calculus. 

These results are important ingredients in |Poll| to construct an analogue for 
the Heisenberg calculus of the noncommutative residue trace of Wodzicki ( jWolj . 
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|Wo2| ) and Guillemin jGulj and to study the zeta and eta functions of hypoelliptic 
operators. In turn this has several geometric consequences. In particular, this allows 
us to make use of the framework of Connes' noncommutative geometry, including 
the local index formula of CM . 

Third, we make use of the Heisenberg calculus and of the results of this mono- 
graph to derive spectral asymptotics for hypoelliptic operators on Heisenberg mani- 
folds. The advantage of using the Heisenberg calculus is illustrated by reformulating 
in a geometric fashion these asymptotics for the main geometric operators on CR 
and contact manifolds, namely, the Kohn Laplacian, the horizontal sublaplacian 
and the Gover-Graham operators in the CR setting and the horizontal sublapla- 
cian and the contact Laplacian in the contact setting. 

On the other hand, although the setting of this monograph is the hypoelliptic 
calculus on Heisenberg calculus, it is believed that the results herein can be extended 
to more general settings such as the hypoelliptic calculus on Carnot-Caratheodory 
manifolds which are equiregular in the sense of |Gro| . 

Following is a more detailed description of the contents of this memoir. 

1.1. Heisenberg manifolds and their main differential operators 

A Heisenberg manifold (M, H) consists of a manifold M together with a dis- 
tinguished hyperplane bundle H C TM . This definition covers many examples: 
Heisenberg group and its quotients by cocompact lattices, (codimension 1) folia- 
tions, CR and contact manifolds and the confolations of Elyahsberg and Thurston. 

In this setting the relevant tangent structure for a Heisenberg manifold (M, H ) 
is rather that of a bundle GM of two-step nilpotent Lie groups (see |BG| . |Bej . 
[EM|. [EMM]. |FST|. [GTo]. jPofi]. [Ro2]L 

The main examples of differential operators on Heisenberg manifolds are the 
following. 

(a) Hormander's sum of squares on a Heisenberg manifold (M, H) of the form, 

(l.i-i) a = v* Xi v Xi + ■■■ + y* Xn yx m , 

where the (real) vector fields Xi , . . . , X m span H and V is a connection on a vector 
bundle £ over M and the adjoint is taken with respect to a smooth positive measure 
on M and a Hermitian metric on £ . 

(b) Kohn Laplacian Db-p,q acting on (p, q)-iorms on a CR manifold M 2n+1 
endowed with a CR compatible Hermitian metric (not necessarily a Levi metric). 

(c) Horizontal sublaplacian A(, ; fc acting on horizontal differential forms of degree 
k on a Heisenberg manifold (M, H). When M 2n+1 is a CR manifold the horizontal 
sublaplacian preserves the bidegree and so we can consider its restriction A(, ;Pjg to 
foms of bidegree (p, q). 

(d) Gover-Graham operators , k = 1, . . . , n + 1, n + 2, n + 4, . . . on a strictly 
pseudoconvex CR manifold M 2n+1 endowed with a CR compatible contact form 9 
(so that 9 defines a pseudohermitian structure on M). These operators have been 
constructed by Gover-Graham |GG| as the CR analogues of the conformal GJMS 
operators of GJMS . In particular, they are differential operators which tranforms 
conformally under a conformal change of contact form and for k — 1 we recover the 
conformal sublaplacian of Jerison-Lee |.TL1| . 



1.2. INTRINSIC APPROACH TO THE HEISENBERG CALCULUS 



3 



(c) Contact Laplacian on a contat manifold M 2n+1 associated to the contact 
complex of Rumin |Ru| . This complex acts between sections of a graded subbunbdlc 
(®t/ n A|) © 1 © 2 of horizontal forms. The contact Laplacian is a differential 
operator of order 2 in degree k ^ n and of order 4 in degree n. 

In the examples (a)-(c) the operators are instances of sublaplacians. More 
precisely, a sublaplacian is a second order differential A : C°°(M,£) — > C°°(M,£) 
which near any point a € M is of the form, 

d d 

(1.1.2) A = - ^X] - ifi(x)X +J2 a j( x ) X j + b (x), 

3=1 3=1 

where Ao, Ai, . . . , A^ is a local frame of TM such that X\, . . . , A^ span i? and the 
coefficients fi(x) and Ox (a;), . . . , a,d(x), b(x) are local sections of End£. 



1.2. Intrinsic approach to the Heisenberg calculus 

Although the differential operators above may be hypoelliptic under some con- 
ditions, they are definitely not elliptic. Therefore, we cannot rely on the standard 
pseudodifferential calculus to study these operators. 

The substitute to the standard pseudodifferential calculus is provided by the 
Heisenberg calculus, independently introduced by Beals-Greiner jHGl and Tay- 
lor [ISy] (see also [EoT] . |tftiGP| . |Dyl] , |Dy2| , |EM], |fST) . |H5]L The idea 
in the Heisenberg calculus, which goes back to Elias Stein, is the following. Since 
the relevant notion of tangent structure for a Heisenberg manifold [M, H) is that 
of a bundle GM of 2-step nilpotent graded Lie groups, it stands for reason to con- 
struct a pseudodifferential calculus which at every point x £ M is well modelled by 
the calculus of convolution operators on the nilpotent tangent group G X M. 

The result is a class of pseudodifferential operators, the f ffDO's, which are 
locally \|/DO's of type (\ 1 1), but unlike the latter possess a full symbolic calculus 
and makes sense on a general Heisenberg manifold. In particular, a ^^DO admits 
a parametrix in the Heisenberg calculus if, and only if, its principal symbol is 
invertible, and then the ^j^DO is hypoelliptic with a gain of derivatives controlled 
by its order (see Section UTTl for a detailed review of the Heisenberg calculus). 

1.2.1. Intrinsic notion of principal symbol. In |BG| and |Tay| the prin- 
cipal symbol of a 'I'ifDO is defined in local coordinates only, so the definition a 
priori depends on the choice of these coordinates. In the special case of a contact 
manifold, an intrinsic definition have been given in EM and EMM as a section 
over a bundle of jets of vector fields representing the tangent group bundle of the 
contact manifold. This approach is similar to that of Melrose Me2j in the setting 
of the 6-calculus for manifolds with boundary. 

In this paper we give an intrinsic definition of the principal symbol, valid for 
an arbitrary Heisenberg manifold, using the results of |Po6j . 

Let (M d+1 ,H) be a Heisenberg manifold. As shown in |Po6j the tangent Lie 
group bundle of (M, H) can be described as the bundle (TM/ H)®H together with 
the grading and group law such that, for sections Ao, Yq of TM/H and sections 
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X', Y' of H, we have 

(1.2.1) t.(X + X') = t 2 X + tX', t£R, 

(1.2.2) (X + X').(Y + Y') =Xo + Y + \z{X' , Y') + X' + Y' , 

where C : H x H — > TM/H is the intrinsic Levi form such that 

(1.2.3) C(X', Y') = [X ', Y'] in TM/H. 

In suitable coordinates, called Heisenberg coordinates, this description of GM 
is equivalent to previous descriptions of GM in terms of the Lie group of a nilpotent 
Lie algebra of jets of vector fields. A consequence of this equivalence is a tangent 
approximation result for Heisenberg diffeormorphisms stating that in Heisenberg 
coordinates such a diffeormorphism is well approximated by the induced isomor- 
phisms between the tangent groups (see |Po6l Prop. 2.21]). 

Let £ be a vector bundle over M. For m S C let ^^(M, £) denote the class 
of \I/jyDO's of order m acting on the sections of £. Furthermore, let g*M be 
the linear dual of the Lie algebra bundle gM of GM, with canonical projection 
7T : q*M — > M, and let us define S m (g*M,£) as the space of sections p m (x,0 in 
C°°{Q*M \ 0,End?r*£) such that p m (x, A.£) = X m p m {x^) for any A > 0. 

The key to our definition of the principal symbol is the aforementioned approx- 
imation result for Heisenberg diffeomorphisms of |Po6j . More precisely, it allows 
us to carry out in Heisenberg coordinates a proof of the invariance by Heisenberg 
diffeomorphisms of the Heisenberg calculus allong similar lines as that in |BG| (see 
AppendixEJ ■ The upshot is that it yields a change of variable formula for the prin- 
cipal symbol in Heisenberg coordinates showing that the latter can be intrinsically 
defined as a section over g*M \ 0. Therefore, we obtain: 

Proposition 1.2.1. For any P £ ^g(M, £), m e C there exists a unique 
symbol a m (P) € S m (g*M,£) such that, for any a € M, the symbol a m (P)(a, .) 
agrees in trivializing Heisenberg coordinates centered at a with the principal symbol 
ofPatx = 0. 

The symbol a m (P)(x,£) is called the principal symbol of P. In local coordi- 
nates it can be explicitly related to the principal symbol in the sense of |BG| (see 
Eqs. (|3.2.8|l - H3.2.9|l L In general the two definitions don't agree, but they do when 
P is a differential operator or the bundle H is integrable. In any case we have a 
linear isomorphism a m : ^(M,£)/^~ 1 (M,£) ^ S m (g*M,£). 

As a consequence of this intrinsic definition of principal symbol we can define 
the model operator of a ^ H DO P £ ^^(M,£) at a point a £ M as the left- 
invariant ^hDO P a on G a M with symbol a m (a, .), that is, the left-convolution 
operator with the inverse Fourier transform of o~ m (a, .) (see Definition 13 . 2 . 7J) . 

These notions principal symbol and of model operators show that the Heisen- 
berg calculus is well approximated by the calculus of left-invariant pseudodifferential 
operators on the tangent groups G a M, a £ M. 

First, as it follows from the results of |BG| . for any a £ M the convolution 
product on the group G a M defines a bilinear product, 

(1.2.4) * a : S mi (s* a M) x S m2 (g* a M) — S mi+m2 {g* a M). 
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This product depends smoothly on a in such way to give rise to a bilinear product, 

(1.2.5) * : S mi (g*M,£) x S m2 (g*M,£) — > S mi+m2 (g* M,£), 

(1.2.6) p mi *p m2 (a,0 = \Pmi(a, •) *>m 2 (a, •)](£) Vp m . 3 G S mj (g*M,£). 

It then can be shown that the above product correspond to the product of $/jDO's 
at the level of principal symbols and that the model operator of a product of 
two Vtz/DO's is the product of the corresponding model operators (see Proposi- 
tion ETU. 

On the other hand, we also can carry out in Heisenberg coordinates versions 
of the proofs that the transpose and adjoints of 'f^DO's are again f gDO's (see 
Appendix [BJ. As a consequence we can identify their principal symbols and see 
that the model operators at a point of the transpose and the adjoint of a 'f^DO 
are respectively the transpose and the adjoint of its model operator (see Proposi- 
tions 13.2.111 and 13.2. 12|) . 

1.2.2. Rockland condition, parametrices and hypoellipticity. It fol- 
lows from the results of |BG| that for a "J^DO P G ^^(M, £ ) the existence of a 
parametrix in *5f~jj m (M, £) is equivalent to the invertibility of its principal symbol 
cr m (P). Moreover, when 5Rm > this implies that P is hypoelliptic with gain of 
ijim derivatives. 

In general it may be difficult to determine the invertibility of the principal 
symbol of a 'J'^fDO, because the product (|1.2.5fl for symbols is not anymore the 
pointwise product of symbols. Nevertheless, this problem can be understood in 
terms of a representation theoretic criterion, the so-called Rockland condition. 

If P is a homogeneous left invariant 'i'DO on a nilpotent graded group G then 
to any unitary representation 7r we can associate an (unbounded) operator 7rp on 
the representation space Ti.^ such that the domain of its closure contains the space 
C°°(7r) of smooth vectors of it. The Rockland condition then requires that for any 
non-trivial irreducible unitary representation it of G the closure Wp is injective on 
C°°(7r). 

It is a remarkable result that the Rockland condition for P is equivalent to its 
hypoellipticity (see |R"oT] . |HNlj . |HN2| . jCGGPp . Moreover, it can be shown 
that P is hypoelliptic iff it admits a left *DO inverse (see [Fb], |UeT] . |CGGP| ). 
It then follows that P admits a two-sided ^DO inverse if, and only if, P and P* 
satisfies the Rockland condition. 

In the setting of the Heisenberg calculus we say that a ^//DO P € tyjj(M,£) 
satisfies the Rockland condition at a point a when the model operator P a satisfies 
the Rockland condition on G a M . It then follows that the principal symbol a m (P) 
is invertible at x = a, i.e., a m (P)(a, .) admits an inverse in S , _ m (g*M, £ a ) with 
respect to the product * a , if, and only if, P and P t satisfies the Rockland condition 
at a. 

If P G $j|j(M, £) is such that P and P* satisfy the Rockland condition at 
every point then, as mentioned above, for each point a £ M we get an inverse 
q a € 5_ m (g*M, £ a ) for a m (P)(a, .). However, in order to obtain an inverse for 
<r m (P) in 5 m (g*M, £) we still have to check that the family (q a ) a e m varies smoothly 
with a. 

By using an idea of Christ |Ch2| it has been shown in |CGGPj that given a 
smooth family of homogeneous left invariant WO's {P u )u^u on a fixed nilpotent 
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homogeneous group G such that P u and (P U Y satisfy the Rockland condition for 
every u then the family of inverses depend smoothly on u. 

In this memoir we show that in the Heisenberg setting this result is also true 
when the group varies from point to point. Namely, we prove: 

Theorem 1.2.2. Let P : C°°(M,£) C°°(M,£) be a f H DO of order m. 
Then the following are equivalent: 

(i) P and P satisfy the Rockland condition at every point of M; 

(ii) The principal symbol of P is invertible. 
Moreover, when m = both (i) and (ii) are equivalent to: 

(Hi) For any a £ M the model operator P a is invertible on L 2 (G a M,£ a ). 

In substance this theorem states that in the Heisenberg the pointwise invert- 
ibility of a principal symbol is equivalent to its invertibility. The proof elaborates 
on the ideas of |Ch2| and |CGGP| and is divided into two steps. 

In the first step we prove the theorem in the case m = 0. In this case, the 
equivalence of (i) and (iii) follows from a result of Glowacki G12 and it is immediate 
that (ii) implies (iii). Therefore, we only have to prove that (iii) implies (ii). The 
arguments are based on the ideas of |Ch2| as in |CGGP| . but instead of relying 
on the result of Christ |Chl| on the L p boundedness of zero'th order convolutions 
operators on nilpotent graded groups, we rely on its earlier version due to Knapp- 
Stein |KS| . which can be more conveniently generalized to the setting of families 
of groups. 

The second step is the reduction to the case m = 0. This is similar to what is 
done in jCGGPj , but instead of making use of the commutative approximation of 
the identity on a fixed nilpotent group of [Gil] , we make use of integer powers of 
a sublaplacian with an invertible principal symbol (such an operator always exists 
thanks to the results of |BGp . 

On the other hand, Theorem 1 1 . 2 . 21 has several interesting consequences. First, 
if P satisfies the Rockland condition at every point and we have dim > then P is 
hypoelliptic with gain of i^Rm derivatives (Proposition 13 . 3 . 2*U|) . 

Second, even though the representation theory of G a M may vary as a ranges 
over points of M the Rockland condition is an open condition. More precisely, we 
prove: 

Proposition 1.2.3. Let P : C™(M,£) -> C°°(M : £) be a ^ H DO of integer 
order m with principal symbol p m (x,£) and let a £ M. 

1) If P satisfies the Rockland condition at a then there exists an open neigh- 
borhood V of a such that P satisfies the Rockland condition at every point ofV. 

2) If p m {. a ,i) is invertible in S m (2aM,£ a ) then there exists an open neighbor- 
hood V of a such that p m \ v is invertible on S m (g*V,£). 

Finally, if {p v <z B ) „g b is a smooth family with values in S' m (g* M, £) parametrized 
by a manifold B such that p v admits an inverse pi in 5_ m (g*M, £) for any v G B, 
then the family (pi X ^) u eB too depends smoothly on B (see Proposition 13.3. 2"2"|) . 

1.2.3. Invertibility criteria for sublaplacians. As alluded to above the 
sublaplacians cover the important examples that are the Hormander's sum of squares, 
the Kohn Laplacian or the horizontal sublaplacian. If A : C oa (M,£) — > C°°(M,£) 
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is a sublaplacian then as shown in [BGj the Rockland condition can be formulated 
in terms of the Levi form 1(1.2.3(1 as follows. 

For a G M let 2n be the rank of the Levi form C a and, using the same notation 
as in (|1.1.2|l . consider the singular set 

1 d „ d 

(1.2.7) A a = (-oo,-- Y, |Ai|]U[- J2 \Xj\\H«)\,«>) if2n<d, 

d 

(1.2.8) A a = {±-^(l + 2a j )|A i |;a J eN d } if 2n = d, 

3=1 

where X%,. ..,Xd are the eigenvalues of C(a) with respect to the frame Xq, .... Xd 
in 1(1.1.21) . Then the Rockland conditions at a for A and A* are both equivalent to 
the single condition, 

(1.2.9) Sp^(a)nA a = 0. 

In fact, when the condition 1(1.2.9(1 holds at every point, we evan can derive an 
explicit formula for the inverse of the principal symbol of A. This is carried out 
in |BG| in the scalar case only, but we really need to deal with the system case 
in order to study sublaplacians acting on forms. For instance, the Kohn Laplacian 
locally is scalar modulo lower order terms if, and only if, the Levi form diagonalizes 
in a smooth eigenframe, which needs not exist in general. 

In Section EOl after having recalled the arguments of BGj in the scalar case, 
we explain how to extend them for systems of sublaplacians. In particular, this 
allows us to complete the treatment of the Kohn Laplacian in ,B<3] (see below). 

1.2.4. Invertibility criteria for the main differential operators on Heisen- 
berg manifolds. In Section rTHl we work out the previous invertibility criteria for 
the principal symbols of the main examples of operators on Heisenberg manifolds. 
In particular, we recover in a unified fashion several known hypoellipticity results. 

(a) Hormander's sum of squares. For a sum of squares as in 1(1.1.1(1 the condi- 
tion 1)1.1.2(1 is equivalent to have rk£ a 7^ 0, so that the invertibility of the principal 
symbol of A is equivalent to the condition, 

(1.2.10) H + [H,H]=TM, 

This is exactly the bracket condition of Hormander |Ho2| for a codimension 1 
distribution H C TM. 

(b ) Kohn Laplacian. In the case of the Kohn Laplacian acting on (p, g)-forms 
on a CR manifold M 2n+1 the condition l|1.1.2|) reduces to Kohn's F(g)-condition. 
For instance when M is K-strictly pseudoconvex this reduces to have q ^ k and 
q =/= n — k. 

(c) Horizontal sublaplacian. For the horizontal sublaplacian A^ acting on hor- 
izontal forms of degree k on a Heisenberg manifold the relevant condition to look 
at is a condition that we call condition X{k): given a point a G M and letting 2n 
be the rank of the Levi form C at a, we say that the condition X(k) is satisfied at 
a when we have 



(1.2.11) 



k $ {n, n + 1, . . . , d — n}. 
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More precisely, we show that the condition 1(1. 1.2(1 reduces to the condition X(k) 
and so Af, ; fe has an invertible principal symbol if, and only if, the condition X{k) 
holds at every point (see Proposition 13. 5. 4|l . 

For k = we get rk£ a ^ which is equivalent to the condition 1(1.2.10(1 (in 
fact A(, ; o is a sum of squares modulo lower order terms). When M 2n+1 is a contact 
manifold the condition X(k) exactly means that we must have k ^ n, so that we 
recover the hypoellipticity results of Ta and Ru , but in the non-contact case our 
invertibility criterion for the horizontal sublaplacian seems to be new. 

When M 2n+1 is a CR manifold and we consider the horizontal sublaplacian 
£^b;p,q acting on (p, q)-forms we can refine the X(k) condition into the X(p, q) con- 
dition (see Proposition ^. 5. 6|l . For instance when M 2n+1 is K-strictly pseudoconvex 
it means that we must have (p, q) ^ (k, n — k) and (p, q) ^ (n — k, k). 

(d) Gover- Graham operators. On a strictly pseudoconvex CR manifold M 2n+1 
the Gover-Graham operators □g fc ' ) , k = 1,2, . . . , n+1, n+2, n+4, . . ., are products of 
sublaplacians modulo lower order terms. Except for k = n + 1 all the sublaplacians 
that are involved have invertible principal symbols, so except for the value k — n + 1 
the principal symbol of is invertible (see Proposition 13 . 5 . 7fl . 

(e) Contact Laplacian. It has been shown by Rumin |Ru| that in every degree 
the contact Laplacian satisfies the Rockland condition at every point, so it follows 
from Theorem IT"2~2l that in every degree its principal symbol is invertible. 

1.3. Holomorphic families of fflDO's 

In order to deal with complex powers of hypoelliptic operators we define holo- 
morphic families of ^/fDO's and check their main properties in Chapter^] 

In a local Heisenberg chart U C R d+1 the definition of a holomorphic family 
of f ffDO's parametrized by an open £1 C C is similar to that of the definition of 
a holomorphic family of WO's in jWoll 7.14] and |Gu2l p. 189] (see also [KVj). 
In particular, we allow the order of the family of f j/DO's to vary analytically. 

Most of the properties of \l///DO's extend mutatis mutandis to the setting of 
holomorphic families of $flDO's. In particular, the product of two holomorphic 
families of f ijDO's is again a holomorphic family of ^^DO's fProposition l4.3.5l) . 

There is, however, a difficulty when trying to extend the definition to gen- 
eral Heisenberg manifolds. More precisely, the proof of the invariance of the 
Heisenberg calculus by Heisenberg diffcomorphisms relies on a characterization 
of the distribution kernels of "f^DO's by means of a suitable class of distribu- 
tions K*{U x M d+1 ) = U meC IC m (U x R d+1 ) c V'(U x M d+1 ). Each distribution 
K e JC rn (U x R d+1 ) admits an asymptotic expansion, in the sense of distributions, 

(1.3.1) K~J2 R ™+i> K^ICtiU xR d+1 ), 

where K-i (U x M d+1 ) consists of distributions that are smooth for y ^ and homoge- 
neous of degree / if / ^ N and are homogeneous of degree I up to logarithmic terms 
otherwise (see |BG) and Chapter ^J). In particular, the definition of ICi(U x K d+1 ) 
depends upon whether I is an integer or in not, which causes trouble for defining 
holomorphic families with values in 1C*(U x R d+1 ) when the order crosses integers. 

This issue is resolved by means of a new description of the class fC*(Ux M. d+1 ) in 
terms of what we call almost homogeneous distributions. The latter are homogenous 
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modulo smooth terms and under the Fourier transform they correspond to the 
almost homogeneous symbols considered in |BG| . 

Since the definition of an almost homogeneous dsitribution of degree I does 
not depend on whether I is an integer or not, there is no trouble anymore to define 
holomorphic families of almost homogeneous kernels. Therefore, we can make use of 
the characterization of fC*(U x R d+1 ) in terms of almost homogenous distributions 
to define holomorphic families with values in JC*(U x R d+1 ) (see Definition 14. 4. 3(1 . 

We show that the distribution of kernel holomorphic families of ^ h DO's can be 
characterized in terms of holomorphic families with values in IC*(U x M d+1 ). This 
allows us to extend the arguments in the proof of the invariance by Heisenberg 
diffeomorphisms of the Heisenberg calculus to prove that holomorphic families of 
'I' h DO's too are invariant under Heisenberg diffeomorphisms fProposition I4.5.2|) . 
As a consequence we can define holomorphic families of 'fffDO's on an arbitrary 
Heisenberg manifold independently of the choice of a covering by Heisenberg charts. 

Let us also mention that the almost homogeneous approach to the Heisenberg 
calculus can also be used to constructing a class of 'JjfDO's with parameter con- 
taining the resolvents of hypoelliptic ^/fDO's (see |Pol2| ). 

1.4. Heat equation and complex powers of hypoelliptic operators 

One of the main goals of this memoir is to obtain complex powers of hypoelliptic 
operators on Heisenberg manifolds as holomorphic families of 'f/fDO's along with 
some applications to hypoellipticity. 

It has been shown by Mohammed Mo2 that the complex powers of invertible 
positive hypoelliptic operators with multicharacteristics are f DO's in the class 
constructed in BGH , but in the Heisenberg setting we would like to obtain them 
as holomorphic families of 'f/jDO's. To this end we cannot follow the standard 
approach of Seeley |Se| due to the lack of microlocality of the Heisenberg calculus. 
Instead we make use of the pseudodifferential representation of the heat kernel 
of |BGS| . which is especially suitable for dealing with positive differential operators 
(we will deal with the general case in |Pol2j using another approach). 

Let us also mention that a similar approach to complex powers has been used 
independently by Mathai-Melrose-Singer MMS and Melrose Me3 in the context 
of projective pseudodifferential operators on Azamaya bundles. 

From now on we let (M d+1 ,H) be a compact Heisenberg manifold equipped 
with a smooth density > and let £ be a Hermitian vector bundle over M. 

1.4.1. Pseudodifferential representation of the heat kernel. Consider 
a selfadjoint differential operator P : C co (M 1 £) — ► C°°(M,£) which is bounded 
from below and has an invertible principal symbol, so that the heat kernel kt(x,y) 
of P is smooth for t > 0. 

Recall that the heat semigroup e~ tp allows us to invert the heat operator P+d t - 
Conversely, constructing a suitable pseudodifferential calculus nesting parametrices 
for P + dt allows us to derive the small time heat kernel asymptotics for P. 

In the elliptic setting this approach was carried out by Greiner |Gre| and the 
relevant pseudodifferential calculus is the Volterra calculus (see |Gre| . |Pi|). The 
latter consists only in a modification of the classical pseudodifferential calculus in 
order to take into account the parabolicity and the Volterra property with respect 
to the time variable of the heat equation. In particular, Greiner's approach holds in 
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fairly greater generality and has many applications (see, e.g., |BGS| . |BS1| . [BS2 , 

EE], IE2, IEE2I, [Ksg, |Me2], m, IEqU, IEozI) 

The Greiner's approach has been extended to the Heisenberg calculus in BGSj . 
with the purpose of deriving the small time heat kernel asymptotics for the Kohn 
Laplacian on CR manifolds. In particular, a class of Volterra ^jyDO's is obtained 
which contains parametrices for the heat operator P + d t . As a consequence, once 
the principal symbol of P + dt is invertible in this calculus, the inverse of P + dt is 
a Volterra 4" //DO which, in turn, yields a pseudodiffcrcntial representation of the 
heat kernel of P. More precisely, we have: 

Theorem 1.4.1 QBGSj L Let P : C°°(M,£) -> C°°{M,£) be a selfadjoint 
differential operator of even Heisenberg order v which is bounded from below and 
such that the principal symbol of P + dt is invertible in the Volterra- Heiseneberg 
calculus. Then: 

1) The inverse (P + dt) is a Volterra ^hDO; 

2) The heat kernel k t (x,y) of P has an asymptotics inC°°(M, (End£)<g>|A|(M)) 
of the form 

(1.4.1) k t (x,x) ~^ 0+ t-^^2t^ aj {P){x), 

where the density a j(P)(x) is locally computable in terms of the symbol q_ 1 ,_2j(^, r ) 
of degree —v — 2j of any Volterra-^ h DO parametrix for P + dt- 

This framework is recalled in Section 15. II and we can extend to this setting the 
intrinsic approach of Chapter [3J 

1.4.2. Heat equation and sublaplacians. Let A : C°°{M,£) -> C°°(M,£) 

be a selfadjoint sublaplacian which is bounded from below. In BGS the authors 
construct explicitly an inverse in the Volterra-Heisenberg calculus for the principal 
symbol of A + dt when £ is the trivial line bundle and when at every point a € A/, 
with the notation of (|1.2.7jl - H1.2.8|) . we have 

(1.4.2) iMWK^El^l- 

Since A is selfadjoint, and so fj,(a) is real, the above condition is the same as l|1.2.9|) 
when rk£ Q < d 7 but when rk£ a = d this is a stronger condition. 

In fact, the explicit formulas of |BGS| can be extended to the case where £ 
is an arbitrary vector bundle and where A satisfies the weaker condition (|1.1.2fl at 
every point (see Proposition 15 . 2 . 9l) . As a consequence Theorem 11.4.11 holds for the 
Kohn Laplacian even when the Levi form is not diagonalizable. 

Moreover, as we actually can invert the principal symbol of A + dt in a refined 
class of symbols, for any integer k = 2, 3, . . . we can invert the principal symbol of 
A fc + dt in the Volterra-Heisenberg calculus (see Proposition 15. 2. 12"l) . 

1.4.3. Complex powers. Let P : C°°(M,£) -> C°°(M,£) be a positive 
selfadjoint differential operator of even Heisenberg order v and assume that the 
principal symbol of P is invertible, i.e., P satisfies the Rockland condition at every 
point. Thanks to the spectral theorem we can define the complex powers P s , s 6 C, 
of P as unbounded operators on L 2 (M,£) which are bounded for 3?s < 0. 
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Moreover, for SKs < the Mellin formula holds, 



where IIo(P) denotes the orthogonal projection onto the kernel of P. Combining 
this formula with the pseudodifferential representation of the heat kernel of P in 
terms of the Volterra-Heisenberg calculus allows us to prove: 

Theorem 1.4.2. Assume that the principal symbol of P + dt is an invertible 
Volterra-Heisenberg symbol. Then the complex powers P s , s £ C, of P form a 
holomorphic 1-parameter group of ^ hDO's such that oidP s = ms Vs G C. 

In particular, this theorem holds for the following sublaplacians: 

(a) A sum of squares of the form l|l.l.l|) . provided that the bracket condi- 
tion (|1. 2. lOj) holds; 

(b) The Kohn Laplacian on a CR manifold acting on (p, q)-forms under condi- 
tion Y(q); 

(c) The horizontal Laplacian on a Heisenberg manifold acting on horizontal 
forms of degree k under condition A(fc); 

(d) The horizontal Laplacian on a CR manifold acting on (p, g)-forms under 
condition X(p, q). 

In fact, partly by making use of Theorem 11.4.21 we will show that when the 
condition (|1. 2.10(1 holds the principal symbol of P + dt is automatically invertible 
in the Volterra-Heisenberg symbol (see below). Therefore, we obtain: 

Theorem 1.4.3. If the bracket condition J^1.2.1U\) holds then the complex powers 
P s , s € C, of P form a holomorphic 1-parameter group of ^hDO's such that 
ordP s = ms Vs € C. 

In particular, Theorem 11.4.31 is valid for the contact Laplacian on a contact 
manifold. In this context this allows us to fill a technical gap in JK concerning 
the proof of the fact that the complex powers of the contact Laplacian give rise 
to \I/jyDO's which is an important step in the proof there of the Baum-Connes 
conjecture for SU(n, 1) (see |PolO| L 

1.4.4. Rockland condition and heat equation. Thcorcm ll.4.2l has several 
interesting applications related to hypoellipticity. 

First, Theorem 1 1 . 2 . 21 can be extended to $ifDO's with non-integer orders as 
follows. 

Theorem 1.4.4. Assume that the bracket condition M.2.1U\) holds. Then for 
any P € ^^(M, £), m € C, the following are equivalent: 

(i) The principal symbol of P is invertible; 

(ii) P and P* satisfy the Rockland condition at every point a £ M. 
(Hi) P and P* satisfy the Rockland condition at every point a € M. 

As a consequence of this theorem we can prove that when the condition (|1.2.10|) 
holds any P E ^^(M, £) with 3?m > satisfying the Rockland condition at every 
point is hypoelliptic with gain of iSftm derivative(s) (see Proposition 15 . 4 . 2]l . 

Next, let P : C°°(M,E) -> C°°(M,£) be a selfadjoint differential operator of 
even Heisenberg order v. We shall say that the principal symbol of P is positive 
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when it can be put into the form g|" * q^ for some symbol qs. homogeneous of 
degree |. Then, by making use of Theorem 1 1 . 4 . 21 and by extending to the Volterra- 
Heisenberg setting the arguments of the proof of Theorem 1 1 . 2 . 21 we prove: 

Theorem 1.4.5. Assume that the bracket condition M.2.1U\) holds and that P 
satisfies the Rockland condition at every point. 

1) P is bounded from below if, and only if, it has a positive principal symbol. 

2) If P has a positive principal symbol, then the principal symbol P + dt is 
invertible in the Volterra-Heisenberg calculus. 

This proves that, when the condition 11.2.1Uf) holds, in Theorem 1 1 . 4 . II we can 
replace the invertibility condition on the principal symbol of P+dt by the validity of 
the Rockland condition for P at every point. Consequently, we see that the results 
of |BGSj actually hold for a wide class of operators. In particular, Theorem II .4. II 
is valid for the contact Laplacian on a contact manifold. 

1.4.5. Weighted Sobolev spaces. As another application of Theorem ll.4.2l 

under the bracket condition l|1.2.10f> we can construct a scale of Weighted Sobolev 
spaces Wfj(M, £), s G C, providing us with sharp regularity estimates for DO's. 

Let A v ,x : C°°(M, £) -> C°°(M, £) be a sum of squares as in |TXT| . Since the 
bracket condition (|1.2.10|) holds, Theorem 11.4.21 tells us that the complex powers 
(1 + Ax) s , s G C, give rise to an analytic 1-parameter group of invertible ^fjj DO's. 

For s € K the weighted Sobolev space W^(M,£) is defined as the space of 
distributional sections u € V(M,£) such that (1 + Av,x) 3 « is in L 2 (M,£) together 
with the Hilbertian norm, 

(1.4.4) ||u|| w . = ||(l + A v ,x) f w||^, ueW^(M,£). 

It can be shown that, up to the choice of an equivalent Hilbertian norm, this 
definition does not depend on the choices of the vector fields Xi , . . . , X m and of 
the connection V and that when s is a positive integer it agrees with the previous 
definition of the Weighted Sobolev spaces of Folland-Stcin FS1 (see Section 

Moreover, the spaces Wfj(M, £) can be nicely compared to the standard Sobolev 
spaces L 2 (M,£). More precisely, we show that we have the following continuous 
embeddings, 

L*(M) W' H {M) - L*(M) ifs>0, 
[ > L 2 s/2 (M) ^ W S H {M) L 2 S {M) ifs<0. 

On the other hand, these Sobolev spaces are suitable for studying $ijDO's, for 
we have: 

Proposition 1.4.6. Let P : C°°(M,£) C°°(M,£) be a ^ H DO of order m 
and set k = iftm. Then, for any s € R, the operator P extends to a continuous 
linear mapping from W s H +k (M,£) to W S H {M,£). 

As a consequence we get sharp regularity results for "f^DO's satisfying the 
Rockland condition: 

Proposition 1.4.7. Let P : C°°{M,£) -> C°°(M,£) be a V H DO of order m 
such that P satisfies the Rockland condition at every point and set k — 5Rto. Then 
for any u £ T>'{M 1 £) we have 

(1.4.6) Pu G W S H {M,£) =^ue W s ^ k {M,£). 
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In fact, for any s'eRice have the estimate, 

(1.4.7) \\u\\ w s+ k <C ss/ (\\Pu\\ wli + \\u\\ wt; ), utW s H +k (M,£). 

When P is a differential operator of Heisenberg order v the properties 1(1.4.6(1 
and l|l. 4.7(1 correspond to the maximal hypoellipticity of HN3| . 

In addition, the weighted Sobolev spaces Wfj{M,£) can be localized, so that 
it makes sense to say that a distributional section is Wfj near a point, and we can 
prove a localized version of Proposition 1 1.4. 71 fsee Proposition 15 . 5 . 14*|l . 

Finally, we also give a version of Proposition 11.4.61 for holomorphic families 
of ^^fDO's and in particular for complex powers of positive differential operator 
satisfying the Rockland condition (Propositions 15.5.151 and 15.5.161 for the detailed 
statements) . 

1.5. Spectral asymptotics for hypoelliptic operators 

Another main goal of this monograph is to make use of the Heisenberg calculus 
to derive spectral asymptotics for hypoelliptic operators on Heisenberg manifolds 
and in particular to get explicit geometric expressions for the leading terms of 
these asymptotics for the main geometric differential operators on CR and contact 
manifolds. 

1.5.1. Heat equation and spectral asymptotics. Consider a selfadjoint 
differential operator P : C co (M,£) — ► C oa (M,£) of even Heisenberg order v which 
is bounded from below and such that the principal symbol of P + dt is invertible in 
the Volterra-Heisenberg calculus. Then the heat kernel asymptotics 1(1.4.1(1 holds 
at the level of densities, so that as t — > + we have 

(1.5.1) Tr e - tp ~t-^£i^(P), A j (P)= [ tr saj (P)(x). 

Next, let Xq(P) < X%(P) < ... denote the eigenvalues of P counted with 
multiplicity and let N(P; A) denote its counting function, that is, 

(1.5.2) N(P; X) = #{fc G N; X k (P) < A}, A > 0. 
In addition, define 

(1.5.3) Vo{P)=T (i + ^±l ) -i Ao (P). 

m 

Then we obtain: 

Proposition 1.5.1. 1) We have vq{P) > 0. 

2) As X -► oo we have N(P; A) - v (P)X^r . 

3) As k — > oo we have Afc(P) ~ (^ vo (p) J ^ ■ 

Once it is proved that fo(P) is > we can make use of Karamata's Tauberian 
theorem to deduce from i(1.5.1|) the asymptotics for N(P;X) and A^(P). Thus the 
bulk the proof is to establish the positivity of v$ (P) , which is carried out via spectral 
theoretic considerations. 

By relying on other pseudodifferential calculi several authors have also obtained 
Weyl asymptotics in the more general setting of hypoelliptic operators with mul- 
ticharacteristics (see |HJ , (Melj . |MSj . (Molj . (Mo2j ). Nevertheless, as far as 
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the Heisenberg setting is concerned, the approach using the Volterra-Heisenberg 
calculus has two main advantages. 

First, the pseudodifferential analysis is significantly simpler. In particular, the 
Volterra-Heisenberg calculus yields for free the heat kernel asymptotics once the 
principal symbol of the heat operator is shown to be invertible, for which it is 
enough to use the Rockland condition when the condition (jl. 2.10() holds. 

Second, since the Volterra-Heisenberg calculus fully takes into account the un- 
derlying Heisenberg geometry of the manifold and is invariant by change of Heisen- 
berg coordinates, we can get explicit geometric expressions for the coefficient vq (P) 
in the case of the main geometric differential operators on CR and contact manifolds 
(see below for the precise formulas). 

1.6. Weyl asymptotics and CR geometry 

Let M 2n+1 be a compact K-strictly pseudoconvex CR manifold and let 9 be a 
contact form whose associated Levi form has signature {n — k, k, 0), so that 9 defines 
a pseudohermitian structure on M. We endow M with a Levi metric compatible 
with 9. Then the volume of M with respect to this Levi metric is independent of 
the choice of the Levi form and is equal to 

(1.6.1) vol M = ^— f e A d9 n . 

™ ! J M 

We call volg M the pseudohermitian volume of (M, 9) and we relate it to the Weyl 
asymptotics (11.5.3(1 for the Kohn Laplacian and the horizontal sublaplacian as fol- 
lows. 

For /i £ (— n, n) we let 

(1.6.2) v{n) = (2^)-( n+1 > / e-^i-^—Td^. 



'sinh£o ' 



Then for the Kohn Laplacian we prove: 



Theorem 1.6.1. Let O b - Pjq be the Kohn Laplacian acting on (p,q) forms with 
q =/= n and q n — k. Then as A — > oo we have 

(1.6.3) N(D b . iP , q ;X) ~ a nKpq {vo\ M)A"+\ 

where a nKpq is equal to 

d.6.4, Q £ iCrXA)*-*-"*"- 

max(0,ij— K)<k<min(q.n— k) 

In particular a nKpq is a universal constant depending only on n, n, p and q. 

In the strictly pseudoconvex case, i.e., when k = 0, this theorem follows from 
the computation of Ao(\3i,.p jq ) in |BGS| . but for the case k > 1 this seems to be a 
new result. 

Next, in the CR setting the horizontal sublaplacian preserves the bidegree and, 
in the same way as with the Kohn Laplacian, we prove: 

Theorem 1.6.2. Let A b , p ^ q : C°°(M,AP'i) -> C°°{M,AP^) be the horizontal 
sublaplacian acting on (p, q) -forms with (p, q) ^ (k, n — k) and (p, q) ^ (n — k, k). 
Then as X —* oo we have 



(1.6.5) N{A b .^ q - A) ~ p nK p q {vo\ 8 M)X 



n+l 
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where I3 ntipq is equal to 

£ 2 "("7%! i )("r)C-> (2(4 - f " +4(, -* )) - 

max(0,q-K)<fe<min(( 2 ,n-K) V / V / \ / \« / 

max(0,p— re)<(<min(p,n— ft) 

In particular ftnupq is a universal constant depending only on n, k, p and q. 

Finally, suppose that M is strictly pseudoconvex, i.e., n = 0, and for k — 

(k) 

1, . . . , n + 1, n + 2, n + 4, . . . let Eft be the Gover-Graham operator of order k. 
Then we have: 

Theorem 1.6.3. Assume k ^ n + 1. TTien f/iere exists a universal constant 
v^f 1 > depending only on n and k such that as A — > oo we /iawe 

(1.6.7) iV(E]g fc) ; A) - ^ fc) (vol e Af)A^. 

1.7. Weyl asymptotics and contact geometry 

Let (M 2n+1 , H) be a compact orientable contact manifold. Let 9 be a contact 
form and let J be a calibrated almost complex structure on H so that dd(X, JX) = 
—d9(JX, X) > for any section X of H\0. We then endow M with the Riemannian 
metric gg t j — dd(., J.) + 6 2 . The volume of M with respect to gej depends only on 
6 and is equal to: 

(1.7.1) voLjM= —, { d6 n A6. 

n] - Jm 

We call volg M the contact volume of M. 

We can relate the Weyl asymptotics for the horizontal sublaplacian to the 
contact volume to get: 

Theorem 1.7.1. Let A b , k : C°°(M,A^H*) -> C°°(M,A^ +1 H*) be the hori- 
zontal sublaplacian on M in degree k with k =/= n. Then as A — * co we have 

(1.7.2) iV(A b;fe ;A)~ 7 n fc (vol e Af)A n+1 , lnk = ]T 2 n ( U )( U )u (p - q). 

p+q=k 

In particular "f nk is universal constant depending on n and k only. 

Note that when M is a strictly pseudoconvex CR manifold the asymptotics 1)1. 7. 2|) 
is compatible with (|1.6.5H because the contact volume differs from the pseudoher- 
mitian volume by a factor of 2~ n . 

Finally, we can also deal with the contact Laplacian as follows. 

Theorem 1.7.2. l)LetA R - k : C°°{M,A k ) -> C°°(M, A k ) be the contact Lapla- 
cian in degree k with k ^ n. Then there exists a universal constant v nk > 
depending only on n and k such that as A — > oo we have 

(1.7.3) N(A R;k ; A) ~ ^ fe (vol e M)X n+1 . 

2) For j = 1,2 consider the contact Laplacian A R , n : C°°{M, A??) -> C°°(M, A]). 

Then there exists a universal constant ViP > depending only on n and j such that 
as A — > oo we have 

(1.7.4) N(A R;nj ; A) ~ u^(vol e M)A^. 
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1.8. Organization of the memoir 

The rest of the memoir is organized as follows. In Chapter we start by 
recalling the main definitions and examples concerning Heisenberg manifolds and 
their tangent Lie group bundles. Then we review the constructions of the main 
differential operators on Heisenberg manifolds: sum of squares, Kohn Laplacian, 
horizontal sublaplacian, Gover-Graham operators and the contact Laplacian. 

In Chapter El after a detailed review of the main known facts about the Heisen- 
berg calculus, we give an intrinsic definition of the principal symbol and model 
operators of a \l/jyDO and check their main properties. Then we prove Theo- 
rem 11.2.21 and its consequences. We conclude the chapter by a closer look at the 
main differential operators on Heisenberg manifolds. 

In Chapter 0] we define holomorphic families of "f^DO and study their main 
properties. In particular, we make use of an almost homogeneous approach to the 
Heisenberg calculus. 

Chapter ]E\ is devoted to complex powers of positive hypoclliptic differential 
operators in connection with the heat equation. After having recalled the pseu- 
dodifferential represention of the heat kernel of such an operator in terms of the 
Volterra-Heisenberg calculus of IBGS) . we use it to establish Theorem 1 1.4. 21 Then 
we make use of Theorem ll.4.2l to extend Theorem ll.2.2l to f ijDO's with non-integer 
orders and to prove Theorem 1 1.4. 51 Eventually, we construct the weighted Sobolev 
spaces Wft(M, £), seR, and check their main properties. In particular, we prove 
that they yield sharp regularity results for ^hDO's. 

In Chapter H3 we deal with spectral asymptotics for hypoelliptic operators on 
Heisenberg manifolds. First, we derive general spectral asymptotics for such oper- 
ators on a general Heisenberg manifold. We then express these asymptotics in a 
geometric fashion. We first proceed with the Kohn Laplacian and the horizontal 
sublaplacian on a CR manifold. Then we deal with the horizontal sublaplacian and 
the contact Laplacian on a contact manifold. 

Finally, two appendices are included. In Appendix ^ we give a version in 
Heisenberg coordinates of the proof of the invariance by Heisenberg diffeomor- 
phisms of the Heisenberg calculus, which is used in the intrinsic definition of the 
principal symbol of a 'J'/jDO. In Appendix[5]we similarly give a version in Heisen- 
berg coordinates of the proof that the transpose of a 'J'irDO is again a "f^DO. 
Both proofs will also be useful for generalizing the aforementionned results to the 
setting of holomorphic families of ^//DO's. 
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CHAPTER 2 



Heisenberg manifolds and their main differential 

operators 



In this chapter we recall the main definitions and properties of Heisenberg man- 
ifolds and we review the construction of the main examples of differential operators 
on such manifolds. 

2.1. Heisenberg manifolds 

In this section we gather the main facts about Heisenberg manifolds and their 
tangent Lie group bundles. 

Definition 2.1.1. 1) A Heisenberg manifold is a smooth manifold M equipped 
with a distinguished hyperplane bundle H C TM . 

2) A Heisenberg diffeomorphism (ft from a Heisenberg manifold (M, H) onto 
another Heisenberg manifold (M, H') is a diffeomorphism (ft : M — > M' such that 
(ft*H = H'. 

Definition 2.1.2. Let (M d+1 ,H) be a Heisenberg manifold. Then: 

1) A (local) H-frame for TM is a (local) frame X , Xi, . . . , X d of TM so that 
Xi, . . . , X d span H. 

2) A local Heisenberg chart is a local chart with a local H-frame of TM over 
its domain. 

The main examples of Heisenberg manifolds are the following. 
a) Heisenberg group. The (2n + l)-dimcnsional Heisenberg group H 2n+1 is 
R 2n+1 = Ix R 2n equipped with the group law, 

(2.1.1) x.y = (x + y + ^ (xn+jVj - Xjy n+j ), xi + yi, . . . ,x 2n + U2n)- 

l<j<n 

A left-invariant basis for its Lie algebra t) 2n+1 is provided by the vector-fields, 
d d d d d 

(2 ' L2) Xo = av Xj = d x - j +Xn+j dx- ' Xn+j = dx-^- Xj dx- > 

with j = 1, . . . , n. For j,k = 1, . . . , n and k ^ j we have the relations, 

(2.1.3) [Xj, X n+ k] = —25jkXo, [Xo,Xj] = [Xj,Xk] = [X n+ j, X n+ k] = 0. 

In particular, the subbundle spanned by the vector fields Xi, . . . , X 2n defines a 
left-invariant Heisenberg structure on H 2n+1 . 

(b) Codimension 1 foliations. These are the Heisenberg manifolds (M, H) such 
that H is integrable in Frobenius' sense, i.e., C°°(M 7 H) is closed under the Lie 
bracket of vector fields. 

17 
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(c) Contact manifolds. A contact manifold is a Heisenberg manifold (M 2n+1 ,H) 
such that near any point of M there exists a contact form anihilating H, i.e., a 1- 
form 9 such that d9\ H is non-degenerate. When M is orientable it is equivalent 
to require the existence of a globally defined contact form on M anihilating H . 
More specific examples of contact manifolds include the Heisenberg group H 2n+1 , 
boundaries of strictly pseudoconvex domains D C C 2n+1 , like the sphere S 2n+1 , or 
even the cosphere bundle S*M of a Riemannian manifold M n+1 . 

d) Confoliations. The confoliations of Elyashberg and Thurston in |ET| in- 
terpolate between contact manifolds and foliations. They can be seen as oriented 
Heisenberg manifolds (M 2n+1 ,H) together with a non- vanishing 1-form 9 on M 
anihilating H and such that (d9) n A 9 > 0. 

e) CR manifolds. If D C C" +1 a bounded domain with boundary 3D then 
the maximal complex structure, or CR structure, of T(dD) is given by Ti.o = 
T(dD) n Ti )0 C n+1 , where Ti, denotes the holomorphic tangent bundle of C n+1 . 
More generally, a CR structure on an orientable manifold M 2n+1 is given by a 
complex rank n integrable subbundle Tio C T&M such that T^o H Ti.o = {0}. 
Besides on boundaries of complex domains, and more generally such structures 
naturally appear on real hypersurfaces in C n+1 , quotients of the Heisenberg group 
H 2n+1 by cocompact lattices, boundaries of complex hyperbolic spaces, and circle 
bundles over complex manifolds. 

A real hypersurface M = {r = 0} C C ,l+1 is strictly pseudoconvex when the 
Hessian ddr is positive definite. In general, to a CR manifold M we can associate 
a Levi form Lg(Z,W) — —idd(Z,W) on the CR tangent bundle Ti t o by picking a 
non- vanishing real 1-form 9 anihilating X^o © 2o,i- We then say that M is strictly 
pseudoconvex (resp. K-strictly pseudoconvex) when we can choose 9 so that L§ is 
positive definite (resp. is nondegenerate with k negative eigenvalues) at every point. 
In particular, when this happens 9 is non-degenerate on H = 5f(T 10 © To l) an d so 
(M, H) is a contact manifold. 

2.1.1. Tangent Lie group bundle of a Heisenberg manifold. A simple 
description of the tangent Lie group bundle of a Heisenberg manifold (M d+1 , H) is 
given as follows. 

Lemma 2.1.3 ( Po6J). The Lie bracket of vector fields induces on H a 2-form 
with values in TM / H , 

(2.1.4) C: H x H — ► TM/H, 

so that for any sections X and Y of H near a point a € M we have 

(2.1.5) C a {X(a),Y(a)) = [X,Y](a) mod H a . 

Definition 2.1.4. The 2-form C is called the Levi form of (M,H). 

The Levi form L allows us to define a bundle qM of graded Lie algebras by 
endowing the vector bundle (TM/H) © H with the smooth fields of Lie brackets 
and gradings such that, for sections Xo, Yq of TM/H and X' , Y' of H and for 
t £ R, we have 

(2.1.6) [X + X',Y Q + Y'] a = C a {X',Y'), t.(X + X 1 ) = t 2 X + tX 1 . 

As we can easily check qM is a bundle of 2-step nilpotent Lie algebras which 
contains the normal bundle TM/H in its center. Therefore, its associated graded 
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Lie group bundle GM can be described as follows. As a bundle GM is (TM / H)®H 
and the exponential map is merely the identity. In particular, the grading of GM 
is as in (|2.1.6[1 . Moreover, since qM is 2-step nilpotent the Campbell-Hausdorff 
formula shows that, for sections X, Y of qM, we have 

(2.1.7) (expX)(expF) = exp(X + Y + -[X, Y]). 
From this we deduce that the product on GM is such that 

(2.1.8) (X + X').(Y + X') = X + Y + \c{X' , Y') + X' + Y', 
for sections Xo, Y$ of TM/H and sections X', Y' of H. 

Definition 2.1.5. The bundles qM andGM are respectively called the tangent 
Lie group bundle and the tangent Lie group of M . 

In fact, the fibers of GM are classified by the Levi form L as follows. 

Proposition 2.1.6 ( |Po6| ). 1) Let a e M. Then £ a has rank 2n if, and only 
if, as a graded Lie group G a M is isomorphic to H 2n+1 x M. d ~ 2n . 

2) The Levi form C has constant rank In if, and only if, GM is a fiber bundle 
with typical fiber H 2n+1 x R d - 2n . 

Now, let (j> : (M, H) — » (M' , H') be a Heisenberg diffeomorphism from (M, H) 
onto another Heisenberg manifold (A/', H'). Since (\>. t H = H' we see that <j>' induces 
a smooth vector bundle isomorphism <f> : TM/H — > TM' /H' . 

Definition 2.1.7. We let cj)' H : (TM/H) © H -> (TM' /H') ® W denote the 
vector bundle isomorphism such that 

(2.1.9) <t>' H (a)(X + X') = $(a)X + c/>'(a)X', 

for any a € M and any Xo € T a /H a and X' € H a . 

Proposition 2.1.8 ([Po6 ). The vector bundle isomorphism <p' H is an isomor- 
phism of graded Lie group bundles from GM onto GM' . In particular, the Lie group 
bundle isomorphism class of GM depends only on the Heisenberg diffeomorphism 
class of (M, H) . 

2.1.2. Heisenberg coordinates and nilpotent approximation of vector 
fields. It is interesting to relate the intrinsic description of GM above with the 
more extrinsic description of [EU| (see also [Ee| . |EM| . |EMM| . [F5T] . |Uro| . 

|Ro2| ) in terms of the Lie group associated to a nilpotent Lie algebra of model 
vector fields. 

First, let a S M and let us describe g a M as the graded Lie algebra of left- 
invariant vector fields on G a M by identifying any X E g a M with the left-invariant 
vector fields Lx on G a M given by 

(2.1.10) L x f(x) = j t f[x.(te^X)]^ = ^f[x.(tX)} u=0 , feC°°(G a M). 

This allows us to associate to any vector fields X near a a unique left-invariant 
vector fields X a on G a M such that 

(2 1H) X a = { Lx °^ ^ x ( a ) ^ H a, 

1 Lx( a ) otherwise, 

where Xo(a) denotes the class of X(a) modulo H a . 
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Definition 2.1.9. The left-invariant vector field X a is called the model vector 
field of X at a. 

Let us look at the above construction in terms of a H- frame Xq, . . . , Xd near a, 
i.e., of a local trivialization of the vector bundle (TM/H) © H. For j,k — 1, . . . , d 
we let 

(2.1.12) £(X j ,X k ) = [X j ,X k ]X = L jk X mod H. 

With respect to the coordinate system (xo, ■ • ■ , Xd) — > iro^o(a) + . . . + XrfXrf(a) we 
can write the product law of G a M as 

1 d 

(2.1.13) x.y=(x + - ^ LjkX x k ,xi, . . . ,x d ). 

Then the vector fields Xj, j = 1, . . . , d, in (|2.1.11fl are just the left-invariant vector 
fields corresponding to the vector ej of the canonical basis of that is, we have 

(2.1.14) X^±- and X? = ± -±±L JkXk ±, 1 < j < d. 

k=l 

In particular, for j, k = 1, . . . , d we have the relations, 

(2.1.15) [XI X a k ] = L jk (a)Xg, [Xf, X«] = 0. 

Now, let k : doniK — > U be a Heisenberg chart near a = k _1 (u) and let 
Xq, . . . , Xd be the associated TJ-frame of TU. Then there is a unique affine coordi- 
nate change x — > ipu{ x ) such that ip u {u) — and tf) ut: Xj(0) — g|- for j = 0, 1, . . . , «f. 

Indeed, if for j = 1, . . . , d we set Xj(x) — Y^,k=o -Bjk(x) -g^- then we have 

(2.1.16) Vu(ar) = ^(^(x-u), = (B(u)*) -1 . 

Definition 2.1.10. XTie coordinates provided by if> u are called the privileged 
coordinates at u with respect to the H -frame Xo, ■ ■ ■ , Xd. 

2) The map ipu is called the privileged- coordinate map with respect to the H- 
frame X , ■ ■ ■ ,X d . 

Remark 2.1.11. The privileged coordinates at u are called M-coordinates in |BG| . 
but they correspond to the privileged coordinates of |Be| and |Gro| in the special 
case of a Heisenberg manifold. 

Next, on R d+1 we consider the dilations, 

(2.1.17) S t (x) = t.x = {t 2 x 0l tx ll . . . ,tx d ), teR, 

with respect to which J- is homogeneous of degree —2 and J?-, . . . , is homo- 

Ox o J11 a Xd 

geneous of degree —1. 

Since in the privileged coordinates at u we have Xj(Q) = we can write 

(2.1.18) Xj = — +J2ajk(x)g-, J 0.1....'/. 

fe=0 
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where the a^'s are smooth functions such that a,jk(0) = 0. Thus, we can let 
(2.1.19) X ^ = nmi 2 £ t *X Q = A 



d JU. d 



(2.1.20) Xj u) - lim i-^X, = — + b jk x k — , j = l,...,d, 

where for j,k = 1, . . . , d we have set bjk — d Xk djo(0). 

Observe that Xq 11 ' is homogeneous of degree — 2 and X{ U) ,...,X^ U) are homo- 
geneous of degree —1. Moreover, for j,k = 1, . . . , d we have 

(2.1.21) [X] U \X^] = and [xj u) , X™\ = (b kj - b jk )X<?\ 

Thus, the linear space spanned by Xq ,x{™ , . . . , X^ 11 - 1 is a graded 2-step nilpo- 
tent Lie algebra q^ u \ In particular, is the Lie algebra of left-invariant vector 
fields over the graded Lie group G*-"* 1 consisting of R d+1 equipped with the grad- 
ing (|2. 1.17(1 and the group law, 

d 

(2.1.22) x.y = (x + ^2 bkjXjXk,Xi,...,Xd). 

j,k=i 

Now, if near a we let C(Xj, X k ) = [Xj,Xk] — Ljk(x)Xo mod H then we have 

(2.1.23) Xj^X^] = lim^X^Xfe] = lim < 2 ^(L jfe (o K - 1 (a;))X ) 
J t— »o t— >o 



— ij/c(a)Xg U \ 



Comparing this with ((2.1.15(1 and ((2.1.21(1 then shows that has the same the 
constant structures as those of Q a M, hence is isomorphic to Q a M. Consequently, 
the Lie groups and G a M are isomorphic. In fact, as it follows from jBG| 
and |Po6j an explicit isomorphism is given by 

1 d 

(2.1.24) <fi u (x ,...,Xd) = (x - - ^ (bjk + bkj)xjX k ,xx, ...,x d ). 

j,k=i 

Definition 2.1.12. Let e u — 4> u o tp u . Then: 

1 ) The new coordinates provided by e u are called Heisenberg coordinates at u 
with respect to the H -frame X , . . . , X^. 

2) The map e u is called the u-Heisenberg coordinate map. 

Remark 2.1.13. The Heisenberg coordinates at u have been also considered 
in |BG| as a technical tool for inverting the principal symbol of a hypoelliptic 
sublaplacian. 

Next, as it follows from |Fo6l Lem. 1.17] we also have 

(2.1.25) &XM = A=X«, 

d 



(2.1.26) ^xf = wr \Y, L ^e^ = ^ i = ^~>*- 
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Since <f> u commutes with the dilations (|2.1.17|l using l|2. 1.19(1 (|2.1.20jl we get 

(2.1.27) \imt 2 5* t (j) u *X ( u) = Xg and lim = X<f, j = l,...,d. 

In fact, as shown in |Po6j for any vector fields X near a, as t — > and in 
Heisenberg coordinates at a, we have 

(Z.i.zs) ° tJi - \ t- x X a + 0(1) otherwise. 

Therefore, we obtain: 

Proposition 2.1.14 ( |Po6] L In the Heisenberg coordinates centered at a = 
k _1 (u) the tangent Lie group G a M coincides with and for any vector fields X 
the model vector fields X a approximates X near a in the sense of \2.1.2ti\) . 

One consequence of the equivalence between the two approaches to GM is a 
tangent approximation for Heisenberg diffeomorphisms as follows. 

Let tfi : (M, H) — > (M 1 , H') be a Heisenberg diffeomorphism from (M, H) to 
another Heisenberg manifold (M' , H'). We also endow M. d+1 with the pseudo-norm, 



(2.1.29) 11*11 = (zg + ( a $ + ... + a £) 2 ) 1/4 , xeR d +\ 
so that for any x £ M. d+1 and any iglwe have 

(2.1.30) \\t.x\\ = \t\ \\x\\. 

Proposition 2.1.15 f [Po6l Prop. 2.21]). Let a e M and set a' = <j>(a). Then, 
in Heisenberg coordinates at a and at a' the diffeomorphism 4>(x) has a behavior 
near x = of the form 

(2.1.31) fa) = 4>' B (0)x + (0(\\xf),0(\\x\\ 2 ), 0(\\x\\ 2 )). 

In particular, there is no term of the form XjXk, 1 < j, k < d, in the Taylor 
expansion of (f>o(x) at x = 0. 

Remark 2.1.16. An asymptotics similar to l|2.1.31|l is given in Be Prop. 5.20] 
in privileged coordinates at u and u' = Ki(a'), but the leading term there is only 
a Lie algebra isomorphism from onto q( u '. This is only in Heisenberg coordi- 
nates that we recover the Lie group isomorphism <j)' H (a) as the leading term of the 
asymptotics. 

Remark 2.1.17. An interesting application of Proposition !?. 1.15l in Po6 is the 
construction of the tangent groupoid QhM of (M, H) as the differentiable groupoid 
encoding the smooth deformation of M x M to GM. This groupoid is the analogue 
in the Heisenberg setting of Connes' tangent groupoid (see jCol II. 5], |HS| ) and it 
shows that GM is tangent to M in a differentiable fashion (compare Be], |Gro| ). 

2.2. Main differential operators on Heisenberg manifolds 

In this section we recall the definitions of the most common operators on a 
Heisenberg manifold. With the exception of the contact Laplacian, all these oper- 
ators are sublaplacians or are product of such operators up to lower order terms. 

A sublaplacian on a Heisenberg manifold (M d+1 ,H) acting on the sections of 
a vector bundle £ over M is a differential operator A : C°°(M,£) -> C°°(M,£) 
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such that, near any a G M, there exists a H- frame Xo, Xi, . . . , Xd of TM so that 
A takes the form 

d d 

(2.2.1) A = -^X J 2 + ^a J ( a; )X J +c(x), 

j=i j'=i 

for some local sections ai(x), . . . , a^rr) and c(x) of End£. 

2.2.1. Hormander's sum of squares. Let Xi, . . . , X m be (real) vector fields 
on a manifold M +1 and consider the sum of squares, 

(2.2.2) A=-(X? + ...+X*). 

By a celebrated theorem of Hormander H62] the operator A is hypoelliptic pro- 
vided that the following bracket condition is satisfied: the vector fields Xo, . . . , X m 
together with their successive Lie brackets [Xj 1 , [Xj 2 , . . . , Xj x \ . . .]] span the tangent 
bundle TM at every point. 

When X\ , . . . , X m span a hyperplane bundle H the operator A is a sublaplacian 
with real coefficients and the bracket condition reduces to H + [H, H] = TM or, 
equivalently, to the nonvanishing of the Levi form of (M, H). 

In fact, given a vector bundle £, the theorem of Hormander holds more generally 
for sublaplacians A : C°°(M,£) -> C°°(M,£) of the form 

(2.2.3) A = -(V 2 Xl +... + V x J+L, 

where V is a connection on £ and L is a first order differential operator with real 
coefficients. In particular, if M is endowed with a smooth positive density and £ 
with a Hcrmitian metric, this includes the selfadjoint sum of squares, 

(2-2.4) A = V5 fl Vx 1 +... + Vi m V Xm - 

2.2.2. Kohn Laplacian. Let M 2n+1 be an orientable CR manifold with CR 
tangent bundle Ti.o C T^M , let 9 be a non-vanishing real 1-form annihilating the 
hyperplane bundle H — ^(Ti^ <8> To^) and let Lg be its associated Levi form. 

Let N be a supplement of H in TM. This is an orientable line bundle which 
gives rise to the splitting, 

(2.2.5) TcM — Ti t o © 7o,i © (A/"<8> C). 

For p, q = 0, . . . ,n let A p - 9 = (A 1,0 ) p A (A 0,1 ) 9 be the bundle of (p, g)-forms, where 
A 1 ' and A ' 1 ) denote the annihilators in T^Af of T ,i (TV® C) and T lfl ® (Af®C) 
respectively. Then we have the splitting, 

(2.2.6) A*T£M = ( A p ' q ) 8 (6 A A*T^M). 

p,q=0 

Notice that this decomposition does not depend on the choice of 8, but it does 
depend on that of Af. 

The complex d b : C°°(M,A P '*) -> C°°(Af, A^* +1 ) of Kohn-Rossi f fKR] . jKohlj ) 
is defined as follows. For any r) € C°°(M, A p ' q ) we can uniquely decompose <i?7 as 

(2.2.7) d?7 = d b - P:q T] + d blP:q r] + 9 A £xo^ 

where db iP ,qr) and db-p, q rj are sections of A p,9+1 and A p+1,9 respectively and Xq is 
the section of such that 6{Xq) = 1. Thanks to the integrability of T-y$ we have 
5b ;p , q +i ° = 0, so we really get a chain complex. This complex depends only 
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on the CR structure of M and on the choice of AT, but the latter dependence is only 
up to the intertwinning by vector bundle isomorphisms (see, e.g., |Po9l Lem. 4.1]). 

Next, assume that T&M is endowed with a Hermitian metric compatible with 
the CR structure in the sense that it commutes with complex conjugation and the 
splitting lj2.2.5|) becomes orthogonal. Let d b . p q be the formal adjoint of db- P , q - Then 
the Kohn Laplacian U b , p . q : C°°(M, A p ^) 4 C°°(M, A p - q ) is 

(2.2.8) ^b;p,q = db;p,qdb;p,q + db-p,q-ld b . pq _ 1 . 

The Kohn Laplacian is a sublaplacian (see, e.g., [FS1I Sect. 13], [BG1 Sect. 20]), 
so is not elliptic. Nevertheless, Kohn Kohl) proved that under a geometric con- 
dition on the Levi form Lg, the so-called condition Y(q), the operator Ob- p . q is 
hypoelliptic with gain of one derivative, i.e., for any compact K c M we have 

(2.2.9) H| s+1 < C Ks {\\U b . p , q u\\ a + \\u\\ ) Vu G Ck(M, A P:<? ), 

where ||.|| s denotes the norm of the Sobolev space L 2 S (M, A p ' q ). 

The condition Y(q) at point x G M means that if we let (r(x) — k(x), k{x), n — 
r{x)) be the signature of Lq at x, so that r(x) is the rank of Lg and k(x) the number 
of its negative eigenvalues, then we must have 

(2.2.10) q g {k{x), k(x) + n- r(x)} U {r(x) - k(x), ...,n- n(x)}. 

For instance, when M is K-strictly pseudoconvex, the K(q)-condition exactly means 
that we must have q ^ n and q =/= n — k. 

In general this condition is equivalent to the existence of a parametrix within 
the Heisenberg calculus (see |BG| for the case of a smoothly diagonalizable Levi 
form and Section l3~4l for the general case; see also |Bol] , |FSlj ). from which we 
recover the hypoellipticity of Ob- p . q . 

Finally, the condition Y(q) is only a sufficient condition for the hypoellipticity 
of the Kohn Laplacian, for the latter may be hypoelliptic even when the condition 
Y(q) fails (see, e.g., |Koh2| . |NI|V 

2.2.3. Horizontal sublaplacian. Let (M d+1 ,H) be a Heisenberg manifold 
endowed with a Riemannian metric. Identifying H* with the subbundle of T*M 
annihilating the orthogonal supplement H , we define the horizontal sublaplacian 
as the differential operator, A 6;fe : C°°(M,A^H*) -► C°°{M, A^ +1 H*) such that 

(2.2.11) A b -k = d* b . k d b -k + db;k-idl ;k _i, d b -ka = TT b -k+i{da), 

where Wb-k+l denotes the orthogonal projection onto A^ +1 H* . 

This operator was first introduced by Tanaka |Ta| in the CR setting, but ver- 
sions of this operator acting on functions were independently defined by Green- 
leaf |Gr| and Lee |Le| . Moreover, it can be shown that d\ — if, and only if, the 
subbundle H is integrable, so in general A& is not the Laplacian of a chain complex. 

On functions Ab ; o is a sum of squares modulo a lower order term, hence is 
hypoelliptic by Hormander's theorem. On horizontal forms of higher degree, that 
is, on sections of A^H* with k > 1, it is shown in |Ta| and |Ru| . in the contact 
case, and in Section l3~5l in the general case, that A b -k is hypoelliptic when some 
condition, called condition X(k), holds everywhere. More precisely, the condition 
X(k) is satisfied at a point x G M when we have 

(2.2.12) k £ {ir(aO, \r{x) + 1, . . . ,d- l r (x)}, 
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where r{x) denotes the rank of the Levi form C at x. For instance, if M 2n+1 is a 
contact manifold or a nondegenerate CR manifold then the Levi form is everywhere 
nondegenerate, so r{x) = 2n and the X(fc)-condition becomes k =/= n. 

Assume now that M is an orientable CR manifold of dimension In + 1 with 
Heisenberg structure H = 3? (T^o © 2o,i) an d let 9 be a global nonvanishing section 
of TM/H with associated Levi form Lg . Assume in addition that TcM is endowed 
with a Hermitian metric compatible with its CR structure. 

Under these assumptions we have db = db + where db denotes the conjugate 
of db, that is, the operator such that dbtu = dbZJ for any uj 6 C°°(M, A C H*). 
Moreover, one can check that dbd^ + d^db — d b db + dbd b = 0, from which we get 

(2.2.13) A b = □(, + □<,, 

where is the conjugate of In particular, this shows that the horizontal 
sublaplacian preserves the bidegree, i.e., it acts on (p, (7)-forms. 

Next, as shown in Section 13.51 the operator A& ;j)>9 acting on (p, g)-forms is 
hypoelliptic when at any point x € M the condition X(p, q) is satisfied. The latter 
requires to have 

(2.2.14) {(p,q),{q,p)}n{(K(x)+j,r(x)- K {x) + k); max(j,k) <n-r{x)} =0, 

where r(x) denotes the rank of the Levi form Lg at x and k(x) its number of negative 
eigenvalues. For instance, when M is K-strictly pseudoconvex the condition X(j>, q) 
means that we must have (p, q) ^ (k, n — k) and (p, q) =/= (n — k, k). 

2.2.4. Gover-Graham operators. Let M 2n+1 be a strictly pseudoconvex 
CR manifold. Let T lfi C T C M be the CR tangent bundle of M and set T ,i = 7^0 
and H — 3fJ(Ti.o©Tb,i)- Let be a pseudohermitian contact form, i.e., is a 1-form 
annihilating H such that the associated Levi form Lg is positive definite on T^o- 
Thus 9 defines a pseudohermitian structure on M in the sense of Webster jWej . 

We extend the Levi form Lg into a Hermitian metric he on TcM such that T\ t o 
and To,i are orthogonal subspaces, complex conjugation is an (antilinear) isometry 
and hg\ ± = 8 2 . Then as shown by Tanaka |Taj and Webster [We\ there is a unique 
unitary connection on TcM preserving the pseudohermitian structure. Note that 
the contact form 9 is unique up to a conformal change / — > e 2 ^9, f £ C°°(M, R). 

In order to study the analogue in CR geometry of the Yamabe problem Jerison- 
Lee |JL1| (see also |JL2| . |JL3| ) introduced a conformal version of the horizontal 
sublaplacian acting on functions as the operator : C°° (M) — > C°° (M) such that 

Ti 

(2.2.15) Bg = A fc:0 + -—Rn, 

n + 2 

where R n denotes the scalar curvature of the Tanaka- Webster connection. This is 
a conformal operator in the sense that we have 

(2.2.16) B e 2 fe = e - (n+2)f Bg e nf V/ e C°°(M, M). 

The construction of Jerison-Lee has been generalized by Gover-Graham jGGj , 
who produced CR analogues of the conformal operators of GJMS . For k — 
l,...,n + 1 and for k = n + 2, n + 4, . . . their constructions yield a sclfadjoint 
differential operator B { e k) : C°°(M) -> C°°(M) such that 

(2.2.17) = e - {n+1+k)S B e k) e (n+1 ~ fc)/ , V/ G C°°(M, R). 
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We make the convention that for k = 1, 2, . . . ,n + 1 the operator E} g corre- 
sponds to the operator P w . w of |GG| with w = fc ~^~" under the canonical trivi- 
alizations of the density bundles £(w,w) — \A n,n \ w coming from the trivialization 
of A n,n provided by dO n . For k = n + 2, n + 4, ... the operator El g similarly 
corresponds to the operator V w , w of |GG| with w = fc ~i,~" . 

The operator P w>w is obtained by pushing down to M the GJMS operator of 
order k on the associated Fefferman bundle, while is V WtW is contructed by making 
use of a CR geometric version of the tractor calculus of BEG . In particular, for 
k = 1 the operator Elg agrees with the conformal sublaplacian of Jerison-Lee. 
In general, if we let Xq denote the Reeb vector field of 8, so that ix 8 — 1 and 
%x dO = 0, then Eli has same principal part (in the Heisenberg sense) as 

(2.2.18) (A fc;0 + i(k - 1)X )(A 6;0 + i(k - 3)X ) ■ • • (A b;0 - i{k - 1)X ). 

In particular, unless for the value k = n + 1 the operator Elg is hypoelliptic (see 
Proposition I3.5|l . 

Finally, let Qg denote the CR Q curvature as defined by Fefferman-Hirachi |FH| . 
This the CR analogue of Branson's Q curvature in conformal Riemannian geometry 
and as with the GJMS operators we have 

(2.2.19) e 2{n+1)f Q e 2 fg = Qg + B^ +1 V/ € C°°(M, M). 

2.2.5. Contact complex and contact Laplacian. Let (M 2n+1 ,H) be an 
orientable contact manifold, let 8 be a contact form on H and let J E C°° [M, End H) 1 
J 2 = —1, be an almost complex structure on H which is calibrated, i.e., d8(X, JX) = 
—d8(JX, X) > for any section X of H. Then we can endow M with the Rie- 
mannian metric, 

(2.2.20) 9e,j = d8(., J.) + 8 2 . 

The contact complex of Rumin |Ru| can be seen as an attempt to get on M 
a complex of horizontal differential forms by forcing up the equalities d\ — and 
(d* b ) 2 = as follows. 

Let Xo be the Reeb field associated to 8, that is, so that ix Q 8 = 1 and %x Q d8 = 0. 
Then we have 

(2.2.21) d 2 = -C Xo e(d8) = -e{d8)C Xo , 

where s(d8) denotes the exterior multiplication by d8. 

There are two natural ways of modifying the space AqH* of horizontal forms 
to get a complex. The first one is to force the equality d\ ~ by restricting the 
operator db to := kere(rffl) n A^,H* since this bundle is closed under c4 and 
annihilates d 2 . 

The second way is to similarly force the equality (dl) 2 = by restricting dl 
to A| := keri(e?6>) n A^H* = (ime(d0))- L n A^H* , where i(d8) denotes the interior 
product with d8. This amounts to replace db by the operator d' b — tti o db, where 
7Ti is the orthogonal projection onto A£. 

In fact, as dd\ H is nondegenerate the operator e(d8) : A^H* — > A^ +2 H* is 
injective for k < n — 1 and surjective for k > n — 1. This implies that A| = 
for k < n — 1 and A\ = for k > n + 1. Therefore, we only have two halves of 
complexes, but we can get a whole complex by connecting the two halves to each 
other as follows. 
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Consider the differential operator D R;n : C°°{M,A£H*) -> C°°(M,A£H*) 
such that 

(2.2.22) D R . n = L Xa + d b;n - 1 e(d0)- 1 d b ;n, 

where e(d9y 1 is the inverse of e(d9) : A^T X H* — > A£ +1 iJ*. Notice that £> fl , n has 
order 2. Then we have: 

Lemma 2.2.1 ( Ru ). The operator D Rn maps to sections of A% and satisfies 
d b - n D R . n = and D R;n d' b . n = 0. 

PROOF. Let a S C°°(M, AgiJ*) and set /3 = e{d9)~ 1 d b . n a, so that df, ;n a = 
<i# A (3. Then we have 

(2.2.23) 9 A Dfl ;n O! = 9 A C Xo a + 9 A d b . n _ij3 = da - d 6; „a + 9 A df3 

= da — d9 A (3 + 9 A d(3 — d(a — 9 A (3). 

Hence = c?(6* A D Rn a) = d9 A D Rn a — 9 A d b - n D Rn a, which gives d b ; n D Rn a = 
and d9 A D Rn a = 0. In particular D R . n a is a section of keie(d9) (1 A£H* = A%. 

Next, let a e C°°(M, A^T 1 !!*). Since d' b . n a is the orthogonal projection of 
d b - n a onto ker i(d9) = kere(d9)- L we can write d' b . n a = d b - n a — <i6> A 7 for some 
section 7 of A 7 ^T 2 H*. Then using l|2.2.21|l we get d&jn+id^a = d 2 a _ d b {9 A 7) = 
— <i(9 A Lx Oi — d9 A d b . }n -2l- Thus, 

(2.2.24) db-n-ie^Y 1 d b - n+ id' b . n a = -d b . n C Xo a- d\a = -d b - n Cx a a + d9 A C Xo l- 
On the other hand, we have 

(2.2.25) C Xo d' b . n a = C Xo d b - n a - C Xo {d9 A 7) = C Xo d b;n a — d9 A Cx l- 
Furthemore, we see that Cx d b - n a is equal to 

(2.2.26) i Xo d[da - 9 A Cx a] = -i Xo (d9 A C Xo a - 9 A d b - n C Xo a) = d b . n C Xo a. 
Combining this with 12.2.24JI then gives 

(2.2.27) D R - n d' b . n a = Cx d' b . n a + d b - n -ie{d9)^ 1 d b - n +id' b . n a = 0. 

The lemma is thus proved. □ 
All this shows that we have the complex, 

(2.2.28) C°°(M) %° . . . C°°(M, A") ^ C°°{M,A n ) . . . ^^T 1 C°°(Af, A 2 "), 

where d R k agrees with 7Ti o d b -k for k = 0, . . . , n — 1 and with d b -k otherwise. This 
complex is called the contact complex. 

The above definition depends on the choice of the contact form 9 and of the 
calibrated almost complex structure J. As shown by Rumin |Ru| there is an 
alternative description of the contact complex depending only on H = ker 9. For 
k = 0, 1 . . . , 2n + 1 consider the vector bundles, 

(2.2.29) A k H1 = A k c T*M/[(ime{6) + ime(d0)) n A k T*M], 

(2.2.30) A k H2 = kcve(9) n kcr s{d9) n A^T*M. 

Notice that these bundles depend only on H and that A^ x = {0} for k > n+1 and 
Ajj 2 = {0} for k < n. Furthermore, there are natural vector bundle isomorphisms 
0fc : A k — > A^j and ip^ : A\ :— > A^ 1 . The former is obtained by restricting to 
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the canonical projection from A^T*M onto A R 1 and the latter is given by the 
restriction to A§ of e(0), whose inverse is the restriction of ix„ to A^ 1 . 
Next, the de Rham differential maps induces differential operators, 

(2.2.31) d k : C°°(M,A k H1 ) -» C°°(M,A^+ 1 ), k = 0, 1, . . . ,n - 1, 

(2.2.32) dfc : C°°(M, A^ 2 ) — > C°°(Af, A^ 1 ), k = n,...,2n, 

which give rise to two halves of complex. As shown by Rumin these two halves can 
be connected by means of a differential operator D n : C°° (M, A^ 1 ) — > C°° (M, AJ^ 1 ) 
in such way that we get a full complex, 

(2.2.33) C°°{M) H . . . C°°(Af, K n H l ) ^ C°°(M, A™^ 1 ) . . . d 3? C°°(M, A^J 1 ). 

In addition, the isomorphisms 4>k and ipk above intertwine this complex with the 
complex <|2.2.28[l . that is, we have: 

- 4> k +id R -k = d k cj) k for k = 0, 1, . . . , n - 1; 

" IpndR-n = D n (j) n ; 

- tpk+idn-k = dk+iipk for k = n, . . . , 2n. 

Let 9' be another contact form annihilating H and let J' be an almost com- 
plex structure on H which is calibrated with respect to 9' . Then, assigning the 
superscript ' to objects associated to 9' and J', we see from the above discussion 
that there exist vector bundle isomorphisms <f>k ■ Aj — > h\ , k — 0,...,n, and 
tpk '■ A-2 — > A| , = n, . . . , 2n, intertwining the contact complexes associated to 
(#, J) and (9', J'). Thus, up to the intertwining by vector bundle isomorphisms, 
the contact complex depend only on H = ker 9. 

The contact Laplacian is defined as follows. In degree k ^ n this is the differ- 
ential operator A R , k : C°°(M, A fe ) C°°(M, A fc ) such that 
(2.2.34) 

_ f (n - k)d R] k-\d R . k + (n - k + l)d R . k+1 d R;k , k = 0,...,n-l, 
R]k \ (k-n-l)d R -k-id R . k + (k-n)d R . k+1 d R -,k, k = n + 1, . . . , 2n. 

For k = n we have the differential operators A R . nj : C°°(M,A") -> C°°(M,A"), 
j = 1,2, given by the formulas, 

(2.2.35) A Rn i = (d R - n ^id* Rn ) 2 + d R . n d R;n , A Rn2 = d R]n d* R . n + (d* R . n+1 d R;n ) . 

Observe that outside middle degree k ^ n the operator A R k is a differential 
operator order 2, whereas A Rn i and A Rn 2 are differential operators of order 4. 
Moreover, Rumin |Ruj proved that in every degree the contact Laplacian is maximal 
hypoelliptic in the sense of |HN3 . 

Alternatively, we can show that in every degree the contact Laplacian admits a 
parametrix in the Heisenberg calculus and recover its hypoellipticity from this fact 
(see |JK| and Section 153)1 . 



CHAPTER 3 



Intrinsic Approach to the Heisenberg Calculus 

This chapter is organized as follows. In Section 13.11 we give a detailed review 
of the main definitions and properties of the Heisenberg calculus, following mostly 
the point of view of |BG| . 

In Section r3.2l we define intrinsic notions of principal symbol and model operator 
for the Heisenberg calculus and check their main properties. 

In Section [3.31 we establish an invertibility criterion for the principal symbol in 
terms of the so called Rockland condition. 

After this we explain in more details the invertibility criterion in some specific 
cases. First, we deal with general sublaplacians in Section l3~^l for which the results 
of BG] even yield an explicit formula for the inverse of the principal symbol. 
Second, we deal more specifically with the main differential operators on Heisenberg 
manifolds in Section [3.51 

3.1. Heisenberg calculus 

The Heisenberg calculus is the relevant pseudodifferential tool to study hy- 
poelliptic operators on Heisenberg manifolds. It was independently invented by 
Beals-Greiner |BG| and Tay lor |Tay| , extending previous works of Boutet de 
Monvel [BoT], F olland - Stein jFSlj and Dynin ( |DyT1 , |Dy2] ) (see also [BGH . 

cggp], IemI, IHH1, JhHU, EH). 

The idea in the Heisenberg calculus, which is due to Elias Stein, is to have a 
pseudodifferential calculus on a Heisenberg manifold [M, H) which is modeled at 
any point a £ M by the calculus of left-invariant pseudodifferential operators on 
the tangent group G a M. 

3.1.1. Left-invariant pseudodifferential operators. Let (M d+1 ,H) be a 
Heisenberg manifold and let G = G a M be the tangent group of M at a point 
a e M. We shall now recall the main facts about left-invariant pseudodifferential 
operators on G (see also jBGj . |GGGPj . |Tay| ). 

Recall that for any finite dimensional real vector space E the Schwartz class 
S(E) is a Frechet space and the Fourier transform is the continuous isomorphism 
of S(E) onto S(E*) given by 

(3.1.1) /(£) = [ S^f{x)dx, feS(E), teE*, 

where dx denotes the Lebesgue measure of E. 

Definition 3.1.1. S a (E) is the closed subspace ofS(E) consisting of f € S(E) 
such that for any differential operator P on E* we have (P/)(0) = 0. 

Since G has the same underlying set as that of its Lie algebra g = g x M we can 
let S(G) and Sq(G) denote the Frechet spaces S(E) and Sq(E) associated to the 
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underlying linear space E of g (notice that the Lebesgue measure of E coincides 
with the Haar measure of G since G is nilpotent). 

Next, for A S R and f = £ + f in q* = (T*M/H*) © H a we let 

(3.1.2) A.£ = A.(£o+0 = A 2 £o + A£'. 

Definition 3.1.2. S m (g*), m G C, is the space of functions p G C°°(g* \ 0) 
which are homogeneous of degree m in the sense that, for any A > 0, we have 

(3.1.3) p(A.£) - A>(0 V£ e fl* \ 0. 

In addition S m (2*) is endowed with the Frechet space topology coming from that of 
C°°(0*\O). 

Note that the image Sq(G) of S(G) under the Fourier transform consists of 
functions v G <5(g*) such that, given any norm |.| on G, near £ = we have 
\g(£)\ = 0(1^1^) for any integer N > 0. Thus, any p G S m (g*) defines an element 
of <S O (0*)' by letting 

(3.1.4) (p,g) = [ p(0fl(0«. 9^ Ms*). 

This allows us to define the inverse Fourier transform of p as the element p G Sq(G)' 
such that 

(3.1.5) (PJ) = (pJ) V/€Sb(GQ. 

Proposition 3.1.3 (|ES1, ISSaEl)- ^ For anyp G >Sm(0*) £Ae left- convolution 
operator by p, i.e., 

(3.1.6) p*f(x):^(p(y),f(x.y- 1 )), f e 5 (G), 

gives nse to a continuous endomorphism of Sq(G). 
2) There is a continuous bilinear product, 

(3.1.7) * : Smiis*) x S m2 (g*) — ► S , „ ll+I „ 2 (0*), 

smc/i that, for any pi G >S mi (0*) a^rf P2 G S m2 (g*), the composition of the 
left- convolution operators by p\ andp\ is the left- convolution operator by (pi*P2) v , 
that is, we have 

(3.1.8) Pi * (pW) = (Pi * P 2 ) v * / V/G5 (G). 

Let us also mention that if p G S m (g*) then the convolution operator Pu = p*f 
is a pseudodifferential operator. Indeed, let X (a), . . . , Xd(a) be a (linear) basis of 
q so that X (a) is in T a M/H a and X 1 (a), . . . , Xd(a) span H a . For j = 0, . . . , d let 
X? be the left-invariant vector fields on G such that X w , — XAa). The basis 

Xo(a), . . . , Xd(a) yields a linear isomorphism g ~ R d+1 , hence a global chart of G. 
In this chart p is a homogeneous symbol on R d+1 \ with respect to the dilations 

(3.1.9) A.x = (A 2 x ,Axi,...,Ax rf ), x G R d+1 , A > 0. 

Similarly, each vector field \Xf, j = 0, . . . , d, corresponds to a vector field on 
R d+1 whose symbol is denoted ct"(x,£). Then, setting rr = (er , ■ ■ ■ , a<i), it can be 
shown that in the above chart the operator P is given by 

(3.1.10) Pf(x)= f e*M°*(*,t))f(£), feS Q (R d+1 ). 
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In other words P is the pseudodifferential operator p{— iX a ) := p(a a (x, D)) acting 
on<S (R d+1 ). 

3.1.2. nPhDO's on an open subset of R d+1 . Let U be an open subset of 
R d+1 together with a hyperplane bundle H C TU and a H- frame Xq, X\, . . . , Xd 
of TU. Then the class of ^^DO's on U is a class of pseudodifferential operators 
modelled on that of homogeneous convolution operators on the fibers of GU. 

Definition 3.1.4. S m (U x R d+1 ), m e C, is the space of functions p(x,£) in 
C°°(U x R d+1 \0) which are homogeneous of degree m with respect to £, that is, 

(3.1.11) p(x, X4) = X m p(x, for any A > 0, 

where A.£ is defined as in 

Observe that the homogeneity of p € S m (U x R d+1 ) implies that, for any 
compact K C U, we have the estimates 

(3.1.12) \d:dlp(x,0\<C Ka M\f m - m , e^o, 

where = (|£ | 2 + |6| 4 + ■ ■ • + \Zd\ 4 ) 1/4 and (a) = 2a + ai + . . . + a d . 

Definition 3.1.5. S m (U x R d+1 ), m e C, consists of symbols p e C°°(U x 
jjd+i^ (jTj, asymptotic expansion p ~ X)j>oP™ l -J' ^ Sk{U x R d+1 ), m i/ie 
sense that, for any integer N and for any compact K G U , we have 

(3.1.13) |^(p-^p m _ J )(a ; ,OI<C' Q;3ArA -||ef m -^^, zetf, ||e||>l. 

j<iV 

Next, for j = 0, . . . ,d let <7j(x, £) denote the symbol of iXj (in the classical 
sense) and set a = (ctq, ■ ■ ■ , c<i)- For any p £ S m {U x R d+1 ) it can be shown that 
the symbol Paix^) := p(x,o~(x,t;)) is in the Hormander class of symbols of type 
{\,\) (see |BGI Prop. 10.22]). Therefore, we define a continuous linear operator 
from C™{U) to C°°{U) by letting 

(3.1.14) p(x, -iX)f(x) = (2^)-( d+1 ) J e**Mx, 0)f(0<%, f e C?(U). 

In the sequel we let ^~°°(U) denotes the class of smoothing operators, i.e., the 
class of operators P : C^°(U) — + C°°(U) given by a smooth kernel. 

Definition 3.1.6. ^ni 11 ), meC, consists of operators P : C™(U) -> C°°(U) 
of the form 

(3.1.15) P = p(x, -iX) + R, 

with p in S m (U x R d+1 ) , called the symbol of P , and R in ^-°°(U). 

The above definition of the symbol of P differs from that of |BG) . since there 
the authors defined it to be p<,(x,£) = p(x,a(x,£)). Note also that p is unique 
modulo S-°°(U x R d+1 ). 

Lemma 3.1.7. For j = 0, 1, . . . let p m -j G S m -j(U x R d+1 ). Then there exists 
P € ^h(U) with symbol p ~ J2j>oPm-j- Moreover, the operator P is unique 
modulo smoothing operators. 

The class ^^(U) docs not depend on the choice of the H- frame Xq, . . . , 
(see |BGI Prop. 10.46]). Moreover, since it is contained in the class of ^DO's of 
type (§> |) we obtain: 
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Proposition 3.1.8. Let P be a ^hDO of order m on U. 

1) The operator P extends to a continuous linear mapping from £'(U) to T>'(U) 
and has a distribution kernel which is smooth off the diagonal. 

3) Let k = 3tm if 5Rm > and k = iSftm otherwise. Then P extends to a 
continuous mapping from L^ comp (U) to L 2 s _ k i oc (U) for any s in R. 

3.1.3. Composition of SPhDO's. Recall that there is no symbolic calculus 
for ^PDO's of type (|, i) since the product of two such WO's needs not be again 
a ^DO of type (^, ^). However, the fact that the VP^DO's are modelled on left- 
invariant pseudodifferential operators allows us to construct a symbolic calculus for 
* H DO's. 

(x) 

First, for j = 0, . . . , a let Xj be the leading homogeneous part of Xj in priv- 
ileged coordinates centered at x defined according to (|2.1.19|) and (|2.1.2U|I . These 
vectors span a nilpotent Lie algebra of left-invariant vector fields on a nilpotent 
graded Lie group G x which corresponds to G X U by pulling back the latter from the 
Heisenberg coordinates at x to the privileged coordinates at x. 

As alluded to above the product law of G^ x > defines a convolution product for 
symbols, 

(3.1.16) *<<"> : S mi (R d+1 ) x S rn2 (U d+1 ) — > S mi+m2 (R d+1 ). 
such that, with the notations of 13.1.1UI) . on £(<So(R d+1 )) we have 

(3.1.17) Pl (-iXW)p 2 (-iXW) = (pi *Wp 2 )(-ijW) V Pj e S mj (R d+1 ). 

As it turns out the product *( x ' depends smoothly on x (see |BG1 Prop. 13.33]). 
Therefore, we get a continuous bilinear product, 

(3.1.18) * : S mi (U x R d+1 ) x S m2 (U x R d+1 ) -> S mi+m2 (U x R d+1 ), 

(3.1.19) Pl *p 2 (x,Z) = ( Pl (x,.)*Wp 2 (x,, .))(£), Pj eS mj (UxR d+1 ). 

Proposition 3.1.9 ( |EU1 Thm. 14.7]). For j = 1,2 let P J e *^(C/) have 
symbol pj ~ J2k>o Pj,mj-k and assume that one of these operators is properly sup- 
ported. Then the operator P = P\P 2 is a f ^DO of order m\ + m,2 and has symbol 
P ~ J2k>oP^i+m 2 -k, with 

(k—ki —k2) 

(3.1.20) p mi +m 2 ~k = ^2 ^2 h a f3 1& {Dlpi^ mi - kl )*(£ 1 dxd^p 2 , m2 -k 2 ), 
(0 

where ^2 denotes the sum over all the indices such that \a\ + \f3\ < <3> — (7) + ® = I 

and |/3| = I7I, and the functions h a fj 1 s{x) , s are polynomials in the derivatives of 
the coefficients of the vector fields Xq, ■ ■ ■ , X4. 

3.1.4. The distribution kernels of nPhDO's. An important fact about 
^PDO's is their characterization in terms of their distribution kernels. 

First, we extend the notion of homogeneity of functions to distributions. For 
K € S'(R d+1 ) and for A > we let K\ denote the element of S'(M. d+1 ) such that 

(3.1.21) (K X J) = \-( d+ V(K(x),f(\- 1 .x)) VfeS(R d+1 ). 

In the sequel we will also use the notation K(X.x) for denoting K\(x). We then 
say that K is homogeneous of degree m, m € C, when K\ = X m K for any A > 0. 
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Definition 3.1.10. S£. es (R d+1 ) consists of tempered distributions onR d+1 which 
are smooth outside the origin. We equip it with the weakest topology such that the 
inclusions of S! reg {R d+1 ) into S'{R d+1 ) and C°°(R d+1 \0) are continuous. 

Definition 3.1.11. K m {U x R d+1 ), m G C, consists of distributions K(x,y) in 
C°° (U)®S' reg (R d+1 ) so that for some functions c a (x) G C°°(U), (a) = m, we have 

(3.1.22) K(x,X.y) = X m K{x,y) + A m logA ^ c a {x)y a for any A > 0. 

(a) — m 

The interest of considering the distribution class JC m {U x R d+1 ) stems from: 

Lemma 3.1.12 ffEUI Prop. 15.24], [UM1 Lem. 1.4]). jfj ylnwpG S m (J7xR d+1 ) 
agrees on [/ x (R d+1 \0) with a distribution t(x,£) G (7 0o (Z7)(g)«S'(R d + 1 ) sucft ffeaf 
is in IC, h (U x R d+1 ), m = -(m + d + 2). 

I?J If K(x,y) belongs to JCm(U x R d+1 ) i/ien £/ie restriction of K y ^^(x,^) to 
U x (R d+1 \0) belongs to S m (U x R d+1 ). 

This result is a consequence of the solution to the problem of extending a 
homogeneous function p G C°°(R d+1 \ 0) into a homo geneous distribution on R d+1 
and of the fact that for r G S'(R d+1 ) we have 

(3.1.23) (f) A = |A|-( d+2 )(r A -i) A VAgR\0. 

In particular, if r is homogeneous of degree m then f is homogeneous of degree 
-(m + d+2). 

Definition 3.1.13. JC m (U x R d+1 ), m G C, consists of distributions K in 
V'(U x R d+1 ) wii/i an asymptotic expansion K ~ X)j>o ^m+j> Ki € K,i(U x R d+1 ), 
m i/«e sense that, for any integer N , as soon as J is large enough we have 

(3.1.24) K - 53 #m+j G x 

Since under the Fourier transform the asymptotic expansion H3.1.13J) for sym- 
bols corresponds to that for distributions in lj3.1.24|l . using Lemma f3 . 1 . 1 21 we get: 

Lemma 3.1.14 ( |EU1 pp. 133-134]). Let K G P'(J7xR d+1 ). Tften the following 
are equivalent: 

(i) The distribution K belongs to K, m (U x R d+1 ); 

(ii) We can put K into the form 

(3-1.25) K{x, y) = p ( ^ y {x, y) + R(x, y), 

for some p G S" l {U x R d+1 ), m = -(m + d + 2), and some R G C°°(C7 x R d+1 ). 

Moreover, if (i) and (ii) holds and K ~ S,->o-Km+jj ^ e x R d+1 ), 

t/ien we Ziaue p ~ X).7>q Pro- j where Pm-j G S^—jiU x R d+1 ) is i/ie restriction to 
Ux (R«H"i\0) o/(^)^. 

Next, for x G /7 let f/'z denote the afhne change to the privileged coordinates 
at x and let us write (AJ,) -1 ^ = <r(a;, £) with A„ G GL d+1 (R). Since ^(x) = and 
V>a;*X, = g|? at y = for j = 0, . . . , d, one checks that ip x (y) = A x (y — x). 
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Let p G S m {U x R d+1 ). As by definition we have p(x, -iX) = p a (x, D x ) with 
= p(x, <t{x, £)) — p(x,(A t x )~ l £ y ), the distribution kernel k p ^ x .-ix){x 1 y) of 
p(x, —iX) is represented by the oscillating integrals 

(3.1.26) (2n)-^J e^-^p{x,(Alr l m= J e^'""^^)^ 

Since tp x (y) — A x {y — x) we deduce that 

(3-1.27) k p ( x - iX )(x,y) = \i/j x \p^y(x,-i/j x (y)). 

Combining this with Lemma 13. 1 . 141 then gives: 

Proposition 3.1.15 f [EUl Thms. 15.39, 15.49]). Let P : C^(U) C°°(U) be 
a continuous linear operator with distribution kernel kp{x,y). Then the following 
are equivalent: 

(i) P is a ^ hDO of order m, m G C. 

(ii) We can write kp(x,y) in the form, 

(3.1.28) k P (x,y) = W x \K(x, ~Mv)) + Rfa y), 

with K G K. ,h {U x R d+1 ), m = -(m + d + 2), and R G C°°(U x U). 

Furthermore, if (i) and (ii) hold and K ~ X)j>o^™+i' ^ ^ x R d+1 ) 7 

&en P /ias symbolp ~ 5^j>oPm— jj G 5 , ;([/xR d+1 ), where p m —j *s i/ie restriction 
toUx (M d+1 \0) of(K m+ ])^. 

In the sequel we will need a version of Proposition 13. 1.131 in Heisenberg coordi- 
nates. To this end let e K denote the coordinate change to the Heisenberg coordinates 
at x and set <f> x — e x o -0~ 1 . Recall that </f> x is a Lie group isomorphism from G^- x ' 
to G X U such that <j) x (\.y) — \.<fi x (y) for any A G R. Moreover, using l|2.1.24[l one 
can check that |(/4| = 1 and 4> x 1 (y) — —<f) x (~y). Therefore, from H3.1.27J) we see 
that we can put k p r x ,-ix){ x i v) m t° the form 

(3-1.29) kp( Xt - iX )(x,y) = \e' x \K P (x,-e x (y)), 

where we have let 

(3.1.30) K P {x,y) =p^y(x,-(j> x (-y)) = p^ y (x,(p~ 1 (y)). 

In fact, the coordinate changes <p x , x G U, give rise to an action on distributions 
on U x R d+1 given by 

(3.1.31) K{x,y) ^> 4>* s K(x,y), <P* x K(x, y) = K(x, ^{y)). 

Since <p x depends smoothly on x, this action induces a continuous linear isomor- 
phisms of C N (U x R d+1 ), N > 0, and C°°(U x R d+1 ) onto themselves. As cj> x (y) 
is polynomial in y in such way that <p x (0) — and </) x (\.y) — \.<j) x {y) for every 
A G R, we deduce that the above action also yields a continuous linear isomorphism 
of C°° (U)®S' reg (R d+1 ) onto itself and, for every A > 0, we have 

(3.1.32) {4>lK){x,X.y) = 4> x [K{x,X.y)l K G V\U x R d+1 ). 

Furthermore, as 4> x (y) is polynomial in y we see that for every a G N d+1 we can 
write Mv) a in the form (j) x {y) a = £ w=w d a p{x)yP with d a0 eC°°(U x R d+1 ). It 
then follows that, for every m G C, the map K{x,y) — > cf>*K(x,y) induces a linear 
isomorphisms of JC m (U x R d+1 ) and JC m (U x R d+1 ) onto themselves. Combining 
this with l|3.1.29|l and Proposition 13 . 1 . 1 5l then gives: 
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PROPOSITION 3.1.16. LetP : Cf(U) — ► C°°(U) be a continuous linear operator 
with distribution kernel kp(x,y). Then the following are equivalent: 

(i) P is a ^ hDO of order m, m G C. 

(ii) We can write kp{x,y) in the form, 

(3.1.33) k P (x,y) = \e' x \K p (x, -s x (y)) + R(x, y), 

with K P G /C™(C7 x R d+1 ), rh = -(m + d + 2), and R G C°°{U x U). 

Furthermore, if (i) and (ii) hold and Kp ~ X)j>o Kp,m+j , Ki € ^i{U X M d+1 ), 
ften P /ias symbolp ~ Sj>oP«»— SH^x^" 1 " 1 )* where p m -j * s fie restriction 
toUx (R*+i\0) ofiKp^ix^-^y))}^. 

Remark 3.1.17. Let a <E U. Then (|3. 1.33(1 shows that the distribution kernel 
of P = (e a )*P at a; = is 

(3.1.34) fcp(0, y) = KI-^pfejHO). '(»)) = ^(«, -!/)• 

Moreover, as we are in Heisenberg coordinates already, we have = £o = 0o = id. 
Thus, in the form l|3.1.33|l for P we have ifp(0, y) = Kp(a, y). Therefore, if we let 
Pm( x ,0 denote the principal symbol of P and let K P ^ G fC^iU x R d+1 ) denote 
the leading kernel of Kp, then by Proposition 13 . 1 . 151 we have 

(3-1.35) p m (0,0 = [K PtA ]^(a,0- 

This shows that [-?Cp,m]^l^(a, £) is the principal symbol of P at a; = in Heisenberg 
coordinates centered at a. 

3.1.5. *hDO's on a general Heisenberg manifold. Let (M d+1 ,H) be a 
Heisenberg manifold. As alluded to before the \l///DO's on an subset of M. d+1 are 
v^DO's of type (4, \). However, the latter don't make sense on a general manifold, 
for their class is not preserved by an arbitrary change of chart. Nevertheless, when 
dealing with f jjDO's this issue is resolved if we restrict ourselves to changes of 
Heisenberg charts. Indeed, we have: 

Proposition 3.1.18. Let U (resp. U) be an open subset ofR d+1 together with 
a hyperplane bundle H C TU (resp. H C TU ) and a H -frame of TU (resp. a 
H -frame ofTU). Let <p : (U,H) — > (U,H) be a Heisenberg diffeomorphism and let 
P G 9V{U). 

1) The operator P = <p* P is a ^hDO of order m on U. 

2) If we write the distribution kernel of P in the form with Kp(x,y) in 
K. m (U xM. d+1 ), then the distribution kernel of P can be written in the form 

with K P (x,y) G x M d+1 ) such that 

(3.1.36) K P (x,y)~ ^a afi (x)y^d?K P )(<f>(x),cl>' H (x)y), 

where we have let a a p{x) = d^[\d y (e^ x) o ( t)oe^ 1 )(y)\(e^ {x) o(j)oe x 1 (y)~(t)' H (x)y) a } ly=0 
and e x denote the change to the Heisenberg coordinates at x G U. In particular, 

(3.1.37) K P {x ) y) = \<f > ' H (x)\Kp(cf>(x) ) <f>' H (x)y) mod IC'' h+1 (U x K d+1 ). 
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Remark 3.1.19. The version of the above statement in |BG| does not contain 
the asymptotics (|3.1.3T|> . which will be crucial for giving a global definition of the 
principal symbol of a "f^DO in the next section. For this reason a detailed proof 
of the above version is given in Appendix ^ This proof will also be useful in 
Chapter 0] and |Pol2j for generalizing Proposition 13.1. lHl to holomorphic families 
of ^i^DO's and to $gDO's with parameter. 

As a consequence of Proposition 13 . 1 . lEl we can define ^/fDO's on M acting on 
the sections of a vector bundle £ over M. 

Definition 3.1.20. *^(M, £), m e C, consists of continuous operators P 
from C™(M,E) to C°°(M,S) such that: 

(i) The distribution kernel of P is smooth off the diagonal; 

(ii) For any trivialization r : £\ u — > U x C r over a local Heisenberg chart k : 
U V C R d+1 the operator k*t*(P 1li ) belongs to V%(V, C) := *$(V) ® EndC r . 

All the previous properties of f DO's on an open subset of R d+1 hold mutatis 
mutandis for ^/fDO's on M acting on sections of £ . 

3.1.6. Transposes and adjoints of 'S'hDO's. Let us now look at the trans- 
pose and adjoints of 'J'^DO's. First, given a Heisenberg chart U C R d+1 we have: 

Proposition 3.1.21. Let P e Then: 

1) The transpose operator P t is a $ hDO of order m on U. 

2) If we write the distribution kernel of P in the form \3.1.3^\) with Kp(x,y) in 
JC A {UxR d+1 ) then P t can be written in the form \S.i.S^ with K P t £ IC A (UxR d+1 ) 
such that 

(3.1.38) K pt (x,y)~ £ ]T a a ^s(x)y^ +5 (d2d^K P )(x, -y), 

§tf)><<® |7|<I«5|<2| 7 | 

where a a0lS {x) = J^, [d^{\e' e _ 1{ _ y) \ (y - e e -i {y) {x)) a )d s y (e^ 1 (-y) - x)~>] (x,0). In 
particular, we have 

(3.1.39) K P t(x,y)=Kp(x,-y) mod IC ,h+1 (U x R d+1 ). 

Remark 3.1.22. The asymptotic expansion (|3.1.38|l is not stated in |BG| . but 
we need it in order to determine the global principal symbol of the transpose of a 
^ffDO (see next section). A detailed proof of Proposition 13 . 1 . 2 fl can be found in 
Appendix [5] 

Using this result, or its version in |BG| . we obtain: 

Proposition 3.1.23 ffEUl Thm. 17.4]). Let P : C°°(M,£) -> C°°(M,£) be a 
^ hDO of order m. Then: 

1) The transpose operator P* : £'{M,£*) — > T>'{M, £*) is a ^^DO of order m; 

2) If M is endowed with a smooth positive density and £ with a Hermitian 
metric then the adjoint P* : C°°(M,£) -> C°°(M,£) is a ^ H DO of order m. 
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3.2. Principal symbol and model operators. 

3.2.1. Principal symbol and model operators. In this section we define 
the principal symbols and model operators of $ffDO's and check their main prop- 
erties. Let g*M be the dual bundle of qM with canonical projection it : g*M — > M. 

Definition 3.2.1. Form £ C the space S m (g*M,£) consists of sections p(x,£) 
in C°°(g*M\ 0,End7r*£) which are homogeneous of degree m, i.e., we have 

(3.2.1) p(x, A.£) = X m p{x, £) V/or any A > 0, 
where A.£ is defined as in \3.1.S\) . 

Let P £ ty'jj(M) and for j = 1,2 let Kj be a Heisenberg chart with domain 
Vj C M and let (f> : U\ — > Ui be the corresponding transition map, where we have 
let Uj = Kj(Vi DV 2 )C R d+1 . 

Let us first assume that £ is the trivial line bundle, so that P is a scalar operator. 
For j = 1,2 we let Pj := Kj*{P\ v nV ), so that P\ = <p*P2- Since Pj belongs to 
$>h( U j) its distribution kernel is of the form [|3. 1.33)1 with K Pj € /C" l ([/,- x R d+1 ). 
Moreover, by Proposition 13 . 1 . l8l we have 

(3.2.2) K Pl (x,y) = \<p , H (x)\K P2 (cj>(x),<p , H (x)y) mod JC^+^Ux x R d+1 ). 
Therefore, if Kp j: m £ /C r %(Uj x M d+1 ) is the leading kernel of Kp j then we get 

(3.2.3) K PltA (x,y) = W H (x)\K^ l¥h {<l>(x),<l/ H (x)y). 
Next, for j = 1,2 we define 

(3.2.4) Ps, m fat) = [Kp i ,*]^efaO, (x,0£U j xR d+1 \0. 

By Remark l3 . 1 . 1 7l for any a £ Uj the symbol pj (a, .) yields in Heisenberg coordinates 
centered at a the principal symbol of Pj at x = 0. Moreover, since 4 > H( a ) ^ s a un ear 
map, from 1)3.2.3(1 we get 

(3.2.5) Pi, m {x,0 = P2 ,m(4>(x),[4> , H (x)- 1 ] t O. 

This shows that p rn := K\p\ iTn is an element of S m (Q* (ViDVi)) which is independent 
of the choice of the chart k±. Since S m (g*M) is a sheaf this gives rise this uniquely 
defines a symbol p m [x, £) in 5 m (g*M). 

When £ is a general vector bundle, the above construction can be carried out 
similarly, so that we obtain: 

Theorem 3.2.2. For any P £ \&g(M, £) there is a unique symbol a m (P)(x,^) 
in S m (g* M, £) such that, if in a local trivializing Heisenberg chart U C we 
let Kp t f n {x,y) £ K. 7 - n (U x R d+1 ) be the leading kernel for the kernel Kp(x,y) in the 
form \3.1.3i$ for P , then we have 

(3.2.6) o- m (P)(x,0 = [K P ,r h }^(x,Z), £UxR d+1 \0. 

Equivalently, for any xq £ M the symbol a m (P)(xo, .) agrees in trivializing Heisen- 
berg coordinates centered at xq with the principal symbol of P at x = 0. 

Definition 3.2.3. For P £ #g(M,£) the symbol a m (P) £ S m (g*M,£) pro- 
vided by Theorem VS.2.'A is called the principal symbol of P. 

Remark 3.2.4. Since we have two notions of principal symbol we shall distin- 
guish between them by saying that o~ m (P) is the global principal symbol of P and 
that in a local trivializing chart the principal symbol p m of P in the sense of 1)3.1.13(1 
is the local principal symbol of P in this chart. 
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In a local Hcisenberg chart U C M. d+1 the global symbol a m (P) and the local 
principal symbol p rn of P G ^fjj(U) can be easily related to each other. Indeed, by 
Proposition 13 . 1 . lSl we have 

(3-2.7) Pm (x,0 = [K P ^{x,cf>-\y))}^{x,(,), 

where Kp,- n denotes the leading kernel for the kernel Kp in the form ((3.1.33|) for 
P. By combining this with the definition i(3.2.4|) of a m (P) we thus get 

(3.2.8) Pm(x,0 = (4>> m (P))(x,0, 

(3.2.9) (C<x ro (P)) = [[a m (P)]^(x, ^(y))]^ = Kk(P)]^]^, 

where (f>* is the isomorphism map (|3.1.31|) . In particular, since the latter is a linear 
isomorphism of IC m (U x R d+1 ) onto itself, we see that the map p — > <f)* x p is a linear 
isomorphism of S m (U x R d+1 ) onto itself. 

Example 3.2.5. Let X , . . . , X d be a local iJ-frame of TM near a point a e M. 
In any Heisenberg chart associated with this frame the Heisenberg symbol of Xj 
is In particular, this is true in Heisenberg coordinates centered at a. Thus 

the (global) principal symbol of Xj is equal to i£j in the local trivialization of 
q*M \ defined by the frame Xq, . . . ,Xd- More generally, for any differential 
p = J2{ a )<m a a {x)X a on M we have 

(3.2.10) a m (P)(x,0= J2 a a (x)i-^C- 

(a) < m 

Thus, for differential operators the global and local principal symbols agree in suit- 
able coordinates. Alternatively, this result follows from the fact that the isomor- 
phism l|3. 1.31(1 induces the identity map on distributions supported in U x {y = 0}. 

PROPOSITION 3.2.6. The principal symbol a m : \tg(M, £) — > S m (g*M,£) gives 
rise to a linear isomorphism ^ 7 g(M,£)/^~ 1 (M,£) S m (g* Af, £). 

Proof. Since the principal symbol of P G ^^(M, £) vanishes everywhere if, 
and only if, P has order < m— 1, we see that the principal symbol map a m induces 
an injective linear map from *g(M, £ )/^ _1 (M, £ ) to S m (fl*M,£). 

It remains to show that o~ m is surjective. To this end consider a symbol 
Pm{x,£,) G S m (g*M, £) and let (ifii)i e i be a partition of the unity subordinated 
to an open covering (£/i)j E j of M by domains of Heisenberg charts Ki : Ui — > V* 
over which there are trivializations Tj : £1^. — * f/j X C r . For each index i let 
V>i € C°°(Ui) be such that ipi = 1 near supp^i and set 

(3.2.11) pWfoO = (l- X (0m, x ^*n*P mle , UA0 )(x,0 G S m (K,)®EiidC\ 

where x G C 00 (R d+1 ) is such that % = 1 near the origin and (p* x denotes the 
isomorphism ((3.2.9(1 with respect to the chart Vi. Then we define a a $ijDO of 
order m by letting 

(3-2.12) P =J2<Pitf<P%(x,-iXM- 

For for every index i the local principal symbol of ipi[r* n*pm (x, — iX)]ipi in 
the chart Vi is ifi o «7 (^f,x K »* r i*2 3 ro| J .o-.\ )' so by 1)3.2.8(1 its global principal is 
ip^o nY 1 ( H! 'i* T i*Pm\ e , u ,\ )j which pulls back to <^p m on [Zj. It follows that the global 
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principal symbol of P is <7 m (P) = J2i ViPm — pm- This proves the surjectivity of 
the map o~ m , so the proof is now complete. □ 

Next, granted the above definition of the principal symbol, we can define the 
model operator at a point as follows. 

Definition 3.2.7. Let P e ^(M, £) have (global) principal symbol a m (P). 
Then the model operator of P at a € M is the left-invariant >f hDO- operator P a 
from So(G a M,£ a ) to itself with symbol o~ m (P)^^ y (a, .), i.e., we have 

(3.2.13) P a f(x) = {a m (P)^ y (a,y)J(x.y- 1 )), f G S (G a M,£ a ). 

Consider a local trivializing chart U C M d+1 near a and let us relate the model 
operator P a on G a M to the operator P^ = p^ n (—iX^ a ') on defined using 
the local principal symbol p m (x,^) of P in this chart. Using l|3.1.t)|) and l|3.2.8|l for 
/ G 5 (R d+1 ) we get 

(3.2.14) P^f(y) = (( P a m y(z), fiy.z- 1 )) = ((a m (P)^ y (x, ^(y)), /(y.^ 1 )). 
Since \4>' a \ = 1 and 4> a is a Lie group isomorphism from G^ onto G a M we obtain 

(3.2.15) P^f(y) = ((a m (P)^ y (x, y), f o tfivMxT 1 )) = (<^°)/G/)- 
In particular, we have 

(3.2.16) P a = (4> a )M-iX^). 

3.2.2. Composition of principal symbols and model operators. Let us 

now look at the composition of principal symbols. To this end for a S M we let 
* Q : S* mi (R d+1 ) x S*„ i2 (R d+1 ) -> S mi +m 2 (M d+1 ) be the convolution product for 
symbols defined by the product law of G a M under the identification G a M ~ R d+1 
provided by a H- frame Xq, . . . , Xd of TM near a, that is, 

(3.2.17) ( Pmi * a p mj )(-iX a )=p mi {-iX a )o Pm2 (-iX a ), Pmj € S mj (R d+1 ). 

Let U C M. d+1 be a local trivializing Heisenberg chart chart near a and for 
j = 1,2 let Pj E fy 7 ^ (U) have (global) principal symbol a mj (Pj). Under the trivi- 
alization of GU provided by the f/-frame Xq, • ■ ■ , Xd we have P® = a(Pj)(x, —iX a ), 
so we obtain 

(3.2.18) W mj (Pj)(x,,)* a <J m] (Pj)(x, .)}(-iX a ) = P?P%. 

On the other hand, using l|3. 2.8(1 and (|3.2.16l) we see that (j)* a [p mi t"p m J(- iX a ) 
is equal to 

(3.2.19) <p* a \p mi (-iX a )op m2 (-iX a )] = <j>* a \p mi (-iX a )] o cj>* a \p m2 (-iX a )} 

= ($* aPmi )(-iX^) o (4>* aPm2 )(-iX^) = w aPmi ) * (a) (Cp ro2 )](-iXW). 
Hence we have 

(3.2.20) Pmi *> m2 = (4> a )*[(kPm,) * (a) (€Pm 2 )] Vp mj € S nlj (R d+1 ), 

where (4> a )„ denotes the inverse of (f>*. Since (f>*, its inverse and *^ a ) depend 
smoothly on a, we deduce that that so does * a . Therefore, we get: 
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Proposition 3.2.8. The group laws on the fibers of GM give rise to a convo- 
lution product, 

(3.2.21) * : S mi (g*M,£) x S m2 ( Q *M,£) — » S mi+ma (a*M,S), 

(3.2.22) p mi *p m2 (x,Q = \p mi (x,.) * x p„ l2 (x, .)](£), p mj e S mj (g*M,£), 
where * x denote the convolution product for symbols on G X M . 

Notice that (|3.2.20|) shows that, under the relation (|3.2.8|l between local and 
global principal symbols, the convolution product (|3.2.17f) for global principal sym- 
bols corresponds to the convolution product l|3. 1.191) for local principal symbols. 
Since by Proposition 13. 1 .51 the latter yields the local principal symbol of the prod- 
uct of two f j/DO's in a local chart, we deduce that the convolution product (13.2.17(1 
yields the global principal symbol of the product two >PffDO's. 

Moreover, by 1(3.2.18(1 the global convolution product 1(3.2.1711 corresponds to 
the product of model operators, so the model operator of a product of two $/fDO's 
is equal to the product of the model operators. We have thus proved: 

Proposition 3.2.9. For j = 1,2 let Pj e *p (M,£) and assume that P\ or 
P2 is properly supported. 

1) We have cr„ il+m2 (PiP>) = cr mi (P) * a m2 (P). 

2) At every a £ M the model operator of PiP 2 is (PiP 2 ) a = PfP 2 °. 

Finally, we look at the continuity of the above product for homogeneous sym- 
bols. To this end for each m £ C we endow S m (g*M,£) with the Frechet space 
topology inherited from that of C°°(q*M \ 0, End£). 

Proposition 3.2.10. The product * for homogeneous symbols gives rise to a 
continuous bilinear map from S mi (2* M,£) x S m3 (g* M,£) to S mi + m2 (g* M,£). 

Proof. Consider a sequence (pk,qk)k>o in S mi (g*M,£) x S m2 (g* M,£) con- 
verging to (p, q) and such that Pk*qu converges to r in S mi + m2 (jj*M, £). Let a £ M. 
Then {p k (a, -),qk{a, .)) converges to (p(a, .),q(a, .)) in S mi (Q* a M,£ a )x S m2 (g* a M,£ a ) 
and (pi, * qk)(a, .) converges to r(a, .) in S mi+m 2 (g* a M, £ a ). 

On the other hand, by Proposition 13.1.31 the product * a gives rise to a con- 
tinuous bilinear map from S mi (g* a M,£ a ) x S m2 ($* a M,£ a ) to S mi+m2 (g* a M,£ a ), so 
(Pk * qk)(a, .) = Pk{a, .) * a qu(a, .) also converges to p(a, .) * a q(a, .) = p * q{a, .). 
Hence p * q(a, .) = r(a, .) for any a £ M , that is, the symbols p * q and r agree. It 
then follows from the closed graph theorem that * gives rise a continuous bilinear 
map from S mi (Q*M,£) x S m . 2 (Q*M,£) to S mi+m2 (B* M,£). □ 

3.2.3. Principal symbol of transposes and adjoints. In this subsection 
we shall determine the principal symbols and the model operators of transposes 
and adjoints of ^j^DO's. 

Recall that by Proposition 13.1.2*31 if P £ ^ r ^(M,£) then its transpose op- 
erator P* : C™(M,£*) -> C°°(M,£) is a * H DO of order m and its adjoint 
P* : C%°(M,£) -> C°°(M,£) is a * H DO of order m (assuming M endowed with a 
positive density and £ with a Hermitian metric in order to define the adjoint). 

Proposition 3.2.11. Let P G*g(M,f) have principal symbol a m (P). Then: 

1) The principal symbol of P* is a m (P t )(x,() = a m (x,— £) f £ S m (g*M, £*); 

2) If P a is the model operator of P at a then the model operator of P l at a is 
the transpose operator (P a )' : Sq(G x M,£*) — > Sq(G x M,£*). 
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Proof. Let us first assume that £ is the trivial line bundle and that P is a 
scalar operator. In a local Heisenberg chart U C M. d+1 we can write the distri- 
bution kernels of P and P l in the form l|3.1.33|) with distributions Kp and Kpt 
in JC m (U x R d+1 ). Let i^p.™ and K pt - denote the principal parts of Kp and 
Kpt respectively. Then the principal symbols of P and P* are a m (P)(x,£) — 
{Kp,m)y^{x,Cj and cr m (P t )(x,0 = (K P t ^)^(x , £,) respectively. Since (|3.L39[) 
implies that Kpt ^{x, y) = Kp^m(x, —y) and the Fourier transform commutes with 
the multiplication by —1 we get 

(3.2.23) a m (P t ){x,t)=v m (P)(x,-t). 

Next, for a £ U let p E S m (G a ) and let P be the left-invariant ^j^DO with 
symbol p. Then the transpose P* is such that, for / and g in So(G a U), we have 

(3.2.24) (P 4 /, g) = </, Pv) = (1, f(x){Pg){x)) = (1, f(x){p(y), gix.y- 1 ))) 

= (1 <Si p(x,y), f(x)g(x.y~ 1 )}. 

Therefore, using the change of variable (x,y) — > (x.y^ 1 ^y^ 1 ) and the fact that 
2T 1 = -y we get 

(3.2.25) (P7,.9) = (l^p^-y),/^^- 1 )) = (1, f{x)l${-y),g{x.y- x ))). 
Since p(—y) = p t {y) with p'(£) = p(— we obtain 

(3.2.26) (P*f,g) = (lj(x)(p t (y),g(x.y- 1 ))) = (tf * f)(x),g{x)). 

Thus P* is the left-convolution operator with symbol = p(— C)- 

Now, since the model operator (P*) a is the left-invariant f ijDO with symbol 

cr m (P')(a,£) = cr m (P)(a, — £) we see that it agrees with the transpose (P a )*. 

In the general case, when £ is not the trivial bundle, we can similarly show that 

P* is a fifDO of order m with principal symbol a m (P t )(x 1 £) = <r m (P)(a;, — £)' and 

such that at every point a S M its model operator at a is the transpose (P a )'. □ 

Assume now that M is endowed with a positive density and £ with a Hermitian 
metric respectively and let L 2 (M,£) be the associated L 2 -Hilbert space. 

PROPOSITION 3.2.12. Let P e ^^(M,£) have principal symbol a m (P). Then: 

1) The principal symbol of P* is am{P*){x,C) — a m (P)(x, £)* . 

2) If P x denotes the model operator of P at x £ M then the model operator of 
P* at x is the adjoint (P 1 )* of P x . 

PROOF. Let us first assume that £ is the trivial line bundle, so that P is a 
scalar operator. Moreover, since the above statements are local ones, it is enough 
to prove them in a local Heisenberg chart U C W l+1 and we may assume that P is 
a* H DOonC7. 

Let P : C C °°(10 -> C°°(U) be the conjugate operator of P, so that Pit = P(J) 
for any / S C£°(U). By Proposition I3.1.JBI the distribution kernel of P of the 
form (|3.1.33|) with Kp(x, y) in JCm(U x K d+1 ), so the kernel of P takes the form 

(3.2.27) kp(x,y) = k P (x,y) = \e' x \K P (x, y) mod C°°(U X U). 

Since the conjugation of distribution K(x,y) — > K(x,y) induces an anti-linear 
isomorphism from K. m (U x M d+1 ) onto K. m (U x R d+1 ), it follows from Proposi- 
tion 13.1.161 that P is a ^^DO of order rh and its kernel can be put into the 
form (|3. 1.33)1 with Kp(x,y) = K P {x,y). In particular, if K P . fn € /C A (f7 x R d+1 ) 
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denotes the leading kernel of Kp then the leading kernel of K-p is Kp, r ~ n . Thus P 
has principal symbol 

(3.2.28) ^(P)(z,0 = [Kp~}^ y (x,0 = prp,m)£U„(z,-0 = <r m (x,-£). 

Moreover, we have Cm(P)^y(x,y) = a m (P)Y_ j , y (x,y). Therefore, for any / in 
So(G a U) the function (P) a f(x) is equal to 

(3.2.29) (a m (P)^ y (x,y), fix.y- 1 )) = (a m (P)^ y (x,y),J{x~y^) = P*f(x). 

Hence (P) a agrees with P a . 

Combining all this with Proposition 13 . 1 . 2D and Proposition 13. 2. ill we see that 
P is a $^DO of order m such that: 

- If we put the kernel of P into the form l|3.1.33|l with a distribution K-pt (x, y) 
in K.^{U x R rf+1 ), then the leading kernel of Kyt is K^t ~ = Kp^m(x, —y)\ 

- The global principal symbol of P is cr,n(P*) = a m {P t ){x, £) = a fh {P){x, £); 

- The model operator at a G U of P* is (P*) a = P 5 * = (P Q )*. 

Now, let dp[x) = p(x)dx be the smooth positive density on [/ coming from that 
of M. Then the adjoint P* : C™(U) -> C°°(C/) of P with respect to dp is such that 

(3.2.30) [pJ{xjg(x)p(x)dx=[j{xjP*g(x)p(x)dx, f,geC™(U). 
Jf Ju 

Thus P* = p- x P p, which shows that P* is a f gDO of order m. Moreover, as in 
the proof of Proposition 13 . 1 . 2T1 in Appendix FBI we can prove that the kernel of P* 
can be put into the form l|3.1.33|l with K P * (x, y) G )C m (U x R d+1 ) equal to 

(3.2.31) pix)- 1 ^ (x, y) P {e- 1 {y)) ~ ]T ^(x)- 1 ^^^- 1 ^)),^^ (x, y). 

a 

In particular, K P *(x,y) and K-pt(x,y) agree modulo /C m+1 (C/ x R d+1 ), hence have 
same leading kernels. It then follows that P* and P* have same principal symbol 
and same model operator at a point a G U, that is, cr rft (P*)( a , = < J m{P){x,£) 
and (P*) Q = (P a )*. 

Finally, assume that £ is an arbitrary vector bundle of rank r, so that the 
restriction of P to U is given by a matrix P = (Py) of ^/fDO's of order r. Let 
h(x) G C°°(U, GL r (C)), /i(x)* = be the Hermitian metric on U x C r coming 

from that of £. Then the adjoint of P with respect to this Hermitian metric is 
P* = p^ Y h~ x P hp. Therefore, in the same way as in the scalar case we can prove 
that P* has principal symbol h(x)~ 1 a m (P)(x, £) h(x) — a m (P)(x,£)* and its model 
operator at any point a G U is h(a)~ 1 P a h(a) = (P a )* . □ 

3.3. Hypoellipticity and Rockland condition 

In this section wc define a Rockland condition for ^/fDO's and relate it to the 
invertibility of the principal symbol to get hypoellipticity criterions. 
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3.3.1. Principal symbol and Parametrices. By |BGI Sect. 18] in a local 
Heisenberg chart the invertibility of the local principal symbol of a f ifDO is equiv- 
alent to the existence of a ^ ff DO-parametrix. Using the global principal symbol 
we can give a global reformulation of this result as follows. 

Proposition 3.3.1. Let P : C™[M,S) -> C°°(M,£) be a ^ H DO of order m. 
The following are equivalent: 

1) The principal symbol o~ m (P) of P is invertible with respect to the convolution 
product for homogeneous symbols; 

2) P admits a parametria Q in ^Jj m (M,£), so that PQ — QP — 1 mod 
y-°°(M,£). 

Proof. First, it follows from Proposition 13.2.91 that 2) implies 1). Conversely 
the formula H3.2.20[l shows that in a local trivializing Heisenberg chart the invert- 
ibility of the global principal a m (P) is equivalent to that of the local principal 
symbol. Once the latter is granted then, as shown in |BGI p. 142], Lemma [3.1.71 
and Proposition 13 . 1 . 9l allows us to carry out in a local trivializing Heisenberg chart 
the standard parametrix construction to obtain a parametrix for P as a ^ h DO of 
order — m. A standard partition of the unity argument then allows us to construct 
a parametrix for P in f^ m (Af, £). □ 

When a 'J'hDO nas an invertible principal symbol the Sobolev regularity prop- 
erties of its parametrices allows us to get: 

Proposition 3.3.2 ffEGl p. 142]). Let P ■ C™(M,£) C°°(M,£) be a 
^ hDO of order m with -Km > m and such that its principal symbol is invertible. 
Then P is hypoelliptic with gain of ^km derivatives, i.e., setting k = ^km, for 
any a € M , any u G £'{M, £) and any s£l, we have 

(3.3.1) Pu is L 2 S near a =>• u is L 2 s+k near a. 

Ln particular, if M is compact then, for any reals s and s' , we have the hypoelliptic 
estimate, 

(3.3.2) \\f\\ L '< C S (||P/|U= + /GC°°(M,£). 

s + k s s' 

Remark 3.3.3. It used to be customary to call the above property hypoellip- 
ticity with gain of k derivatives (see, e.g., |BGp . We have followed here the recent 
terminology of |Koh3j , where is constructed an example of sum of squares which is 
hypoelliptic but, instead of gaining of derivatives as in H62 , it gains derivatives. 

Remark 3.3.4. We can give sharper regularity results for VP^DO's in terms 
of suitably weighted Sobolev spaces (see |FSlj and Section 15. 5|) . When P is a 
differential operator and the Levi form is non- vanishing these results correspond to 
the maximal hypocllipticity of P as in HN3]. 

Remark 3.3.5. As it follows from the proof in |BGI p. 142] in order to have 
the hypoelliptic properties H3.3.1(l and (|3.3.2(l it is enough to have a left-parametrix 
for Q rather than a two-sided parametrix. Therefore, Proposition remains valid 
when we assume the principal symbol of P to be left-invertible only. 
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3.3.2. Rockland condition. Assume that M is endowed with a positive den- 
sity and £ with a Hermitian metric and let P : Cf (M, £ ) -> C°° (M, £ ) be a * ff DO 
of order m. Let P a be the model operator of P at a point a S M and let 7r : G — > 7^ 
be a (nontrivial) unitary representation of G = G a M. We define the symbol ixpo. 
as follows (see also |KoT] . [Gil], lUSHE]) 

Let Tt°(£ a ) be the subspace of H-n{£ a ) := 7^ ® £a spanned by the vectors, 

(3.3.3) 7r/£= / (Tr^SlfiJ^g/faJJdx, 

where £ ranges over Ji^ and / over <S (G, £„) = Sq(G) ® £ a . Then 7rpa is the 
(unbounded) operator of 7i T (£ a ) with domain H®(£ a ) such that 

(3.3.4) 7rpo ( 7r/ ^)= 7rpo/ ^ V/e5 (G,£ a ) V£eW„. 

One can check that -Kpa, is the adjoint of irpa on 7i°, hence is densely defined. 
Thus npa is closeable and we can let Wp^ denote its closure. 

In the sequel we let G£°(£ a ) = G£° <g> £ a , where G£° c K T denotes the space 
of smooth vectors of ir, i.e., the subspace of vectors £ £ 7^ so that x — ► 7r(x)£ is 
smooth from G to 7i x . 

PROPOSITION 3.3.6 QCGGPj b 1) The domain oflfp^ always contains G£°(£ a ). 

2) If^Stm < then the operator WpT is bounded. 

3) We have (vrpa)* = (ttrT)*. 

4) If Pi and Pi are ^DO's on M then ir^p^a = irpa irpa . 

Remark 3.3.7. If £ a = C and P a is a differentiable operator then, as it is left- 
invariant, P a belongs to the enveloping algebra U(q) of the Lie algebra g = Q a M 
of G. In this case FpT coincides on G£° with the operator dir(P a ), where dm is the 
representation of U(q) induced by tt. 

Definition 3.3.8. We say that P satisfies the Rockland condition at a if for 
any nontrivial unitary irreducible representation tt of G a M the operator ffp^ is 
injective on G£°(£ a ). 

Set 2n = rk£ a . Under the identification G = G a M ~ H 2n+1 x R d - 2n given by 
Proposition 12.1.61 there are left-invariant vector fields Xq , . . . , Xd on G such that 
Xq, . . . , X 2n are given by (|2.1.2[1 and X k — for k > 2n+ 1. Then, up to unitary 
equivalence, the nontrivial irreducible representations of G are of two types: 

(i) Infinite dimensional representations tt X '^ : G — > L 2 (W l ) parametrized by 
A e R \ and £ = (£271+1 j 6n) such that 

(3.3.5) dn*^(Xo) — £A|A|, d-K X ^{X k ) = iA£ fe , k = 2n + 1, . . . , d, 

(3.3.6) dir^iXj) = |A| drr x ^(X n+] ) = iA£„ j = l,...,n. 

"S3 

Moreover, in this case we have G 00 ^*^) = <S(R n ). 

(ii) One dimensional representations tt^ : G — ► C indexed by £ = (£1, ■ ■ ■ , £d) m 
R d \ such that 

(3.3.7) di^(X ) = 0, d^(X 3 ) = i^, j = l,...,d. 

In particular, if P = p m (—iX) with p 6 S m {G) then the homogeneity of the 
symbol p implies that we have 7r p '^ = |A| m 7r P : ''% where tt p ' = TTp 1 '^ accordingly 
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with the sign of A, while for the representations in (ii) we have tt p — tt p — p m (0, £,)■ 
Therefore, we obtain: 

Proposition 3.3.9. Let p m e S m (G a M). Then the Rockland condition for 
P = p m (—i,X a ) is satisfied if, and only if the following two conditions hold: 

(i) The operators Tfp'^, £ G M. d ~ 2n , are infective on S(M. n ); 

(ii) The restriction of p m to {0} x (R. d \ 0) ~ H* \ is pointwise invertible. 

3.3.3. Parametrices and Rockland condition. The aim of this subsection 
is to show that the Rockland condition is enough to insure us the invertibility of 
the principal symbol and the existence of a parametrix in the Heisenberg calculus. 

First, we deal with zero'th order \I///DO's. In this case, we have: 

Theorem 3.3.10. Let P : C™(M,£) -> C°°(M,£) be a zero'th order ^ H DO. 
Then the following are equivalent: 

(i) The principal symbol of P is invertible: 

(ii) For every point a £ M the model operator P a is invertible on L 2 (G a M, £ a ). 

(Hi) P and P satisfy the Rockland condition at every point a € M . 

Furthermore, if M is endowed with smooth density > and £ with a Hermitian 
metric, then in (Hi) we can replace the Rockland condition for P t by that for P* . 

Proof. When GM is a (trivial) fiber bundle of Lie groups, i.e., the Levi form of 
(M, H ) has constant rank, the theorem can be deduced from the results of CGGP 
Sect. 5], which are based on an idea due to Christ Ch2 (see Po8]). As we shall 
now see elaborating on the same idea allows us to deal with the general case as 
well. 

First, assume that the principal symbol of P is invertible, so that P admits a 
parametrix Q S ^Jj m (M, £), which without any loss of generality may be assumed 
to be properly property. Then, for any a £ M the operators Q a P a and (Q a ) t (P a ) t 
are equal to 1 on So(G a M,£ a ) and So(G a M, £ *) respectively. Therefore, it follows 
from Proposition 13. 3. 51 that for any nontrivial irreducible unitary representation ir 
of G a the operators WpT and Tfjf^y are injective on C°°(7r), i.e., P and P* satisfy 
the Rockland condition at every point of M . Hence (i) implies (iii). 

Second, by a result of Glowacki IG12I Thm. 4.3] for any a 6 M the Rockland 
condition for P a is equivalent to the left-invertibility of P a on L 2 (G a M,£ a ). The 
same is true for (P*) a = (P a )*, so P a has a two-sided inverse on L 2 (G a M, £ a ) if, 
and only if, P a and (P') a satisfy the Rockland condition. Therefore, we see that 
the conditions (ii) and (iii) are equivalent. 

Notice also that if M is endowed with smooth density > and £ is endowed 
with a Hermitian metric then the above arguments can be carried through without 
any changes if we replace the transpose of P by the adjoint P*. Therefore, in (iii) 
we may replace the Rockland condition for P* by that for P* . 

It remains now to prove that (ii) implies (i) . Observe that it is enough to pro- 
ceed locally in a trivializing Heisenberg chart U C M. d+1 with ii-frame Xq, . . . , Xd- 
In fact, we may further assume that £ is a trivial line bundle since, as we sill see 
later, the arguments below can be carried out verbatim for systems of ^j^DO's. 
Therefore, we are reduced to prove: 
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PROPOSITION 3.3.11. Let p G Sq(U x R d+1 ) be such that for any a e U the 
operator P a = p(a, —iX a ) is invertible on L 2 (M. d+1 ). Then p is invertible in Sq(U x 
R d+1 ). 

The proof will follow from a scries of lemmas. In the sequel we let S = {x G 
R d+1 ; |j x | J = 1} and we endow its with its induced Riemannian metric. Let K G 
S'(W l+1 ) be homo geneous of degree — (d + 2) and such that K\ 1 is in L 2 (S). Then 
K is of the form, 

(3.3.8) K = pv(K) + c(K)6 , c(K) G C, 

where c(K) is a complex constant and pv(K) is the principal value distribution, 

(3.3.9) (pv(K),f) = Urn / K(x)f(x)dx, f G S(R d+1 ). 

£ - >0+ J\x\>e 

The decomposition (|3.3.8|l is unique and, in particular, K is uniquely determined by 
its restriction to S and the constant c(K) (see |FS2l Prop. 6.13], jChll Lem. 2.4]). 

Definition 3.3.12. Ak, k € N, consists of distributions K e 5'(R d+1 ) that are 
homogeneous of degree —(d+2) and such that (d a K)\ s £ L 2 (S) for (a) < k. 

We turn Ak into a Banach space by endowing it with the norm, 

(3.3.10) \K\ k = \c(K)\ + £ \\(d a K) ls \\ L2{S) , K e A k . 

{a)<k 

Notice that /C_(d +2 )(Il£ d+1 ) is contained in all the spaces Ak, k G N, and the norms 
|.|fc's give rise to a system of semi-norms on /C_(d + 2)(R d+1 ) whose corresponding 
topology is the weakest topology making the maps K — > c(K) and K — * K\ s be 
continuous from /C_(rf + 2)(R d+1 ) to C and C°°(S) respectively. 

In the sequel for a 6 U and K € Ak we let denote the convolution operator 
P«/ = K* a f, f £ S (R d+1 ). Then we have: 

LEMMA 3.3.13 (|EH1 Thm. 1], [FS2 Thm. 6.19], EHl)- Let k be an integer 
greater than or equal to d + 3. Then: 

(i) For any a G U and any K G Ak the operator Pj-t extends to a bounded 
operator on L 2 (R d+1 ). 

(ii) For any compact L C U there exists C^k > such that for any a G L and 
any K G Ak we have 

(3.3.11) \\Pk\\ < C Lk \K\ k . 

Proof. Let B\ be the space of distributions K G 5'(R d+1 ) that are homoge- 
neous of degree —(d + 2) and such that K\ s is C 1 . This becomes a Banach space 
when endowed with the norm, 

(3.3.12) 1^ = 10(^)1 + 11^11!, K G 0i, 

where ||i4f| s ||i is some Banach norm on C 1 (5'). Then it follows from a theorem of 
Knapp-Stein Thm. 1] (see also |F52l Thm. 6.19]) that, given a € U, for any 
K G B\ the operator P^ a extends to a bounded operator on L 2 (S. d+1 ) and there 
exists a constant C a > such that for any K G B\ we have 

(3.3.13) ||P£|| < C(a)|if| Bl . 

Furthermore, it follows from the proof in |FS2| that the constant C a can be chosen 
independently of a provided that a remains in a compact set of U. 
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On the other hand, if K G A with k > d + 3 then {d a K)\ s is in L 2 {S) for 
| ck] < ^j^. Therefore, it follows from the Sobolev embedding theorem that Ak 
embeds continuously into B±. Combining this with the first part of the proof then 
gives the lemma. □ 

Remark 3.3.14. The L 2 -boundedness of P£ above is actually true for any 
K 6 Aq (see |Ch2j ). but the uniform dependence with respect to a is more difficult 
to keep track in |Ch2j than in |FS2j . This is not really relevant in the sequel, 
because in order to obtain Theorem 13 . 3 . 1 Ul it is enough to prove Lemma T3.3. 131 for 
k large enough. 

Lemma 3.3.15 f |CGGPl Lem. 5.7]). Let k be an integer > d + 3. Then: 

(i) For any a £ U the convolution * a induces a bilinear product on Ak- 

(ii) For any compact L <zU there exists Clu > such that, for any a S L and 
any K\ and K 2 in Ak, we have 

(3.3.14) |ifi* a X 2 |fc < CifedlP^JII^Ife + l^ilfellP^JI). 

Remark 3.3.16. The fact that the constant in l|3.3.14(l can be chosen indepen- 
dently of a when a remains in a compact set of U is not explicitly stated in |CGGP| , 
but this follows from its proof, noticing that the proof of the Lemma 2.10 of |Chl| 
shows that in the Lemma 5.8 of |CGGP) the constant C can be chosen indepen- 
dently of a when a stays in a compact set of U. 

As we will see below it is essential that the estimate <|3.3.14|1 involves also 
the operator norm and not just the norm of Ak- This trick is initially due to 
Christ |Ch2| . Note also that Lemma Hi.3.151 allows us to endow L^ c (U,Ak) with 
the convolution product, 

(3.3.15) {Kfiaeu * {K%) a& u = (#? * a K%) aeU , (K«) aeU e L% C (U, A k ). 
In particular, the constant family (<5o)ae(7 is a unit for this product. 

Lemma 3.3.17. Let k e N, k > d + 3, let L C U be compact and consider a 
family K = (K a ) aeL in L°°(L,Ak) such that sup aeL \\P^ a \\ < 1. Then S - K is 
invertible in L°°(L,Ak)- 

Proof. Let C^k be the sharpest constant in the estimate (|3.3.14fl and let us 
endow L°°(L,Ak) with the Banach norm, 

(3.3.16) \K\ k ,L = -^-sup\K a \ k , K=(K a ) aeU eL°°(L,Ak). 

<^Lk a£L 

Then for any K\ and K2 in L°°(L, Ak) we have 

(3.3.17) \K x *K 2 \k, h < (\Ki\ ktL \\P K J L + \\P Kl \\ L \K 2 \ k , L ). 

where we have let II-Pr-JI = sup aei \\Px a II- 

For j = 0, 1, 2, ... let be the j'th power of K with respect to the product * 
on L°°(L, Ak)- From (|3.3.17|l we deduce by induction that for j = 1, 2, ... we have 

(3-3.18) \K U) \ k ,L < (j - l^M^llf 1 - 

It follows that limsup \K^^° L = || Pk\\l < 1, so that the series Y^jLa -K"^ con- 
verges normally in L°°(L,Ak) to the inverse of Sq — K . Hence the result. □ 

With all this preparation we are ready to prove Proposition 13.3. ill 
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Proof of Proposition 13 . 3 . Ill Let p e So(U x R d+1 ) be such that for any 
a e U the operator P a = p(a, —iX a ) is invertible on L 2 (R d+1 ). Then for any 
a e U the operators (p Q )*p Q and p a (p a )* are invertible on L 2 (R d+1 ) and have 
respective symbols p * p and p * p in Sq(U x Moreover, if p * p and p * p 

admits respective inverses qi and g 2 in Sq(U x then qi *p and p * qi are 

respectively a left-inverse and a right-inverse for p. Therefore, it is enough to prove 
that p*p and p*p are invertible. Incidentally, we may assume that P a is a positive 
operator on L 2 (R d+1 ) for any a 6 U. 

On the other hand, recall that for any a £ U the convolution product * a on 
fc-(d+2){U x R d+1 ) corresponds under the Fourier transform to the product * a on 
5o(M d+1 ). Since the latter depends smoothly on a and by B(?I Prop. 15.30] the 
Fourier transform is a topological isomorphism from /C_(<j+ 2 )(K- onto 5o(IR <i+1 ) 
it follows that the convolution product * a depends smoothly on a, i.e., gives rise to 
smooth family of bilinear maps from /C_(<j+ 2 )(C/ x R d+1 ) x K,_( d+2 ){U x R rf+1 ) to 
fc-(d+2) (R d+1 )- Therefore, we get a convolution product on K,_^ +2 )(U x R d+1 ) by 
letting 

(3.3.19) K 1 *K 2 (x,.)=K 1 {x,,)* x K 2 (x,.), Kj e K_ (d+2) . 

Bearing all this in mind, define K(x 1 y) = p^ y (x, y). This is an element of 
£-(_d+2)(U x which we can write as a smooth family (K a ) ae jj — (K(a, -)) a eu 

with values in K.u+2) (R d+1 )- 

Claim. The family (if a ) ae ;y is invertible in UgJJJ, /C_ (d+2) 

Proof of the claim. It is enough to show that for any integer k > d + 3 and 
any compact L C U the family (K a ) a& L is invertible in Lf£ c (L, Ak)- 

By assumption for any a € L the operator Pk<* = P a is an invertible positive 
operator on L 2 (R d+1 ). Since by Lemma f3 . 3 . 1 31 the family (P^a) a eL is bounded in 
£(L 2 (R d+1 ), the same is true for the family ((P^)" 1 )^. 

Furthermore, since Px a — P a is positive its spectrum is contained in the inter- 
val [||(-P a ) _1 || _1 , ||-P a ||]- Therefore, there exist constants c\ and c 2 with < c\ < c 2 
such that for any a € L the spectrum of P^ a is contained in the interval [ci,c 2 ]. 
Without any loss of generality we may assume c 2 < 1. Then the spectrum of 
1 — P^a is contained in [1 — c 2 , 1 — c{\ for any a G L, hence we get 

(3.3.20) sup||l-P£a|| < l-ci < 1. 

Since 1 — P^ a = P$ _ K a it follows from Lemma f3 . 3 . 1 71 that (K a ) a( zL is invertible 
in L°°(L, Ak)- The proof is therefore complete. □ 

Let J = (J a )aeu G L™ c (U,lC_ {d+ 2)(R d+1 )) be the inverse of K. The next step 
is to prove: 

Claim. The family (J a ) a eu belongs to C°°{U, /C_ (d+2) ). 
Proof. For any a and b in t/ we have the equality 

(3.3.21) J fc - J a = -J a * a (K b - K a ) * b J b . 

We know that \im b ^ a (K b - K a ) = in /C_( d+2 ) (R d+1 ) and that the convolution 
product * a on /C_(<j+ 2 ) depends smoothly on a. As near a the family (J a ) aS [/ is 
bounded in /C_ (rf+2) (R d+1 ) it follows that we have lim fc ^ Q J b = J a in /C_ (d+2) (R d+1 ). 
Hence the family (J a )aeu depends continuously on a. 
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Now, if we let ei, . . . , a+i be the canonical basis of R d+1 then we have 

(3.3.22) lim -U a+te i - J a ) = - Urn J a * a -{K a+te > - K a ) * a+te > J a+te > 
K ' t^o t t->o t 

= -J a * a d a] K a * a J a . 

Thus d aj J a exists and is equal to — J a * a d aj K a * a J a . The latter depends continu- 
ously on a, so (J a )aeu is a C 1 -family with values on /CL( d+2 )(R d+1 ). An induction 
then shows that it is actually of class C k for every integer k > 1, hence is a smooth 
family. The claim is thus proved. □ 

We now can complete the proof of Proposition ^ . 3 . ill For (x, £) G U x (R d+1 \0) 
let q(x, £) = J y ^(x, £). Then q belongs to Sq(U x R d+1 ) and we have (q*p)Y_, y — 
J * K = 5o, hence q* p = 1. Similarly, we have p * q = 1, so q is an inverse for p in 
Sq(U x The lemma is thus proved. □ 

All this proves that in Theorem 13.3.101 the condition (ii) implies (i) when £ 
is the trivial line bundle over M, In fact, all the Lemmas I3.3.13fj3.3.17l are true 
for systems as well. More precisely, for Lemma 13.3.131 this follows from the fact 
that the proof of |FS2I Thm. 6.19] can be carried out verbatim for systems, while 
the extension to systems of Lemmas 13.3.151 and 13.3.171 is immediate. Henceforth, 
the arguments in the proof of Proposition 13.3. ill remain valid for systems. It then 
follows that for general bundles too (ii) implies (i). The proof of Theorem 13.3.1 01 is 
thus achieved. □ 

Theorem 3.3.18. Let P : C™(M,£) -> C°°{M,£) be a ^ H DO of integer order 
m > 1 . Then the following are equivalent: 

(i) The principal symbol of P is invertible; 

(ii) P and P* satisfy the Rockland condition at every point a £ M. 

Furthermore, when M is endowed with smooth density > and £ with a Hermitian 
metric then in (ii) we can replace the Rockland condition for P by that for P* . In 
any case, when (i) or (ii) holds the operator P admits a parametrix in ^Jj m (M,£). 

Proof. First, in the same way as in the proof of Theorem 13 . 3 . 1 01 we can show 
that if the principal symbol of P is invertible then P and P* satisfy the Rockland 
condition at every point a S M. 

Conversely, assume that P and P* satisfy the Rockland condition at every 
point. Without any loss of generality we may assume that P and P* are properly 
supported. In order to show that the principal symbol of P is invertible it is 
enough to proceed locally in a trivializing Heisenberg chart U C M. d+1 with H- 
frame Xo,...,Xd. As a consequence we may assume that £ is the trivial line 
bundle and P is a scalar 'I'ifDO, since the arguments below can be carried out 
verbatim for systems of >PhDO's. 

On U consider the sublaplacian A = -(Xf +. . .+Xj)+X Q . By [EU1 Thm. 18.4] 
the principal symbol of A is invertible, so A admits a parametrix Q in \l/7j 2 (J7), 
which may be assumed to be properly supported. Then for proving that the prin- 
cipal symbol of P is left-invertible it is enough to check the invertibility of that of 
Q m P*P, for if q (x,0 is the inverse of cr (Q m P*P) then q * a- m (Q m P t ) is a left- 
inverse for o~ m (P). Similarly, to show that cr m (P) is right-invertible it is sufficient 
to prove that the principal symbol of PP t Q m is invertible. 



50 



3. INTRINSIC APPROACH TO THE HEISENBERG CALCULUS 



Next, as the operators P a , (P*) a = (P a ) f and {Q m ) a = (Q a ) m satisfy the 
Rockland condition at every point a € U, the same is true for the operators 
(Q m P t P) a = (Q m ) a (P t ) a P a and (PP t Q rn ) a = P a (P t ) a (Q m ) a , that is, Q m P t P 
and PP t Q m satisfy the Rockland condition at every point. Furthermore, as Q l has 
an invertible principal symbol it satisfies the Rockland condition at every point. 
Therefore, by arguing as above we see that the operators (Q m P t P) = P t P(Q t ) m 
and (PP t Q m ) t = (Q*) m PP* satisfy the Rockland condition at every point. 

Now, Q m P*P and PP t Q m both have order 0, so it follows from Theorem EHnUI 
that their principal symbol are invertible. As alluded to above this implies that the 
principal symbol of P is invertible. 

Finally, when M is endowed with a smooth density > and £ with a Hermitian 
metric, the above arguments remain valid if we replace P* by the adjoint P* , so 
that in (ii) we may replace the Rockland condition for P t by that for P* . □ 

Remark 3.3.19. In ChapterEJwe will extend Theorem l3.3.18l to $ ff DO's with 
non-integer orders. 

Let us now mention few applications of Theorems 13 . 3 . 1 01 and 13 . 3 .iTfl First, we 
have the following hypoellipticity criterion: 

Proposition 3.3.20. Let P : C™(M,£) -> C°°(M,£) be a ^ H DO of integer 
order m > such that P satisfies the Rockland condition at every point. Then P 
is hypoelliptic with gain of ^-derivatives in the sense of 1^3.3.1)) . 

Proof. Without any loss of generality we may assume that M is endowed 
with smooth density > and £ with a Hermitian metric and we may also assume 
that P is properly supported. As explained in Remark 13. 3. 51 a sufficient condition 
for P to be hypoelliptic with gain of ^"derivatives it is that its principal symbol 
is left-invertible. To this end it is enough to show that the principal symbol of 
P*P is invertible, because if q is an inverse for a2m{P*P) = c m (P)* * cr m (P) then 
q * cr m (P)* is a left inverse for <r m (P). 

On the other hand, by Theorems 13.3.101 and 13.3.181 the principal symbol of 
P*P is invertible if, and only if, P*P satisfies the Rockland condition at every 
point. Observe that for any a G M and any nontrivial irreducible representation of 
G a M the operators 7T(p»p)o = Trp a irpa and npa have same kernels, so the Rockland 
conditions at a for P*P and P are equivalent. 

Combining all this, we see that if P satisfies the Rockland condition at every 
point then P is hypoelliptic with gain of ^-derivatives. □ 

Next, even though the representation theory of the tangent group may vary 
from point to point, the Rockland condition and the invertibility of the principal 
symbol are open properties. Indeed, we have: 

Proposition 3.3.21. Let P ■ C™{M,£) -> C°° (M, £) be a ^ H DO of integer 
order m with principal symbol p m (x, and let a € M. 

1) If P satisfies the Rockland condition at a then there exists an open neigh- 
borhood V of a such that P satisfies the Rockland condition at every point of V . 

2) Ifp m (a,£) is invertible in S m (g*M, £ Q ) then there exists an open neighbor- 
hood V of a such that p m \ v is invertible on S m (g*V,£). 

Proof. Let us first prove 2). To achieve this it is enough to proceed in a 
trivializing Heisenberg chart U near a and we may assume that £ is the trivial line 



3.3. HYPOELLIPTICITY AND ROCKLAND CONDITION 



51 



bundle since the proof for systems follows along similar lines. Furthermore, arguing 
as in the proof of Theorem 13 . 3 . 1 81 allows us to reduce the proof to the case m = 0. 

Assume now that P has order 0. Then by Theorem 13 . 3 . 1 31 the invertibility of 
Po(a, .) in So(R d+1 ) with respect to the product * a is equivalent to the invertibility 
of the model operator P a on L 2 (R d+1 ). By Lemma f3.3. 131 the L 2 -extension of P x 
depends continuously on x, so there exists an open neighborhood V of a such that 
P x is invertible on L 2 (M. d+1 ) for any x € V. Then Theorem 13.3.1 01 insures us that 
Po\ v is invertible in Sq(V x Hence the result. 

Let us now deduce 1) from 2). Assume that P satisfies the Rockland condition 
at a and let us endow M with a density > and £ with a Hermitian metric. 
Then P*P satisfies the Rockland condition at a, so by Theorem l3.3.18l its principal 
symbol is invertible at a. Therefore, the principal symbol of P is left-invertible on 
V and along similar lines as that at the beginning of Theorem 13 . 3 . 1 01 we can show 
that P satisfies the Rockland condition at every point of V. □ 

Finally, we look at families of invertible symbols parametrized by a smooth 
manifold B. As in Proposition 13 . 2 . lT)l each space S m (g*M,£) is endowed with the 
topology inherited from that of C°°(g*M\0,EndS). In addition, if p € S m {g*M,£) 
is invertible then for JieZwe let denote the fc'th power of p with respect to 
the product for homogeneous symbols, e.g., p^~^ is the inverse of p. 

Proposition 3.3.22. Let (jp v ) V £B be a smooth family of invertible symbols in 
S m (Q*M,£). Then (pi 1 ^) v ^b is a smooth family with values in S- m (Q*M,£). 

Proof. First, as in the proofs of Theorem 13.3.101 and Proposition 13. 3. 2"T1 it is 

enough to prove the result in a trivializing Heisenberg chart U C M. d+1 and we may 
assume that £ is the trivial line bundle. 

Next, we can reduce the proof to the case m = as follows. Let Xq, . . . , Xd 
be a ff -frame on U and let p2 be the principal symbol in the Heisenberg sense 
of the sublaplacian ~(X 2 + . . . + X 2 ) — X , so that by |BGI Thm. 8.4] p 2 is an 

invertible symbol. Then we have pi ^ = p 2 ^ *p v * (f>o ™ 1 ' * P^)^~^ ■ Since by 
Proposition 13 . 2 .TUI is bilinear continuous, hence smooth, it follows that in order to 
prove that pi -1 * 1 depends smoothly on v it is enough to do it for (pj *Pu 
As the latter is the inverse of a symbol in Sq(U x R d+1 ) we see that it is sufficient 
to prove the proposition in the case m = 0. 

Suppose now that p v belongs to S (U x R d+1 ). We shall use here the same 
notation as that of the proof of Theorem 13 . 3 . 1 01 and regard (p u (a, ■))( Vl a)eBx.u as 
a smooth family with values in Sc^K^" 1 " 1 ) parametrized by B x U. For (y, a) in 
B x U let Kl = (p w )fU y (o,.)- Since by |BGl Prop. 15.30] the inverse Fourier 
transform is a topological isomorphism from S'o(IR ti+1 ) onto IC^u+i) {^ d+1 ) we see 
that (^°)(^. a )esx(7 is a smooth family with values in K.-(d+2){U X R d+1 ). 

Since p v is an invertible symbol for every v we see that for every v £ B and 
every a £ U the model operator P^ a is invertible on L 2 (R d+1 ). Therefore, a 
simple modification of the arguments at the end of the proof of the Theorem 13 .3. 101 
shows that there exists a smooth family (J^)( u ,a)eBxu with values in if-(<j+2) (R d+1 ) 
such that J° * a Kl = Kl * a J« = 5 . Clearly, we have pi~ 1] \a, .) = (J^) A , so 
(pi^^io-i ■))(i>,a)eBxu 1S a smooth family with values in So(IR d+1 ), that is, (p^T 1 ') 
is a smooth family with values in Sq(U x R d+1 ). The proof is thus achieved. □ 
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Remark 3.3.23. For m 6 C let S m (s*M,£) x denote the set of invertible 
elements of S m (g*M, £). Then with some additional work it is possible to show 
that S m (g*M, £) x is an open subset of S m (g*M, £) and that the the map p — > p^ 1 ' 
is continuous from S m (Q* M,£) x to S- m (g*M, £) x and, in fact, is infinitely many 
times differentiable. 

3.4. Invertibility criteria for sublaplacians 

In this section we focus on sublaplacians, which yield several important exam- 
ples of operators on Heisenberg manifolds. The scalar case was dealt with in |BG| . 
but the results were not extended to sublaplacians acting on sections of vector bun- 
dles. These extensions are necessary in order to deal with sublaplacians acting on 
forms such as the Kohn Laplacian or the horizontal sublaplacian (see next section). 

In this section, after having explained the scalar case from the point of view of 
this memoir, we extend the results to the non-scalar case. 

Recall that a differential operator A : C°°(M,£) — > C°°(M,£) is a sublaplacian 
when, near any point a € M, we can put A in the form, 

(3.4.1) A = ~(Xf + ... + Xj)- i»(x)X + 0^ (1), 

where Xq, X\, . . . , Xd is a local iZ-frame of TM, the coefficient /j,(x) is a local 
section of End £ and the notation 0# (1) means a differential operator of Heisenberg 
order < 1. 

Let us look at the Rockland condition for a sublaplacian A : C°° (M) — > C°° (M) 
acting on functions. Let a £ M and let Xq, X\, . . . , Xd be a local H- frame of TM 
so that near a we can write 

d 

(3.4.2) A = -J2x]-in(x)X + O H (l), 

where ^(x) is a smooth function near a. Using (|3.2.10|l we see that the principal 
symbol of A is 

(3.4.3) a 2 (A)(x,0 = \e\ 2 +Ka)^o, ? = • ■ • , 

In particular we have o- 2 (A)(a;,0,£') = |£'| 2 > for £' ^ 0, which shows that the 
condition (i) of Proposition 13.3. 91 is always satisfied. 

Let L{x) = (Ljk(x)) be the matrix of the Levi form C with respect to the 
iZ-frame Xo, ■ ■ ■ , Xd, so that for j, k = 1, . . . , d we have 

(3.4.4) C{X h X k ) - [Xj,X k ] = L jk X mod H. 

Equivalently, if we let g{x) be the metric on H making orthonormal the frame 
Xi, . . . , Xd, then for any sections X and Y of H we have 

(3.4.5) C{X,Y) = g{x){L{x)X,Y)X Q mod H. 

The matrix L(x) is antisymmetric, so up to an orthogonal change of frame of 
H, which does not affect the form H3.4.2(l . we may assume that L(a) is in the normal 
form, 

/ D \ 

(3.4.6) L(a)=[ -D , D = diag(Ai, . . . , A„), \j > 0, 

\ / 
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so that ±iAi, . . . ,±iA2n,0, ... ,0 are the eigenvalues of L(a) counted with multi- 
plicity. Then the model vector fields X§ , . . . , X% are: 

(3.4.7) X$ = £- t XS = ±., Jb = 2n +!,..,* 

In terms of these vector fields the model operator of A at a is 

(3.4.9) A a = -[{Xlf + ... + {XI) 2 ] - in(a)Xg. 

Next, under the isomorphism <\> : H 2n+1 x M d_2 " — > G a M given by 

(3.4.10) <j)(x , ■ • ■ ,X d ) = (x , Xfxi, . . . , XnX n , Xfx n+ i, . . .\%.Xa n ,X2n+l, ■ ■ -,Xd), 

the representations w ^ = 7T £ G {0} 2n x R d_2 ™, become the representations 
of G a M such that 

(3.4.11) ^^(Xo) = ±i, ^^(Xfc) = ±i&, fc = 2n + 1, . . . , d, 

(3.4.12) d7r ± -«(^) = Aj d7r ± '«(X n+i ) = ±*Aj^, j = l,...,n, 

n 

(3.4.13) tt^ = d^A") = £ A,(-5| + ± (£ 2 2 „ +1 + . . . + £ + //(«))• 

3=1 

The spectrum of the harmonic oscillator Y^j=i A ^ ( — . is Aj(l + 2N) 

and all its eigenvectors belong to 5(R n ). Thus, the operator ir A 'J* is injective on 
5(E n ) if, and only if, £f n+1 + . . . + $ + fi(a) is not ±£" =1 Aj(l + 2N). This occurs 
for any £ 6 {0} 2 " x R d ~ 2 ™ if, and only if, the following condition holds 

(3.4.14) /Lt(a) is not in the singular set A Q , 

(3.4.15) A a = (-oo,-i Trace \L(a)\] U [i Trace |i(a)|,oo) if 2n < d, 

(3.4.16) A a = {±(i Trace |L(a)| +2 ^ %-|Aj|); a, G N d } if 2n = d. 

l<j<n 

In particular, the condition (ii) of Proposition l3~3. 91 is equivalent to Q3.4-.14jl . Since 
the condition (i) is always satisfied, it follows that the Rockland condition for A is 
equivalent to Q3.4.14jl . 

Notice also that, independently of the equivalence with the Rockland condition, 
the condition Q3.4.14jl does not depend on the choice of the f/-frame, because as 
A a depends only on the eigenvalues of L(a) which scale in the same way as /x(a) 
under a change of -ff-frame preserving the form Q3.4.2|) . 

On the other hand, since the transpose (A a )* = (A*) a is given by the for- 
mula Q3.4.9I) with /it (a) replaced by —/j,(a), which has no effect on Q3.4.14L we see 
that the Rockland condition for (A*) a too is equivalent to Q3.4.14jl . Therefore, we 
have obtained: 

Proposition 3.4.1. The Rockland conditions for A* and A at a are both equiv- 
alent to jS.4.14}) . 
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In particular, we see that if the principal symbol of A is invertible then the 
condition l|3. 4.14() holds at every point. As shown by Beals-Greiner the converse is 
true as well. The key result is the following. 

Proposition 3.4.2 ( |BG1 Sect. 5]). Let U C R d+1 be a Heisenberg chart near 
a and define 

(3.4.17) Q = {(/i, x) eCxU; fig A x }. 

Then f2 is an open set and there exists q^ix,^) £ C°°(f2, <SL2(R d+1 )) such that: 

(i) q^{x,^) is analytic with respect to fx; 

(ii) For any £ SI the symbol q^ix, .) inverts |£'| 2 +i/u£o on G X U , that is, 

(3.4.18) q,(x, .) ** (|n 2 + *Ko) = (\C\ 2 + Wo) * x q^x, .) = 1. 

More precisely, q^x,^) is obtained from the analytic continuation of the function, 

q li (x,£)=J e-«*>G(x,Z,t)dt, < - Tr \L(x)\, 

G(x, t) = det ~* [cosh(tML(x)\)} ^M- ^^f^ 

This implies that if the condition (|3.4.14|) is satisfied at every point x £ U then 
we get an inverse g_ 2 G S- 2 (UxR d+1 ) for (r 2 (A)(a;,£) = \C\ 2 + ^(x)^o on U xR d+1 
by letting g_ 2 (x,0 = ?m(x)(#,£) for £ U x (R d+1 \0). It thus follows that 

if (|3.4.14|l holds at every point of M then the principal symbol of A is invertible 
near any point of M, hence admits an inverse in S-2(q* M). Therefore, we get: 

Proposition 3.4.3. A sublaplacian A : C°°(M) — > C°°(M) has an invertible 
principal symbol if, and only if, it satisfies the condition \3.4-14\ ) °^ every point. 

Let us now deal with a sublaplacian A : C°°(M, £ ) — ► C°°(M, £) acting on the 
sections of the vector bundle £. 

Let a £ M and let Xq, . . . , Xd be a local H- frame near a such that 

d 

(3.4.19) A = -Y, X 1 - *m(*)*o + Off(l), 

3=1 

where /x(x) is a smooth local section of End£. 

In a suitable basis of £ a the matrix of /x(a) is in triangular form, 

/ fii(a) * * 

(3.4.20) fi(a)= Q •.. + 

\ /i r (a) 

where /ii(a), . . . , fi r (a) denote the eigenvalues of //(a) counted with multiplicity. 
Therefore, the model operator of A at a is of the form, 



(3.4.21) A a = 



It follows that A a satisfies the Rockland condition if, and only if, so does each 
sublaplacian A", j — l,...,r. Using Proposition 13.4.31 we then deduce that the 



A? 


* * \ 











A" = -[(X 1 °) 2 + . 


. + {Xlf]-i H {a)X^ 





A? / 
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Rockland condition A' 



is equivalent to the condition, 



(3.4.22) 



Sp /u(a) n A a = 0. 



Notice that the same is true for the transpose (A a ) 4 . Moreover, the condi- 
tion (|3.4.22|l is independent of the choice of the basis of £ a or of the i7-frame 
since the condition involves //(a) only though its eigenvalues of /x(a) and the latter 
scale in the same way as that of L(a) under a change of H- frame preserving the 
form 1)3.4.1^1) . 

Next, concerning the invertibility of the principal symbol of A the following 
extension of Proposition 13.4.21 holds. 

Proposition 3.4.4. Let U C M. d+1 be a trivializing Heisenberg chart near a 
and define 



Then Q, is an open set and there exists qu,(x,£) £ C°°(f2, S , _2(^ <i+1 : C r )) so that: 

(i) <?/i(x, £) is analytic with respect to \x; 

(ii) For any (/i, x) £ Q the symbol q^{x, .) inverts |£'| 2 + i/x£o on G X U , that is, 



Proof. It is enough to prove that near point (/j,q, Xq) £ fl there exists an open 
neighborhood Q' contained in fi and a function q^x,^) £ C°°{Q!, S- 2 (R d+1 , C')) 
satisfying the properties (i) and (ii) on ft'. 

To this end observe that since Sp/j, C D(0, ||/z||) for any /i £ M r (C), we see 
that if we let K = B(0, \\^o\\ + 1) then any \i £ M r (C) close enough to fio has 
its spectrum contained in K. In addition, let 5 £ (0, | dist(Sp fiQ, A Xo )) and set 
V\ = Sp/io + D(Q,5) and V2 = A Xo + D(0,S), so that Vi and V2 are disjoint open 
subsets of C containing Sp /io and A Xo respectively. 

Notice that for any \i close enough to no we have Sp fi C V\ . Otherwise there 
exists a sequence (fj,k)k>i C M r (C) converging to /j,o and a sequence of eigenvalues 
(Afc)fc>i C K, Afc £ Sp/ife, such that Afc ^ Vi for any k > 1. Since the sequence 
(Afc)fc>i is bounded, we may assume that it converges to some A ^ Vi. Necessarily 
A is an eigenvalue of /Lto , which contradicts the fact that A ^ V\ . Thus there exists 
rji > so that for any \i £ B(po, r/i) we have Sp \x C Vi. 

Similarly, there exists 772 > so that for any x £ B(xo,r]2) we have Sp is 
contained in Sp \L(xq) | +D(0, 5), which implies C A X(l +D(0,S) — V2. Therefore, 
the open set tt' — S(/io,??i) x B(xo,r]2) is such that for any (//, x) £ fl' we have 
Sp/x fl A x C Vi fl V2 = 0, i.e., fi' is an open neighborhood of (^0, xq) in fi. 

Next, let r be a smooth curve of index 1 such that the bounded connected 
component of C \ T contains V± and its unbounded component contains V% . Then 
we define an element of Hol(B(// , rn))®C°°(B(x , i] 2 ) x R d+1 \0) by letting 



(3.4.23) 



fl = {{fi,x) £ M r (C) x U; (i £ A x }. 



(3.4.24) 



q^x, .) * x (in 2 + irfo) = (lef + *Xo) * x q»(x, ■) = 1. 



(3.4.25) 
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This function is homogeneous of degree —2 with respect to £ and for any (/z, x) € ft' 
we have 

(3.4.26) q^x, .) (|£f + i M £o) = ^ / <?-y(** ■) (iCf + »M&)(7 - m)"^7 

2l7T J r 

= J 1(7 - ~ "fry (a, ■) * Co]^7 = 1- 

Similarly, we have (|£'| 2 + i/x£o) * s = 1. Thus q^{x,(;) is an element of 

C°°(fy,S'_2(]R ci+1 ,C r )) satisfying the properties (i) and (ii) on ft'. The proof is 
therefore complete. □ 

In the same way as Proposition ^. 4. 2l in the scalar case, Proposition ^. 4. 4l implies 
that when the condition (|3.4.22l) holds everywhere the principal symbol of A admits 
an inverse in £_ 2 (0*M, £). We have thus proved: 

Proposition 3.4.5. 1) At every point a £ M the Rockland conditions for A 
and A* are equivalent to \3.4-22\ . 

2) The principal symbol of A is invertible if, and only if, the condition \3.4-22\j 
holds everywhere. Moreover, when the latter occurs A admits a parametrix in 
(M, £) and is hypoelliptic with gain of 1 derivative. 



3.5. Invertibility criteria for the main differential operators 

In this section we explain how the previous results of this monograph can be 
used to deal with the hypocllipticity for the main geometric operators on Hciscnbcrg 
manifolds: Hormander's sum of squares, Kohn Laplacian, horizontal sublaplacian 
and contact Laplacian. In particular, we complete the treatment in |BG| of the 
Kohn Laplacian and we establish a criterion for the invertibility of the horizontal 
sublaplacian. 

3.5.1. Hormander's sum of squares. Let (M d+1 , H) be a Heisenberg man- 
ifold and let A : C°°(M,£) — > C°°(M,£) be a generalized sum of squares of the 
form H2.2.3JI . that is, 

(3.5.1) A = -(V 2 Yl +...+V|- m ) + OH(l), 

where V is a connection on £ and the vector X\, . . . , X m span H . Then, in the 
local form (|3.4.1|l for A the matrix /j,(x) vanishes, so (|3.4.22l) holds at a point 
a 6 M if, and only if, the Levi form does not vanish at a. Combining this with 
Proposition 13 . 4 . 51 then gives: 

PROPOSITION 3.5.1. 1) At a point x e M the operators A and A* satisfies the 
Rockland condition if, and only if, the Levi form C does not vanish at x. 

2) The principal symbol of A is invertible if, and only if, the Levi form is 
non-vanishing. In particular, when the latter occurs A admits a parametrix in 
^/~jr (M, £) and is hypoelliptic with gain of one derivative. 

In particular, since the nonvanishing of the Levi form is equivalent to the 
bracket condition H + [H, H] = TM, we see that, the special case of Heisenberg 
manifolds, we recover the hypoellipticity result of _H62 for sums of squares. 
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3.5.2. Kohn Laplacian. Let M 2n+1 be an orientable CR manifold with CR 
tangent bundle Ti,o C TfcM, so that H — 3?(Ti,o ffi ?o,i) yields a Heisenberg 
structure on M, and let AT be a line bundle supplement of H in TM. Assum- 
ing that TcM endowed with a Hermitian metric commuting with complex conju- 
gation and making orthogonal the splitting TcM = Ti i0 © T ^ © (A/"<8> C), we let 

: C°°(M, AP'«) -> C°°(M, A p ' q ) be the Kohn Laplacian acting on (p, g)-forms. 
Let 9 be a global nonvanishing real 1-form anihilating H with Levi form Lg. 
Recall that the condition Y(q) at a point x requires to have 

(3.5.2) q $ {k{x), . . . , k(x) + n — r(x)} U {r(x) — k(x), . . . , n — k(x)}, 

where k(x) denotes the number of negative eigenvalues of Lg at x and r{x) its rank. 

It is shown in 1BGI Sect. 21] that at every point a G M the condition Y(q) is 
equivalent to the condition H3.4.22[l . Therefore, from Proposition 13. 4.1 fil we get: 

Proposition 3.5.2. 1) At a point x e M the Rockland condition for ^b- P , q is 
equivalent to the condition Y{q). 

2) The principal symbol of Of,. p „ is invertible if and only if the condition 
Y(q) is satisfied at every point. In particular, when the latter occurs Db ; p, ? admits 
a parametrix in ^~^{M,hP' q ) and is hypoelliptic with gain of one derivative. 

The proof of the second part above is not quite complete in jBGI Sect. 21]. 
In fact, Beals-Greiner claimed that diagonalizing the leading part of the Kohn 
Laplacian allows us make use of the criterion from Proposition 13.4.31 for scalar 
sublaplacians. This fact is definitely true in case of a Levi Metric (see |FS1| ) or 
even a smoothly diagonalizable Levi form, but it fails in general. Indeed, for the 
Kohn Laplacian the eigenvalues of the matrix n{x) in l|3. 4.1(1 with respect to an 
orthonormal iJ-frame of TM are given in terms of eigenvalues of the Levi form 
(see Eq. (21.31) in |BG| ). but the latter need not depend smoothly on x. 

This shows that in order to deal with the Kohn Laplacian acting on forms, and 
more generally with sublaplacians acting on sections of a vector bundle, we really 
need to use Proposition l3.4.5l as we can cannot in general reduce the study to the 
scalar case. 

3.5.3. The horizontal sublaplacian. Let (M d+1 ,H) be a Heisenberg man- 
ifold endowed with a Riemannian metric, let A C H* = ©J? =0 A^iJ* be the (complex- 
ified) bundle of horizontal forms and let A b , k : C°°{M,K C H*) -> C°°(M,A C H*) 
be the associated horizontal sublaplacian on horizontal forms of degree k as defined 
in (I2~2~m 

We shall now express the condition (|3.4.22|l in terms of the more geometric 
condition X(k) below. 

Definition 3.5.3. For x e M let 2r(x) be the rank of the Levi form C at x. 
Then we say that C satisfies the condition X(k) at x when we have 

(3.5.3) k <£ {r{x),r{x) +l,...,d- r(x)}. 

For instance, the condition X(0) is satisfied if, and only if, the Levi form 
does not vanish. Also, if M 2n+1 is a contact manifold or a nondegenerate CR 
manifold then the Levi form is everywhere nondegenerate, so r{x) = 2n and the 
A(fc)-condition becomes k ^ n. In any case, we have: 
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Proposition 3.5.4. 1) At a point x e M the Rockland condition for A b -k is 
equivalent to the condition X(k). 

2) The principal symbol of A b -k is invertible if and only if the condition X(k) 
is satisfied at every point. In particular, when the latter occurs A b: k admits a 
parametrix in ^^(Af, A^H*) and is hypoelliptic with gain of one derivative. 

Proof. First, thanks to Proposition ^. 4. 51 we only have to check that for k — 
0, . . . , d at any point a the condition l|3.4.22|) for A b -k is equivalent to the condition 
X(k). 

Next, let U C R d+1 be a Heisenberg chart around a together with an orthonor- 
mal iJ-frame Xo, Xi, . . . Xd of TU . Let g be the Riemannian metric of M . Then 
on U we can write the Levi form C in the form, 

(3.5.4) C(X, Y) = [X, Y] = (L(x)X, Y)X mod H, 

for some antisymmetric section L(x) of Endu H. In particular, if for j, k = 1, . . . , d 
we let Ljk — (LXj,Xk) then we have 

(3.5.5) [Xj,X k ] = L jk X mod H. 

Let 2n be the rank of L(a). Since the condition l|3.4.22l) for A^k at a is 
independent of the choice of the Heisenberg chart, we may assume that U is chosen 
in such way that at x — a we have g(a) = 1 and L(a) is in the normal form, 

/ D \ 

(3.5.6) L(a)= \ -D , D = diag(Ai, . .. , A„), \j > 0, 

\ / 

so that ±iAi, . . . , ±zA„ are the nonzero eigenvalues of L(a) counted with multiplic- 
ity. 

Let oj , ...,oj n be the coframe of H* dual to X±,... ,Xd- For a 1-form oj we 
let e(uj) denote the exterior product and l(w) denote the interior product with uj, 
that is, the contraction with the vector fields dual to u>. For an ordered subset 
J = {jx, . . . , jk} C {1, . . . , d}, so that ji < . . . < jd, we let uo J — u* 1 A ... A uj^ k (we 
make the convention that = 1). Then the forms uj j, s give rise to an orthonormal 
frame of A^H* over U. With respect to this frame we have 

d d 

(3.5.7) d b ^J2 £ ( uji ) X j and d b = -^2^) x i + O ff (l). 

3=1 1=1 

Therefore, modulo first order terms we have 

d 

(3.5.8) A fc = d* b d b + d b d* b = - ^ [e^y^XjXi + i(J)e(^)XiXA = 

3,1=1 

d 

3,1=1 

Combining this with l|3.5.5|) and the relations, 



(3.5.9) 



e{w j )i{J) + i{co l )s(u3 j ) = 5 jh j,l = l,...,d, 
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we then obtain 



(3.5.10) ^ i = -^2xf-in(x)X a + B (l), l*(x) = ^J2 <^X^)Lj 
4=1 1 j,l=l 

In particular, thanks to H3.5.6(l at x = a we have 

n 

(3.5.11) fj,(a) = - ^2(e(u j )L(u> n+j ) - e{uj n+1 )i{uj 3 ))\ 3 . 

1 3=1 

For j = 1,. ..,n define 9 j = -^(uj j + iu n+j ) and 9~ j = =\=((J j - iu n+ i). Then 
\{e{Lj j )i{oj n+1 ) - s(u n+:i )i(cj j )) is equal to 

(3.5.12) ^M&) + e{(P))(^) - - (e(^) - e(P)M0) + l(6*))] 
Therefore, we obtain 

n 

(3.5.13) ui(a) = ^( £ (^>(^) - 

4=1 

For ordered subsets J = {ji, . . . ,j p } and X = {ki, . . . , of {1, ... , n} we let 
6 J = 9 11 A . . . A 9 j " and 6» A ' = 6^ A . . . A 0*« . Then the forms 6 3 A 9 R A uj l give rise 
to an orthonormal frame of A^H* as J and K range over all the ordered subsets 
of {1, . . . , n } and L over all the ordered subsets of {2n + 1, . . . , d}. Moreover, for 
j = 1 , . . . , n we have 

(3.5.14) e(9^)(9 J A 9 R A lo l ) = | d " A ^ A ^ |f j ^ £ 

(3.5.15) £ (^)(^a^a^) = {^ a ^ a ^ ;[•;;.;;:; 

Combining this with l|3.5.13(l then gives 

(3.5.16) fi(a)(9 J A9 R Auj l ) = fij Jt {a)9 J A9 R Alu l , Mj,kO) = ^ A 4 ~ A 4' 

This shows that /j(a) diagonalizes in the basis of A^H* provided by the forms of 
9 J A 9 K A ut L with eigenvalues given by the numbers ji( a )- I n particular, for 
k = 0, . . . , d we have 

(3.5.17) S P/J (a)| AfcH , = { W> \J\ + \K\ < k}. 

Note that we always have l/ij./fl < with equality if, and only if, one the 

subsets J or K is empty and the other is {1, . . . , n}, which occurs for eigenvectors 
in the subspace spanned by the forms 9 1 A . . . 9 n A lo l and 9 1 A . . . 9 n A oj l as L 
ranges over all the subsets of {2n + 1, . . . , d}. 

Since Ai, . . . , X n are the eigenvalues of |L(a)|, each of them counted twice, if 
follows that the condition (|3.4.22(1 for A^k reduces to ±Sj=i^4 ^ Sp fi(a) \ k „ . 
This latter condition is satisfied if, and only if, the space A^H* does contain any 
of the forms 9 1 A . . . 9 n A uj l and 9 l A . . . 9 n A iv L with L subset of {2n + 1, . . . , d}. 
Therefore, the sublaplacian A&jfc satisfies (13.4. 22f) at a if, and only if, the integer k 
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is not between n and n + d — 2n = d — n, that is, if, and only if, the condition X(k) 
holds at a. The proof is thus achieved. □ 

Suppose now that M is an orientable CR manifold of dimension 2n + 1 with 
Heisenberg structure H — %l(T\ja © Tb.i) and let 9 be a global nonvanishing sec- 
tion of TM/H with associated Levi form Lg. Assume in addition that T&M is 
endowed with a Hermitian metric compatible with its CR structure. Then it fol- 
lows from H2.2.13(l that A(, ;Pj9 preserves the bidegree. In this we shall now refine 
the condition X{k) in each degree (p, q) in terms of the following condition. 

Definition 3.5.5. For x € M let r(x) and k(x) respectively denote the rank 
and the number of negative eigenvalues of the Levi form Lg at x. Then the condition 
X(p, q) is satisfied at x when we have 

(3.5.18) {(p, q), {q, P )} n {(«(a0 + j, r{x) - k(x) + k); j, k = 0, . . . , n - r(x)} = 0. 

In particular, when M is K-strictly pseudoconvex the condition X(p, q) reduces 
to (p, q) ^ (k, n — k) and (p, q) ^ (n — k, k). In any case we have: 

Proposition 3.5.6. 1) At any point x G M the Rockland condition for Ab;p,q 
is equivalent to the condition X(p,q). 

2) The principal symbol of Af, ;Pj9 is invertible if and only if the condition 
X(j),q) holds at every point. Ln particular, when the latter occurs &-b-,p,q admits a 
parametrix in ^J I 2 (M,A p ' q ) and is hypoelliptic with gain of one derivative. 

Proof. As in the proof of Proposition 13.5.41 thanks to Proposition 13.4.51 the 
proof reduces to checking that at any point a £ M the condition 13.4.22fl for Ab ;p , 9 
is equivalent to the condition X(p, q). 

Near a let Xq be a real vector field such that 0(Xq) = 1 and let Z\, . . . , Z n be 
an orthonormal frame of T\p. Since the Hermitian form h commutes with complex 
conjugation Z\, . . . , Z n is an orthonormal frame of Tq^. In addition, we write the 
Levi form Lg in the form, 

(3.5.19) Lg(Z, W) = h{L c (x)Z, W), Z, W sections of T lfi , 

where L c {x) is a Hermitian section of EndT^o. In particular, if for j,k = 1, . . . ,n 
we let Lj k (x) = h(LZj, Z^) then we have 

(3.5.20) [Zj,Zk\ = -iL c jk (x)X mod H. 

Let r be the rank of Lg at a and let n be its number of negative eigenvalues. 
As in the proof of Proposition 13 . 5 . 41 we may assume that L c (a) is of the form, 

(3.5.21) L c (a)=diag(A 1) ...,A„), 

where Ai, . . . , A„ are the eigenvalues of L c (a) ordered in such way that A^ > for 
j < r — k and Xj > for r — K + 1 < j < r, while Xj — for j > r + 1. 

Let 6 1 , . . . , 9 n (resp. 6 1 , . . . , 6 n ) be the orthonormal coframe of A 1: ° (resp. A 0,1 ) 
dual to Zi, . . . , Z n (resp. Z\, . . . , Z n ). For any ordered subsets J = {ji, . . . , j p } and 
K = {ki, . . . , kg} of {1, . . . , n} we let 6 J ^ = B h A . . . A 6** A 8 hl A . . . A h " . Then 
the forms 9 J,K give rise to an orthonormal coframe of A^H* . 
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As shown in |BG| near a the operator has the form, 
(3.5.22) □& = — E (ZjZ~ j + Z]Z j )-iv(x)X + O H (l), 



2 

l<j<n 

- - 1 " 

(3.5.23) v(x) = E i{0 3 )e{e k )L^ k (x)--Y,L c ]J {x). 

l<j,k<n j=l 

Hence D b = -| E"=i i 2 ] 2 ! + ZjZj) + iv{x)X + 0^(1). Thus, 

_ i n 

(3.5.24) A b = a b + O b = -- Yj^jZi + ZjZj) - i»(x)X + H (1), 

i=i 

where »(x) = v{x) - v(x)_ = Y%,k=M&W&)I<%i?) " ^M8 k )Lf k (x)). In par- 
ticular, for x^awe obtain 

n n 

(3.5.25) n(a) = Y(¥W) ~ ^W))^ = E^'M**) " e{^)i{fi))X 3 , 

3=1 3=1 

Therefore, as in 13.5.1 fill we have /j,(a)(9 J ^) = A 3 - E fce 7f ^)6» J ^. Thus, 

(3.5.26) S PM (a)| AP , 9 ={E A 3-E A ^ l^l = 1^1 = <?}■ 

je- 7 feel? 

For j = 1, . . . , n let Xj = ^=(Zj + ~Z~) and X n+j = r^(Zj - Zj), Then 
X\ , . . . , Xi n is an orthonormal frame of H and we have 

(3.5.27) A b = -{Xf + ... + X\ n ) - ifiX + H (l). 
Let L[x) — (Ljk(x))o<jk<2n be such that 

(3.5.28) [X j ,X k ]= L jk X mod H. 

Since the integrability of T\ } q implies that [Zj, Z^\ = [Zj, Zk] = mod H one can 
check that L(x) is of the form, 

-%tL c {x) 
KL c {x) 

This implies that \ Trace \L{x)\= Trace \L c (x)\. Thus, 



(3.5.29) L(x) = 



_. n r 

(3.5.30) - Trace \L(a)\ - E |A,-| - E 1^1- 

3=1 3=1 

Since we always have | Sjsej A 3 — SfeeK A jl — Ej=i l A jl> m the same way as 
in the proof of Proposition 13 . 5 .41 the condition <|3. 4.221) for A^.p q at a becomes 

r 

(3.5.31) EN>lE A i-X>l> 

3=1 k<£~K 

for any ordered subsets J and if such that \J\=p and |Jf | = q. 

In fact, we have X^=i I A; I = ISjejA? — Sfcgjc A fe| if; an< i om Y if; either 
~K C C {1, . . .,r—K} C J and J c C {r-K+1, . . . , r} C if, or J c C {1, . . . ,r-/c} C K 
and X C {i — K + 1, . . . , r} C J. This is possible for J and if such that \ J\ = p 
and \K\ = q if, and only if, either p or q if of the form r — k + j with < J < n — r 
and the other is of the form k + k with < k < n — r, that is, if, and only if, 
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the condition X(p,q) fails at a. Therefore, the condition (|3.4.22|1 at a for Ab- P . q is 
equivalent to the condition X(p, q) at a. The proof is therefore complete. □ 

3.5.4. Gover-Graham operators. Let M 2n+1 be a strictly pseudoconvex 
CR manifold equipped with a pseudohermitian strcuture 9, i.e., a contact form 
anihilating H = $t(Tx t o © Tb.i) and such that the associated Levi form on 
is positive definite. We endow TcM with the associate Levi metric and for k = 
1, . . . , n + 1, n + 2, n + 4, . . . we let B ( e k) : C°° (M) -> C°° (M) be the Gover-Graham 
of order k. In addition, we let Xq denote the Reeb vector field of 8, so that %x a = 1 
and ix dd — and we let A& ; o denote the horizontal sublaplacian of M acting on 
functions. 

When k = 1 the operator Eg 1 - 1 agrees with the conformal sublaplacian of 
Jerison-Lee j.TLl) . so its principal symbols agrees with that of A b -o and is therefore 
invcrtiblc. In general, we have: 

Proposition 3.5.7. 1) The operator By is equal to 

(3.5.32) (A b;0 +i(k-l)X ){A b;0 +i(k-3)Xo) ■ ■ ■ (A b . -i{k-l)X )+O H (2k-l). 

2) Unless for the value k = n + 1 the principal symbol of Eli is invertible. 

Proof. Let Z-y, . . , , Z n be a local orthonormal frame for Ti.o and for w e C 
define \3 U = Z\Z\ + . . . + Z n Z n + iwXo. The operator corresponds to the 
operators P w>w / and V W:W ' of GG*] with w = w' = i(k — 1 — n) under the canonical 
trivializations of the density bundles £(w,w) — |A™>™| -tu /™ +2 , w € R. Therefore, 
as explained in |GGI pp. 15, 25], the operator is equal to 

(3.5.33) (-2D_ i(n+fe _ 1) )(-2n 1 _ i(n+fc _ 1) ) ■ • • (-2Di (fe _ 1 _„ ) ) + H (2k - 1). 
Next, notice that for j = 1, . . . , n we have 

(3.5.34) 2Z~Zj = ~Z~jZj + Zj~Z~j - [Zj^Zj] = ZjZj + Z~Z~ + iX + H (1). 
In view of the formula l|3.5.24ll for A b -Q it follows that —2C\ W is equal to 

TO 

(3.5.35) -J2(^ z j+ z ^)-K2w+n)X +0 H (l)=A b . t0 -i(2w+n)Xo + H (l). 

i=i 

Combining this with l|3.5.33|l then yields the formula l|3.5.32|) . 

Now, in the same way as in the proof of Proposition 13.5.^1 we can show that 
the sublaplacian A b[ o + iaT, a S C, satisfies the condition l|3.4.22|l iff a is not in 
the singular set ±(rt + 2N). Thanks to (|3.5.32|l we see that: 

(i) For k = 1, . . . , n the principal term in l|3.5.32|) is the product of sublaplacians 
A b -Q + iaXo with |a| < k — 1 < n. 

(ii) For k = n+1 the principal term in l|3.5.32|l contains the factors A b .Q±inX , 
whose principal symbols are not invertible. 

(iii) For k = n + 2, n + 4, . . . the integers k — 1 and n have opposite parities, 
so the principal term in l|3.5.32|) is the product of sublaplacians A b . + iaX with 
integers a which are not not in the singular set ±(n + 2N), since their parity is the 
opposite to that of n. 

Therefore, unless for k = n + 1 the principal symbol of appears as the product 
of invertible symbols, hence is invertible. □ 
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3.5.5. Contact Laplacian. Let (M 2n+1 ,H) be an orientable contact man- 
ifold, let 9 be a contact form on H with Reeb vector field Xq and let J be a 
calibrated almost complex structure on H, so that we can endow M with the Rie- 
mannian metric ge.j = d9(., J.) + 8 2 . 

Consider the contact complex of M, 

(3.5.36) C°°(M) d ^>° ... C°°(M, A?) °-^ n C°°(M, A' 2 l ) . . . dlt ^~ 1 C°°(M, A 2 ™). 

Let A R:k : C°°(M,A k ) -> C°°(M,A k ) be the contact Laplacian in degree k ^ n 
and let A R , nj : C°°(M, A") C°°(M, A?), j = 1,2, be the contact Laplacians in 
degree n as defined in (|2.2.34H2.2.34|> . 

The almost complex structure J of H defines a bigrading on A^H* . More 
precisely, we have an orthogonal splitting P<g)C = Ti,o®Tb,i with T\$ — ker(J + z) 
and To i = Ti o = kcr(J — i). Therefore, if we consider the subbundles A 1 ' = Tj* 
and A 0,1 = Tq x of H* <g> C C T^M then we have the orthogonal decomposition 
A* C H* = o < Pi9 <„ A p ' q with A p ^ = (A^°) p A (A 04 ) 9 . We then get a bigrading on 
A?, j = 1,2, by letting 

(3.5.37) A] = Af q , Af q = A;nA M . 

As shown by Rumin (Rul Prop. 7] there exist first order differential operators 
Pfc, k = 0, .., rc.— 1, Ti+l, . . . , 2n and second order differential operators Ppfg , j = 1, 2, 
p + q = n, such that 

(3.5.38) (n-fc + 2)A fl;fc = (n - fc)(n - fc + l)A fc;fe + P*P fe , fc = 0,..,n-l, 

(3.5.39) (k-n + 2)A R;k = (k - n){k - n+ l)A b;k + P£P k , k = n + 1, . . . , 2n, 

(3.5.40) 4A fl;nj = A 2 .„ + (P^)*P« on A£« with sup(p, g) > 1, 

(3.5.41) A fl;nj = (A 6 .„ + iX ) 2 on A;* , 

(3.5.42) A R , nj = (A 6; „ - iX ) 2 on A°'™. 
These formulas enabled him to prove: 

PROPOSITION 3.5.8 ( |Rul p. 300]). TTie operators A R . k , k ^ n, and A R . n j, 
j = 1,2, satisfy the Rockland condition at every point. 

Proposition 13.5.81 allowed Rumin to apply results of Helffer-Nourrigat |HN3| 
for proving the maximal hypoellipticity of A R in every degree. In particular, un- 
like the Kohn Laplacian and the horizontal sublaplacian, the contact Laplacian is 
hypoelliptic in every bidegree. 

Alternatively, we may combine Proposition 13.5.81 with Theorem 13. 3. 181 to get: 

Proposition 3.5.9. 1) The contact Laplacian A R . k , k ^ n, has an invertible 
principal symbol of degree —2, hence admits a parametrix in \&^ 2 (A/, A k ) and is 
hypoelliptic with gain of one derivative. 

2) The contact Laplacian A R;n j , j — 1,2, has an invertible principal symbol of 
degree —4, hence admits a parametrix in ^^ 4 (M, A") and is hypoelliptic with gain 
of two derivatives. 
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Holomorphic families of f hDOs 

In this chapter we define holomorphic families of f gDO's and check their main 
properties. To this end we make use of an "almost homogeneous" approach to the 
Heisenberg calculus which we describe in the first section. 

4.1. Almost homogeneous approach to the Heisenberg calculus 

In this section we explain how the 'i'DO's can be described in terms of symbols 
and kernels which are almost homogeneous, in the sense that there are homogeneous 
modulo infinite order terms. 

Definition 4.1.1. A symbol <?(&,£) £ C°°(U x M d+1 ) is almost homogeneous 
of degree m, m £ C, when we have 

(4.1.1) q(x, A.£) — X m q(x, £) £ S~°°(U x K d+1 ) for any A > 0. 

The space of almost homogeneous symbols of degree m is denoted S"^(U x M <i+1 ). 

Lemma 4.1.2 r |EUl Prop. 12.72]). Let q(x,£) £ C°°{U x R d+1 ). Then the 
following are equivalent: 

(i) q(x,£) is almost homogeneous of degree m; 

(ii) q(x,£) is in S m (U x R d+1 ) and we have q — p m with p m £ S m (U x 
i.e., the only nonzero term in the asymptotic expansion ys.l.l'd\) for q is p m . 

Granted this we shall now prove: 

Lemma 4.1.3. Let p £ C°°(£7 x R d+1 ). Then we have equivalence: 

(i) p belongs to S m {U x R d+1 ). 

(ii) For j = 0, 1, .. there exists q m -j G S™^ 1 (U xW. d+1 ) such thatp ~ J2j>o Qm-j 

Proof. Suppose that p — J2j>oQm-j with q m -j £ S^ j (U x R d+1 ). By 
Lemma 14.1.21 there exists p m -j € S m -j(U x R rf+1 ) such that q m -j ~ Pm-j- Then 
we have p ~ Ylj>oPm-j an d so P belongs to S m (U x M d+1 ). Hence (ii) implies (i). 

Conversely, assume that p is in S m (U x K d+1 ). Then we have p ~ Y^,j>oPm-j 
witbp m -j £ S m -j(UxR d+1 ). Let tp £ C™(R d+1 ) be such that ip{£) = 1 near £ = 1 
and y>(£) = for ||£|| < 1. For j = 0,1,.. set <j m _,-(:z:, £) = (1 - <p(Q)p m -j{x,Q. 
For any t > the symbol q m -j(x, t.£) — t m ~iq m -j{x, £) is equal to 

(4.1.2) fc,(t.£) - <p(0)p m -j(x,0 e 5-°°(C7 x M d+1 ), 

so g TO _j belongs to S 7 ^ J (U x R d+1 ). Moreover, as q m -j(x.!;) = p m -j{x,t[) for 
||£| > 1 we see that p ~ Y^j>oPm-j- Hence (i) implies (ii). □ 
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The almost homogeneous symbols have been considered in jBGI Sect. 12] al- 
ready. In the sequel it will be important to have a " dual" notion of almost homo- 
geneity for distributions as follows. 

Definition 4.1.4. The space V reg (R d+1 ) consists of the distributions on R d+1 
that are smooth outside the origin. It is endowed with the weakest topology that 
makes continuous the inclusions ofV' reg {R d+1 ) into V (R d+1 ) and C°°(]R d+1 \0). 

Definition 4.1.5. A distribution K(x,y) G C°° (U)®V' reg (W. d+1 ) is said to be 
almost homogeneous of degree m, m £ C, when 

(4.1.3) K(x,X.y)- X m K(x,y) eC°°(U xR d+1 ) for any A > 0. 

We let K™i(U x denote the space of almost homogeneous distributions of 

degree m. 

Proposition 4.1.6. Let K{x,y) G C°° {U)®V' reg (R d+1 ) . Then the following 
are equivalent: 

(i) K{x,y) belongs to K%JU x R d+1 ). 

(ii) We can put K(x,y) into the form, 

(4.1.4) K{x,y)=K m (x,y)+R(x,y), 
for some K m G K m {U x W l+1 ) and ReC°°(U x R d+1 ). 

(Hi) We can put K(x,y) into the form, 

(4.1.5) K(x, y) = p^ y (x, y) + R{x, y), 

for some p € Sf h {U x R d+1 ), rh = -(m + d + 2), and R G C°°(U x R d+1 ). 

Proof. First, if K m G IC m (U xR d+1 ) then (|3.1.21|) implies that, for any A > 0, 
the distribution K(x,\.y) - X m K(x,y) is in C°°(U x R d+1 ). Thus (ii) implies (i). 

Second, let p G S^(U x R d+1 ). By Lem ma jXl there is Prh G S m {U x R d+1 ) 
such that p ~ prh- Thanks to Lemma l3 . 1 . 1 21 we extend p m into a distribution t(x, £) 
in C°°(U)(g)S'(R d+1 ) such that f^ y (x, y) is in fC m (U x R d+1 ). Let <p G C^°(R d+ ) 
be such that tp = 1 near the origin. Then we can write 

(4.1.6) p = T + ip(p-T) + (l-ip)(p-pr%). 

Here p(f)(p(ai,0 ~ r(x,£)) belongs to C°°(U) <g) V'(R d+1 ) and is supported on a 
fixed compact set with respect to £, so [ip(p — t)]^ is smooth. Moreover, as 
p ~ p,n both (1 - <p){p - p m ) and [(1 - p)(p - p m )]^ w are in x R rf+1 ). 

It then follows that p^ y coincides with up to an element of C°°(U x R d+1 ). 
Since f^ y (x,y) is in K, m (U x R d+1 ) we deduce from this that (hi) implies (ii). 

To complete the proof it remains to show that (i) implies (hi). Assume that 
K(x,y) belongs to K^(U x R d+1 ). Let ip(y) G C c °°(R d+1 ) be so that <p(y) = 1 
near y = and set p = (ipK)y^^(x,y). Then p is a smooth and has slow growth 
with respect to £. Moreover p^ y (x, y) differs from K(x, y) by the smooth function 
(l-<p(y))K(x, y) 

Next, using (|3.1.23|l we see that, for any A > 0, the function p{x, X.£) — X m p(x, £) 
is equal to 

(4.1.7) X-^[^{X-\y)K{x,\-\y)-\- m ^y)K{ X , y X^ 

= A-( d+2 > MX~\y) - <p(y))K(x, X~\y) + <p(y)(K(x, A" 1 .y) - X~ m K(x, y))}^. 
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Notice that (ip(X^ 1 .y) — ip(y))K(x, X^ 1 .y)+ip(y)(K (x, A~ x .y) — A~ m K(x, y)) belongs 
to C°°(U x R d+1 ) and is compactly supported with respect to y, so it belongs to 
S~°°(U x R d+1 ). Since the latter is also true for Fourier transform with respect to 
y we see that p(x, A.£) - \ ,h p(x, f) is in S~°°(U x R d+1 ) for any A > 0, that is, the 
symbol p is almost homogeneous of degree rh. It then follows that the distribution 
K satisfies (iii). This proves that (i) implies (iii). The proof is thus achieved. □ 

4.2. Holomorphic families of N&^DO's 

From now on we let Q denote an open subset of C. 

Definition 4.2.1. A family (p z ) zS n C S*(U x R d+1 ) is holomorphic when: 

(i) The order m(z) of p z depends analytically on z; 

(ii) For any (x, £) G U x M. d+1 the function z — > p z (x, £) is holomorphic on f2; 

(iii) The bounds of the asymptotic expansion ^S.l.l'ip for d, are locally uniform 
with respect to z, i.e., we havep z ~ Y^j>aPz,m(*)-i> Pz,m(z)-j € S m ^)_ j (U xR d+1 ), 
and for any integer N and for any compacts K C U and L a Q we have 

(4.2.1) \d»dP( Pz -Y,P*M*)-j)( x >Z)\ ^ c NKLaP u\f m{z) ~ N ~ m ^ 

j<N 

for (x,z) € K X L and ||£|| > 1. 

We let Hol(f2, S*(U x R rf+1 )) denote the set of holomorphic families with values 
in S*(U xW l+1 ). 

Remark 4.2.2. If (p z ) z go is a holomorphic family of symbols then the homo- 
geneous symbols p z . m {z)-j depend analytically on z. Indeed, for £ ^ we have 

(4.2.2) P zMz) (x,0 = lim \- m ^ Pz (x,\.0- 

Since the above axioms imply that the family (X^ m ^p z (x, A.£))a>i is bounded in 
the Frechet-Montel space Hol(£l, C°°(U x (R d+1 \0)) the convergence actually holds 
in Hol(f2, C°°(U x (R d+1 \0)). Hence p z , m i z ) depends analytically on z. Moreover, 
as for j = 1,2,... and for £ ^ we also have 

(4.2.3) p jlZ (x,0 = lim \>- m{z H Pz (x,\.0-Y, Xm{z) ~ l P^( Z )-i(^0), 

A — >00 

l<3 

an easy induction shows that all the symbols p z>mz _j depend analytically on z. 

Recall that ^-°°(U) = £{£'{U),C°°(U)) is naturally a Frechet space which is 
isomorphic to C°°(U x U) by the Schwartz's kernel theorem. Therefore holomorphic 
families of smoothing operators make sense and we may define holomorphic families 
of \I> ff DO's as follows. 

Definition 4.2.3. A family (P z ) z£ n C ^h(U) is holomorphic when it can be 
put into the form 

(4.2.4) P z =p z (x,-iX)+R z Z6S1, 

with ( Pz ) ze n & Hol(fi, S*(U x R d+1 )) and (R z ) zen € Hol(0, 9-°°(U)). 

We let Hol(0, ^h(U)) denote the set of holomorphic families of ^ hDO's. 

For technical sake it will be useful to consider the symbol class below. 
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Definition 4.2.4. The space S*(U xR d+1 ), fcel, consists of functions p(x,£) 
in C°°{U x K. rf+1 ) such that, for any compact K C U, we have 

(4.2.5) \d^p(x,0\ < C KaP (l + U\\) k ^, (x,Q eKx R d+1 . 

Its space topology is defined by the family of seminorms given by sharpest constants 
Cko(3 's in the estimates {4.2.5}) . 

Note that the estimates (|3.1.13|) imply that S m (U x R d+1 ), m E C, is contained 
in S*(f7 x R d+1 ) for any k > Jim. 

Proposition 4.2.5. Let (P z ) z <zn be a holomorphic family of ^ hDO's. Then: 

1) (-Pz)zen gives rise to holomorphic families with values in £(C™(Z7), C°°(U)) 
and £(£'(U)),V'(U)). 

2) Off the diagonal of U x U the distribution kernel of P z is represented by a 
holomorphic family of smooth functions. 

Proof. Without any loss of generality we may suppose that P z — p z (x, —iX), 
with (p 2 ) Z £n in Hol(0, S* (U x Moreover, shrinking Q if necessary, we 

may also assume that the degree m z of p z stays bounded, as much so {p z ) z en 
is contained in S*(U x IR" 1 " 1 " 1 ) for some real k > 0. For j = 1, . . . , d let aj(x, £) 
denote the classical symbol of —iXj and set a = (cr , . . . , 0-4). Then the proof 
of |BGI Prop. 10.22] shows that the map p(x, £) — * p a {x,£ > ) := p(x,a(x,£)) is 
continuous from S^(UxR d+1 ) to S£ 1 (UxR d+1 ). Thus, the family (p z ) ze n belongs 

to Hol(n,^ i(U x R d+1 )). 

Next, it follows from the proof of [HoTl Thm. 2.2] that: 

(i) The quantization map q — > q(x, D) induces continuous C-linear maps from 

S\ k {UxR d+1 ) to C(C™(U),C°°(U)) and to £(£'{U)), 1>(U)); 

2 ' 2 

(ii) The linear map q(x,£) — > q^ y (x,y) is continuous from i(U x R d+1 ) to 

C°°(U)®V' (R d+1 ), in such way that for any q e L (UxR d+1 ) the distribution 

B 2 ' 2 

kernel q^ y (x, x — y) ofq(x, D) is represented off the diagonal by a smooth function 

depending continuously on q. 

As a continuous C-linear map is analytic it follows that, on the one hand, 
(p z (x, —iX)) z£ a gives rise to holomorphic families with values in £(C%°(U), C°°(U)) 
and £(£' (U)),T>'(U)) and, on the other hand, the distribution kernel of P z is rep- 
resented off the diagonal by a holomorphic family of smooth functions. The propo- 
sition is thus proved. □ 

Definition 4.2.6. Let(P z ) zen c £(C™{U), C°°{U)) and for ze nietk Pz {x,y) 
denote the distribution kernel of P z . Then the family (P z ) z en is said to be uniformly 
properly supported when, for any compact K C U , there exist compacts L\ C U and 
L2 C K such that for any z € VL we have 

(4.2.6) suppfcp z (ir,y) n (U x K) C L\ and supp k Pz (x, y) n (K x U) C L 2 . 
Bearing in mind the above definition we have: 

Proposition 4.2.7. Let (P z ) z en be a holomorphic family of 'H> hDO's. 
1) We can write P z in the form P z = Q z + R z with (Q z ) ze n G Hol(0, ^* H (U) 
uniformly properly supported and (R z )zeQ € Hol(0, ">&~°°(U). 
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2) If the family (P z ) z en is uniformly properly supported then it gives rise to 
holomorphic families of continuous endomorphisms ofC%°(U) and C°°(U) and of 
£'{U) andV'{U). 

Proof. Let (v?i)i>o C C^°(U) be a partition of the unity subordinated to a 
locally finite covering ({/i)j>o of U by relatively compact open subsets. For each i > 
let tpi C C^°(U)i be such that ipi = l near supp^j and set x( x i y) = £ fii^^iiv)- 
Then x is a smooth function on U x U which is properly supported and such that 
x(x, y) = 1 near the diagonal of U x U . 

For z £ il let kp z [x, y) denote the distribution kernel of P z and let Q z and R z 
be the elements of C(C%°(U), C°°(U)) with respective distribution kernels, 

(4.2.7) k Qz (x,y) = x{x,y)k Pz [x,y) and k Rz (x, y) = (1 - x(x, y)) k P, 0, V)- 

Notice that since x is properly supported the family (Q z ) zl £n is uniformly properly 
supported. As by Proposition ^. 2 . 5l the distribution kp z (x, y) is represented outside 
the diagonal of U x U by a holomorphic family of smooth functions, we see that 
(kp z (x, y)) is a holomorphic family of smooth kernels, i.e., (i? z ) 2 gn is a holomorphic 
family of smoothing operators. Since Q z = P z — R z it follows that (Q z ) 2 go is a 
holomorphic family of f ijDO's. Hence the first assertion. 

Assume now that (P z ) z6 n is uniformly properly supported. Thanks to Propo- 
sition ^^^] we already know that (P z ) z efi gives rise to holomorphic families with 
values in £(C ™(U), C°°(U)) and C(£'(U),V(U)). Let K be a compact subset of U. 
Then ((4. 2.6(1 implies that there exists a compact L C U such that for every z £ 57 
the operator P z maps C^(U) to C£°([/) and £' K (U) to £' L (U), in such way that 
{P z ) Z £n gives rise to holomorphic families with values in C(C^(U), Cj?(U)) and 
C(£' K (U),£' L (U)). In view of the definitions of the topologies of C™(U) and £'(U) 
as the inductive limit topologies of C^{U) and £k{U) as K ranges over compacts 
of U, this shows that the family (P z ) z ^n gives rise to elements of Hol(f2, C£°([/)) 
and Hol(fi, £'(U)). 

Next, let (ipi)i>o C C^°(U) be a partition of unity. For each index i let ifj be a 
compact neighborhood of supp</?,. Then l|4. 2.6(1 implies that there exists a compact 
Li C U such that supp fcp z (x, y) n x [/) c L< for every 2 e 0. Let ^ G C°°(U) 
be such that t/>< = 1 near ifi. Then we have 



Since each family (<PiP z ipi) z en is holomorphic with values in£(C°°([/)) and C(D'{U)) 
and the sums are locally finite this shows that (P z ) z gn gives rise to elements of 



Let us now look at the analyticity of the composition of V&irDO's. To this 
end we need to deal with holomorphic families of almost homogeneous symbols as 
follows. 



Definition 4.3.1. A family (q z ) z ^n C S* ah (U x W l+1 ) is holomorphic when: 

(i) The degree m(z) of q z is a holomorphic function on f2; 

(it) The family (q z ) ze n belongs to Rol{Q, C°°(U x M d+1 )); 

(Hi) (q z (x, t.£) - t m ^q z {x, £)) z6n «s in Hol(0, S-°°(U x R d+1 )) for any t > 0. 



(4.2.8) 




Hol(fi,C°°(l7)) and Hol(fi, V'{U)). 



□ 
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We let Holfil, S* h (U x R d+1 )) denote the set of holomorphic families of almost 
homogeneous symbols. 

Lemma 4.3.2. Let (q z ) ze n G Hol(fi, C°° (U x R d+1 )). Then the following are 
equivalent: 

(i) The family (q z ) z ^Q is in Hol(f2, S* h (U x R d+1 )) and has degree degree m(z); 

(ii) The family {q z ) ze n lies in Hol(f2, S*(UxR d+1 )) and, in the sense of UJETj) , 
we have q z ~ p z where, for every z G fi, i/ie symbol p z belongs to S m r z \(U x M d+1 ). 

PROOF. Assume that (<7 z ) z£ q is in Hol(f2, 5* (U x M d+1 )) and, in the sense 
of H4.2.1(l . we have q z ~ p z where, for every z G f2, the symbol p z belongs to 
S m ( z \(U x R d+1 ). Then the order m(z) of q z is a holomorphic function on fl and, 
for any compact subset K C U, any integer AT and any open W CC f2, we have 

(4.3.1) \d^dl(q z -p z )(x,0 < C N KtVai3U\\- N , 

for x £ K, ||£|| > 1 and z G 0'. Therefore, for any i > 0, the family {q z (x, t.£) — 
t m ^q z (x,0}zen = {(q z (x,t.O - q z {xM)) ~ t m ^{q z {x,t) - q z {x,£,))}^n is con- 
tained in Hol(fi, S-°°(U x R d+1 )). Hence (q z ) ze n belongs to Hol(fi, 5* h (t/ x R d+1 j). 

Conversely, suppose that (q z ) z en is contained in Hol(fl, S* h (U x R d+1 )) and 
has degree m(z). Then, for any t > 0, any compact K a U, any integer iV and any 
open f2' CC O, we have 

(4.3.2) \d«dl(q z (xM) -t m ^q z (x,0)\ < C mK n'afi(l + U\\)~ N , 

for (x,£) e K x R rf+1 and z G fl'. Then replacing £ by s.£, s > 0, in (|4.3.2|l shows 
that when N > sup 26f2 / 3?to(z) we have 

(4.3.3) |5«5f( S m W&(x, S t.O - ( S i) m ^ 9z (x, S .e))| < C t NKcy a pa Km ^- N U\\- N 

< C' t AKa'Q/3s _1 ||Cir Ar - 

for (x,£) eK x R d+1 \0 and z G Q'. 

Next, for U M let &,fc(x,£) = (2 fc ) _m tfe(x, 2 fc .£). Then, for any compact 
Act/, any open f2' CC f2 and any integer N > sup zgf 2/ 5Rm(z), we have 

(4.3.4) |c£df fe, fc+ i(z,0 - g»,fc(a:,0)l < CW^-i^"^, 

for (x,£) G AxK d+1 \0 and z e fi'. This shows that the series X)fe>o('? z -' £ + 1 ~ ^, fe ) * s 
convergent in Hol(£l, C°°(Ux (R d+1 \0))). Hence the sequence (q z ,k)k>o converges in 
Hol(ft, C°°(C7 x (R d+1 \0))) to some family (p z ) ze n- In fact, taking s~= 2 fe in Ol 
and letting k — > oo with i fixed shows that g z is homogeneous of degree m(z) with 
respect to the ^-variable. Moreover, for any compact K C U, any open Q' CC fi 
and any integer AT > sup zer2 / 5ftm(z), we have 

(4.3.5) \d^(q z - Pz )(x,0\ < J2\d"dl(q z , k+1 - ?,, fc )(s,OI < C 2NK n> a p U\\~ N , 

for (x, £) G A x (]R d+1 \0) and z G 0', i.e. we have q z ~ p z in the sense of 14.2.1JI . □ 

Using Lemma 14.3.21 and arguing as in the proof of Lemma 14.1.31 we get the 
following characterization of holomorphic families of symbols. 

Lemma 4.3.3. Let (p z ) ze n G Hol(f2, C°° (U xM i+1 )) . Then we have equivalence: 
(i) The family (p z ) z gn is in Hol(f2, S*(U x K d+1 )) and has order m(z). 
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(ii) For j = 0, 1, . . . there exists (qj. z )zen <= Hol(n, S a h{U x R rf+1 )) almost ho- 
mogeneous of degree m(z) —j so that we have p z ~ X)j>o * n ^ e sense °f \4-%-ty - 

Next, it is shown in |BGI Sect. 12] that, as for homogeneous symbols in ((3.1.16(1 - 
((3.1.19(1 . there is a continuous bilinear product, 

(4.3.6) * : S^(U x E d+1 ) x S^ 2 {U x E d+1 ) — ► S^ 2 ^ x R rf+1 ), 
which is homogeneous in the sense that, for any A £ R, we have 

(4.3.7) {pi*P2)\=Pi,x*P2,x, Pj e S^(U xR d+1 ). 

This product is related to the product of homogeneous symbols as follows. 

Lemma 4.3.4 f jBGl Sect. 13]). For j = 1,2 let p 3 € S m *(U x R d+1 ) have 
principal symbol p mj € S mj (U x R d+1 ). Then Pl * Pl lies m S mi+ni2 (U x W l+1 ) 
and has principal symbol p mi * p m2 . 

Furthermore, this product is holomorphic, for we have: 

Lemma 4.3.5. For j = 1,2 let {p hZ ) ze n C S*(U x R d+1 ) be a holomorphic 
family of symbols. Then (pi tZ *P2. z ) z eft * s a holomorphic family of symbols as well. 

Proof. For j = 1,2 let mj(z) be the order of p^ z . Since mi(z) and m,i(z) 
are holomorphic functions, possibly by shrinking O, we may assume that we have 
su P^esi m j( z ) _ < oo, so that the families {pj tZ ) z ^a are in Hol(r2, Sjf(U x R d+1 )). 
As * gives rise to a continuous C-bilinear map from Sjf(U x M d+1 ) x S^(U x R d+1 ) 
to Sf (U x R d+1 ) we see that p hz * p 2 , z is in Hol(0, Sf(U x R d+1 )), hence is in 
Hol(n,C°°(C/ x R d+1 )). 

Now, assume that Pj. z , j = 1, 2, is almost homogeneous of degree mj(z). Then 
using ((4.3.7(1 we see that for A > the symbol (pi jZ *P2, Z )\ — A mi ( z ) +m2 *P2, Z 
is equal to 

(4.3.8) Pl> , jA * Pl . z . X - \rrn(z)+m 2 ( Z ) pi z „ ^ 

= (pi, a ,A - \ mi(Z) Pl.z) * P2, Z + X mi(z) P hz ,X * (P2. Z .X ~ X m2{z) P2, Z )- 

As (pi, z ,A-A mi(z) Pi, z ) ze n and (p2,z,A-A m2(z) p 2 ,z)zen are holomorphic families with 
values in 5"°°(C/ x R d+1 ), combining this with the analyticity of * on 5* (U x R d+1 ) 
shows that, for any A > 0, the family (pi, z *P2,z)x — X mi ^ +ni2 ^Pi,z*P2,z belongs to 
Fiol(il, S~°°(U x R rf+1 )). Then Lemma f4 . 3 . 31 implies that pi }Z *P2, Z is a holomorphic 
family of almost homogeneous of symbols of degree mi(z) + 7712(2). 

In general, by Lemma w e have p 3iZ — J2i> Pj,z,l, with {p-j, z ,i) z en m 

Hol(fi, 5"* h ([/ x R d+1 )) of degree rrij(z) - I and - taken in the sense of 14.2.1(1 . In 
particular, for any integer N we have pj jZ is equal to ^2 i<N Pj,z,f modulo a family 
in Hol^S^^t/ x R d+1 )). Thus, 

(4.3.9) pi, a *P2,»= Pi,z,i*P2,*,P modHol(n ) S^- JV (C/xR d + 1 )). 

As explained above (pi jZ ,j*P2,z,p)zen is a holomorphic family of almost homogeneous 
of symbols of degree m\{z) + rai(z) — I — p. It then follows from Lemma 14 . 3 . 31 that 
(Pi,z *P2,z)zef2 is a holomorphic family of symbols. □ 

We are now ready to prove: 
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Proposition 4.3.6. For j = 1,2 let (Pj, z )zen be in Hol(fi, ^^(U)) and suppose 
that at least one the families (Pi, z )zen or (P 2 , z ) z efi is uniformly properly supported. 
Then the family (Pi )Z P2,z)zefi * s a holomorphic family of ' \& hDO's. 

Proof. By assumption (Pi, z )zen or (P2,z)zefi is uniformly properly supported, 
so by Proposition ^. 2 . 7l it gives rise to holomorphic families with values in C(C°°(U)) 
and C(£'(U)). Moreover, Proposition 14.2.71 tells us that the other family at least 
coincides with a uniformly properly supported holomorphic family of f j/DO's up to 
a holomorphic family of smoothing operators. It thus follows that {Px, z P2 >z ) z &Q, is 
the product of two uniformly properly supported holomorphic families of ^hDO's 
up to a holomorphic families of smoothing operators. 

As a consequence of this we may assume that the families (P% >z ) z efi and 
{P2,z)zen are both uniformly properly supported. Thanks to l|4. 2.8(1 this allows 
us to write 

(4.3.10) Pl, z P 2 , Z = V>iP\,z^iP2,z, 

i>0 

where (<fii)i>o C C^°(U) and (ipi)i>o C C^°(U) are locally finite families such that 
[ifi ) is a partition of the unity and ipi = 1 near supp</?,. 

Next, for j — 1,2 let us write Pj. z = P j tZ (x,—iX) + Rj tZ , with (pj, z ) z eQ m 
B.ol(n,S*(UxR d+1 )) and {Rj, z ) ze n in Hol(Q, (U)). Since by PropositionEZSI 
each family (pj. z (x, —iX)) ze n is holomorphic with values in £(C%° (U) , C°° (U)) and 
C(8'(U), V{U)) using (I4.3.1()ll we see that 

(4.3.11) P 1 , z P 2tZ = J2 l PiPiA^-^)tpiP2, z (^-iX) modHol(r!,*- 00 ([/)). 
At this stage we make appeal to: 

Lemma 4.3.7 f [EUl Prop. 14.45]). For j = 1,2 let P] G S** (U x R d+1 ) and let 
t/> G C£°(U). Then: 

(4.3.12) Pl (x, -iX)i>p 2 (x, -iX) = Pl ^p 2 (x, -iX), 

where is a continuous bilinear map from S^(U x W l+1 ) x S^(U x R d+1 ) to 
S* 1+k2 {U x R d+1 ). Moreover, for any integer N > 1 we have 

U) 

(4.3.13) Pl # V;P2 = E h <*PjSTp(Dl Pl ) * (Cd%dP p2 ) + R N ^( Pl , P 2), 

j<N a(3fS 

where the notation is the same as that of Provosition W. 1 .9\ and Rn,-<p is a continuous 
bilinear map from S* 1 (U x M d+1 ) x S^(U x M d+1 ) to S* 1+k2 ~ N '(U x R d+1 ). 

Remark 4.3.8. The continuity content of Lemma T4. 3. 71 is not explicitly stated 
in Proposition 14.45 of BG , but it follow from its proof or from a standard use of 
the closed graph theorem. 

Now, thanks to Lemma T4 . 3 . 71 we have 

(4.3.14) P%, Z P2, Z = Pz(x, -iX) + R z , Pz=J2 <PiPi,*#inP2,z- 

Furthermore, possibly by shrinking Q, we may assume that there is a real k such 
that for j = 1,2 we have $loidpj tZ < k for any z £ il. Then the continuity contents 
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of Lemma EQ imply that (p z ) ze n belongs to Hol(fi, S™{U x W l+1 )) and for any 
integer N > 1 we can write 

(r-s-t) 

(4.3.15) p 2 = ^ 9r , z + i?^, %> = h <*pA D lPi,z) * (£ 7 3^fW), 

r<N a/3jS 

where (R N , z ) z€ n ~ (Ei>o W#JW,(PM,P2,*))*en ^ in Hol(fi, 5^- JV (C/ x R rf+1 )). 
Thanks to Lemma IT.3.51 the family (g r . z ) ze n is in Hol(f2, S"*(i7 x K d+1 )) and has 
order m\(z) + m,2(z) — r. Therefore, we have p z ~ Ej>o ?M m ^ ne sense °f l|4.2.1[l . 
which by Lemma PT. 3.51 implies that (p z ) ze n belongs to Hol(0, 5* (17 x R d+1 )). Com- 
bining this with H4.3.14(l then shows that (P\ :Z P2, z ) z en is a holomorphic family of 
f ff DO's. □ 

4.4. Kernel characterization of holomorphic families of \&DO's 

We shall now give a characterization of holomorphic families of "J^DO's in 
terms of holomorphic families with values in JC*(U x Since the latter is 

defined in terms of asymptotic expansions involving distributions in /C* (t/ x 
a difficulty occurs, since for a family (K z ) zG q C K,*(U x R rf+1 ) logarithmic singu- 
larities may appear as the order of K z crosses non-negative integer values. 

This issue is resolved by making use of holomorphic families of almost homo- 
geneous distributions as follows. 

Definition 4.4.1. A family (K z ) ze n c IC* ah (U x R d+1 ) is holomorphic when: 

(i) The degree m(z) of K z is a holomorphic function on Q; 

(u) The family {K z ) zen belongs to Hol(fi, C°°{U) <g> T>' reg (R d+1 )) ; 

(Hi) For any A > the family {K z (x, X.y) — X m ^ K z (x, y)} z ga is a holomorphic 
family with values in C°° (U x ]R d+1 ). 

We let Hol(f2, JC* ah (U x K. <i+1 )) denote the set of holomorphic families of almost 
homogeneous distributions. 

Lemma 4.4.2. Let {K z ) zen e Hol(0, C°°(U) <g> V' reg {R d+1 )). Then we have 
equivalence: 

(i) The family {K z ) ze o_ belongs to Hol(r2, JC* ah (U xR d+1 )) and has degree m(z). 

(ii) We can put (K z ) ze Q into the form, 

(4.4.1) K z (x,y)=p z ^ y (x,y)+R z (x,y), z e SI, 

with {p z ) ze o. in Hol(Q , S* ah {U x R d+1 )) of degree rh{z) := -{m[z) + d + 2) and 
(R z ) ze n inEo\(Cl,C° (UxM. d + 1 )). 

Proof. Assume that (K z ) ze n belongs to Hol(f2, /C* h (i7 x R d+1 )) and has de- 
gree m(z). Let <p G C^°(U x K d+1 ) be such that f(y) — 1 near y = and define 
p z = {cp(y)K z (x,y)) y ^. As { V {y)K z {x,y)) z£ n is in Hol(Sl, C°°(U) <x> £' L {R d+1 )) 
with L = supptp, we see that (p z ) ze n belongs to Hol(f2, C°°(U x R d+1 )). More- 
over, since ((1 — tp(y))K z (x,y)) ze n is in Hol(f2, C°°(U x R d+1 )) we also see that 
K z (x,y) =p Zt ^ y (x,y) modulo Hol(fi, C°°(£x_ R d+1 )). 

On the other hand, it follows from 13.1.23fl that for any A > the symbol 
\- {d+2) (p z (x, - \ fn ^p z (x,£)) is equal to 

(4.4.2) MX-Ky) - <p(y))K z (x, A" 1 .y) + <p{y){K x (x, X'Ky) - X- m K z (x,y))]* v 
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This is the Fourier transform with respect to y of a holomorphic family with values 
in C* c °°([/ x R d+1 ), so it belongs to Hol(ft, S-°°(U x W l+1 )). 

Combining all this with Lemma 14.3.21 shows that (p z )zeci is a family of almost 
homogeneous symbols of degree m{z). 

Conversely, let (p z ) ze n € Hol(fi, S^QJ x R d+1 )) have de greem(z). Possibly by 
shrinking f2 we may assume that we have sup zgS i Wtrniz) < k < oo. Then the family 
(p 2 ) ze n belongs to Hol(fi,5ff(t/ x hence to Hol(0, 5? i (t/ x M d+1 )). As 

2 2 

mentioned in the proof of Proposition ^ .2.51 the map q(x,Q ~^ $t-*y( x > y) is analytic 
fromS^ 1 ([/xK rf+1 ) to C x (U)®V' rcg (R d+1 ) , so (p z .^y) ze n is a holomorphic family 

with values in C°°(U) <S>V / l . cg (R d+1 ). 

Next, using (|3.1.23[1 we see that, for any A > 0, we have 

(4.4.3) p z ^ y (x,X.y) - X m ^p z .^ y (x,y) = \p z (x, A _1 .£) - \-™^p z {x, 0]^„. 

Since by Lemma 14.3.21 the r.h.s. of l|4.4.3|) is the inverse Fourier transform with 
respect to £ of an element of Hol(f2, S~°°(U x R d+1 )), we see that the family 
{p,,t-+ v (x,\.y) - X m ^p z ^ y {x,y)} z<£ n is contained in Hol(n,C°°(£/ x R d+1 )). It 
then follows that (p z ,^ y ) z en is a holomorphic family of almost homogeneous dis- 
tributions of degree m(z). □ 

Definition 4.4.3. A family (K z ) ze n C K*{U x R d+1 ) is holomorphic when: 

(i) The order m z of K z is a holomorphic function of z: 

(ii) Forj = 0, 1, .. there exists (K jtZ ) E Hol(fi, JC* ah {U xR d+1 )) of degree m{z)+j 
such that K z ~ Sj>o ^j, z in the sense that, for any open f2' CC f2 and any integer 
N , as soon as J is large enough we have 

(4.4.4) K *,™ z+j G Hol(0', C N (U x R d+1 )). 

Proposition 4.4.4. For a family (K z ) z( zq C K*(U x R d+1 ) the following are 
equivalent: 

(i) The family {K z ) ze v. is holomorphic and has order m(z). 

(ii) We can put (K z ) ze Q into the form, 

(4.4.5) K z {x,y) = ( Pz )^ y (x, y) + R z {x, y), 

for some family (p z ) z£ n S Hol(fi, S*(U x of order m(z) :— —(m(z) + d + 2) 

and some family (R z ) z(£ n £ Hol(fi, C°°{U x R d+1 )). 

Proof. Assume that (K z ) zen is in Hol(f2, JC*(U x R d+1 )). Let <p € C°°(R d+1 ) 
be such that ip{y) = 1 near y = and for z e set p 2 = ((p(y)K z (x,y))y^. 
Since {K z ) zen lies in Hol(fi, C°°(C/)(8)^ eg (]R d+1 )) we see that (p z ) zS n belongs to 
Hol(ft, C°°(U x R d+1 )) and we have 

(4.4.6) K z (x,y) = ( Pz )^ y (x,y) + (1 - <p(y))K z (x,y) 

= (Pz)Uy(x,y) modHol(ft,C°°([/x [/)). 

Let us write K z ~ Ej> Kj, z with (K JtZ ) zen € Hol(Q, /C^(E7 x K d+1 )) of 
degree m(z) + j and ~ taken in the sense of l|4.4.4|) and for j = 0, 1, . . . define 
Pj. z = { l f{y)Kj_ z ) z( zsi. Then arguing as in the proof of Lemma 14.4.21 shows that 
(j>j,z)zeQ is a family in Hol(fi, S* h (U x IR^ 1 )) of degree m(z) - j. 
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Next, in the sense of l|4.4.4j) we have {p z )^_, y (x, y) ~ J2j>o(Pj^)^ y ( x > v)- 
Under the Fourier transform with respect to y this shows that, for any compact 
L C U, any integer N and any open ft' CC ft, as soon as J is large enough we have 
estimates, 

(4.4.7) \d^( Pz - Y,My)Ka^y))y^)(x,0\ < c n , NJLaft {\ + \t\ 2 r lN/2 \ 

for S L x and z e ft'. Hence p z ~ J2j>oPj,z m the sense of (|4.2.1[1 . 

It thus follows that (p z ) z en is in Hol(ft, (L/ x and has order rh(z), so 

using H4.4.6|) we see that the family (K z ) z <zq is of the form H4.4.5|) . 

Conversely, assume that K z (x,y) = (p z )^ y (x,y) + R z (x,y) with (p z ) ze n in 
Hol(ft,S*(;y x R d+1 )) of order m{z) and (R z ) zen in Hol(ft,C°°(J7 x R d+1 )). By 

Lemma|031we have Pz ~ Ei>oft'.« with fe^W 6 Hol (^ S *h( U x Rd+1 )) of 
degree m(z) — j and ~ taken in the sense of (|4.2.U . Thus, under the inverse 
Fourier transform with respect to £, we have (p z )^ y ~ X) i j>ofe>){— >y m ^ ne sense 
of l|4.4.4|) . As Lemma f4 . 4 . 21 1 ells us that ((pj^^L^sen is a holomorphic family of 
almost homogeneous distributions of degree m(z) + j, it follows that ((p z )^^ y ) z en 
belongs to Hol(ft,/C*(C/ x R d+1 )) and has order rh(z). Since (K z ) z ^n agrees with 
((Pz)^ y ) z en up to an element of Hol(ft,C°°(£/ x [/)), we see that (K z ) z& fi is a 
holomorphic family with values in IC*(U x □ 

We are now ready to prove the kernel characterization of holomorphic families 
of Vl/jyDO's. As before for x £ U we let ip x and e x respectively denote the coordinate 
changes to the privileged coordinates and Heisenberg coordinates at x. 

Proposition 4.4.5. Let {P z ) zen € Hol(ft, £(C™(U), C°° (U))) have distribu- 
tion kernel kp z (x,y). Then the following are equivalent: 

(i) The family (P z ) 2e n is a holomorphic family of ^ hDO's of order m(z). 

(ii) We can put kp z (x,y) in the form, 

(4.4.8) k Pz (x,y) = \1>' x \P z (x, -£ x (y)) + R z (x, y), 

with (K z ) zen in Hol(ft,/C*([/ x R d+1 )) of order m(z) := -{m(z) + d + 2) and 
(R z ) ze n mHol(ft,C°°(?7xLr)). 

(Hi) We can put kp z (x,y) in the form, 

(4.4.9) k Pg (x,y) = \s' x \P z (x, -e x {y)) + R z (x,y). 

with (K Pz ) zen in Hol(ft,/C*(£7 x R d+1 )) of order m(z) := -(m(z) + d + 2) and 
(R z ) ze n inKol(n,C°°(UxU)). 

Proof. First, it follows from l|3.1.27|) and Proposition 14.4.41 that (i) and (ii) 
are equivalent. 

Next, for x € U let <p x denote the transition map from the privileged coordinates 
at x to the Heisenberg coordinates at x. Recall that this gives rise to an action on 
distributions on U x R d+1 given by 

(4.4.10) K(x,y) ^ <t>* x K(x,y), <p*K(x, y) = K(x, ^(y)). 

Since 4> x depends smoothly on x, this action gives rise to continuous linear 
isomorphisms of C N (U x M d+1 ), N > 0, and C°°(C7 x R d+1 ) onto themselves, hence 
to analytic isomorphisms. Moreover, since 4> x (0) = this also yields an analytic 
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isomorphism of C°° (U)&)T>' Icg (W. d+1 ) onto itself. Combining this with the homo- 
geneity property 13.1.3211 we then deduce that (|4.4.1U|I induces linear isomorphisms 
of Hol(fi,£* h (C/ x R d+1 )) and Hol(fi,/C*(77 x R d+1 )) onto themselves. Together 
with I3.1.29[l this shows that the statements (ii) and (iii) are equivalent. □ 

4.5. Holomorphic families of Nl/DO's on a general Heisenberg manifold 

Let us now define holomorphic families of 'J'/fDO's a general Heisenberg man- 
ifold. To this end we will need the following lemma. 

Lemma 4.5.1. Let (K z ) zen € Hol(f2,/C * (U x and assume there exists 

an integer N such that inf zS n ^RoidK z > 2N . Then the family (K z ) ze Q is contained 
mHol(0,C ]v (!7xI <i + 1 )). 

Proof. Thanks to Proposition 14.4.51 we may assume that K z is of the form 
K z (x, y) = p Z £-+ y {x, y) with (p z ) ze n in Hol(f2, S*(U xR d+1 )). Since by assumption 
we have — (5Rordp z + d + 2) = diordK z > 2N we see that (p z ) z ^n is contained 
in Hol(il,S'|| ( 2N+d+2 ^ (jj x K d+:L )). Since the map p — > p£-> v is continuous from 
S~ {2N+d+2) (UxR d+1 ) to C oc (U)(g)C N (UxW l + 1 ) (see Lemma|Oin AppendixEJ), 
it follows that (K z ) zen lies in Hol(n, C N (U x R d+1 )). □ 

PROPOSITION 4.5.2. Let U be an open subset of R d+1 together with a hyper- 
plane bundle H C TU and a H -frame of TU and let <f> : (U, H) — > (U, H) be a 
Heisenberg diffeomorphism. Then for any family (P z ) z en G Hol(f2, ty*^(U)) the 
family (P z ) z ^n '■— (4>*Pz)zen is contained in Hol(f2, ^* H (U)). 

Proof. For x G U and x G U let e x and i± denote the coordinate changes to 
the Heisenberg coordinates at x and x respectively. Then by Proposition 14 . 4 . 51 the 
distribution kernel kp (x,y) of P z is of the form 

(4.5.1) kp x (x,y) = \e x \K Pg (x,-i x (y)) + R z (x,y), 

with (Kp_) zen in Rol(Q,K*0_ x U)) and (R z ) ze n in Hol(Q, C°°{U x W l+1 )). Then 
the proof of Proposition 13.1.181 in Appendix ^ shows that the distribution kernel 
kp z (x, y) of P z takes the form, 

(4.5.2) k Px (x,y) = \e' x \K Pz (x,-e x (y)) 

+ (1 - x (x, -e x (y)W Hx) \Kp z (<f>(x), -i Ht) (4>(y))) + R z {<t>{x), cj>(y)), 
where we have let 

(4.5.3) K Pz (x, y) = X (x, y)\d v *(x, y)\Kp^ (<f>(x), *(x, y)), 

(4.5.4) $(x,y) = -e<Kx)°4>°Zx 1 (-y), 

and the function x{ x -,v) G C°°(U x R d+1 ) has a supported contained in the open 
U = {(x,y) G U x M. d+1 ; e~ 1 (—y) G U}, is properly supported with respect to x 
and is such that X { x i y) = 1 near U x {0}. In particular, we have 

(4.5.5) k P ^x:y) = \e' x \Kp z {x,-e x {y)) mod Bol(fi, C°°(U X 17)). 

Let us now prove that {Kp z ) Z £Q, belongs to Hol(f2, K*{U x To this end, 

possibly by shrinking Q,, we may assume that inf ze n 9?m(z) > /i > -co. Moreover, 
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the proof of Proposition 13.1.181 in Appendix El also shows that for any integer N 
we have 

3 

(4.5.6) K PM (x,y)= £ £ K a p, t {x,y) + ^i?$>,y), 

(d)<N f(a)<^<|Ar J'=l 

(4.5.7) K af3>z (x,y) = a af3 (x)y^(d^KpJ(<j ) (x)^' H (x)y), 

where the smooth functions a a p(x) are as in Proposition 13.1. T%l and the remainder 
terms Rjy (x, y), j — 1, 2, 3, take the forms: 

" R n]z( x iV) = 'E{ a )<NJ2(^=^N r M a {x 1 y)y l3 (d^KpJ{(l}(x),4>' H {x)y) for some 
functions r a p(x,y) in C°°([/ x JR d+1 ); 

- R$l& v) = E {a) =N E(^=|a Jo M*> y)^9^Kp a )[fl>{x),tfi{x, y) + (i- 

t)<j>' H {x)y)dt, for some functions r a p(t,x,y) in C°°([0, 1] X E/ X M d+1 ); 

" fl £( l; ^) ;; Ew<jvE|( a ><^<|jv( 1 -x(3:,l/))^( ;l ^)- 
Observe that the map $(a;,y) = {4>(x),<j)' H {x)y) is a smooth diffeomorphism 
from ?7 x R d+1 onto l> x M d+1 such that $(x,0) = (0(x),O) and for any A e R 
we have $(ir, A.y) = (4>{x), \.cj>' H (x)y), so along similar lines as that of the proof of 
Proposition ^. 4. SI we can prove that the map 

(4.5.8) V'{U x R d+1 ) 3 K(x, y) — ► K{(f>(x),<f>' H (x)y) e V(U x R d+l ) 

gives rise to a linear map from Hol(n, JC* (U x R d+1 )) to Hol(ft, /C* (l> x M d+1 )) 
preserving the order. Therefore (K a p !Z (x,y)) z <zsi is in Hol(il, JC* (U x IR ci+1 )) and 
has order m(z) + - (a) . Incidentally (ii^) z6 n belongs to Hol(fi, C°°([/'xR rf + 1 )). 

On the other hand, iff (a) < ^ = fiV then the order rh a p(z) = m(z) + (5) — (o) of 
yPd^Kp is such that 3?m Q/3 (z) > 5ira(z) + |$ > fi+ f . Therefore, Lemma ETO 
implies that, for any integer J, as soon as N is large enough (y^d^Kp ) z ^q is in 
Hol(f2, C J (U x R d+1 )), so that remainder terms (R^' z ) zE q and (-R^ z )zen are in 
Hol(fi, C J (£7 x JR d+1 )). 

All this shows that we have Kp z (x 1 y) ~ X)^(a)<(6> Kaf},z{x, y) hi the sense 
of J03JI, which implies that (K Pz ) zen belongs to Hol(fi,/C*(C/ x R d+1 )). Combin- 
ing this with (|4.5.5|l and Proposition ^ . 4 . 5l t hen shows that (P z ) z ^q is a holomorphic 
family of * H DO's. □ 

Now, let (M d+1 ,H) be a Heisenberg manifold and let £ be a smooth vector 
bundle over M. Then Proposition 14.5.21 allows us to define holomorphic families 
with values in \1/^(M, £) as follows. 

Definition 4.5.3. A family (P z ) z en C *^(M, £) is holomorphic when: 

(i) The order m(z) of P z is a holomorphic function of z; 

(ii) For tp and ip in C^°(M) with disjoint supports ((pP z ip)zen * s a holomorphic 
family of smoothing operators, i.e., is given by a holomorphic family of smooth 
distribution kernels); 

(Hi) For any trivialization r : £i u — > U x C r over a local Heisenberg chart 
k '. U — ► V d R d+1 the family {n^{P z]u )) zen belongs to Hol(0, V* H (V, C r )) := 
Hol(fi,*J f (y))(g)EndC r . 
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All the preceding properties of holomorphic families of 'tgDO's on an open 
subset of R d+1 hold verbatim for holomorphic families with values in ^* H (M,£). 
Moreover, we have: 

Proposition 4.5.4. The principal symbol map er* : ty* H (M,£) — » 5*(g*M, £) 
is analytic, in the sense that for any holomorphic family (P z ) z gn C ^* H (M,£) the 
family of symbols (cr*(P z )) zG n is in Hol(f2, C°°(0*Af \ 0, Endf)). 

PROOF. Let (P z ) ze n C ^* H {M,£) be a holomorphic family of fj/DO's of 
order m(z) and let us show that the family of symbols (<7*(P z )) ze a belongs to 
Hol(f2, C°°(q*M \ 0,End£)). Since this a purely local issue we may as well as- 
sume that (P z ) z gfi is a holomorphic family of scalar ^^fDO's on a local trivializing 
Heisenberg chart U C R d+1 . 

By Proposition 14.4.51 we can put the distribution kernel of P z into the form, 

(4.5.9) k P ^x,y) = \e' x \K P ,(x,-e x (y)) +R z {x,y), 

with (K P J zen £ Hol(fi,/C*([7 x R d+1 )) of order m(z) = -(m(z) + d + 2) and 
(R z ) z en £ Hol(Q,C°°([/ x U)). Let 93 G C°°(R d+1 ) be such that y»( y) = 1 near 
y = and let p z = (jp{y)Kp x {x,y))^ . Then the proof of Proposition 14.4.41 shows 
that (p z ) Z £(i is a holomorphic family of symbols. Moreover, we have 

(4.5.10) Kp 2 (x, y) = ( Pz ) v ^ y (x, y) + (1 - <p(y))K P . (x, y) 

= (Pz)^y(x,y) modRol({l,C°°{UxU)). 

Let z € and let K^r z \ £ K-m( z ){U x R d+1 ) be the principal kernel of .Kjv 
Then (|4.5.10l) and Proposition 13.1.141 show that the leading symbol of p z is the 
restriction to U x (R d+1 \0) of (-f^m( z ))^^ ■ Since the latter is equal to cr m ( z ) (P z ), we 
see that the leading symbol of p z is just cr m ( z )(P z ). Since (p z ) z gn is a holomorphic 
family of symbols it then follows from Remark k. 2 . 21 that the family (<7 m (*) (P z ))zen 
belongs to Hol(fi, C°°(C7 x (R d+1 \0))). The proof is thus achieved. □ 

4.6. Transposes and adjoints of holomorphic families of f/jDO's 

Let us now look at the analyticity and anti-analyticity of transposes and ad- 
joints of holomorphic family of tyjj DO's. 

PROPOSITION 4.6.1. Let (P z ) ze n e Hol(0, ^* H {M,£)). Then the transpose 
family (Pi) C ^* H (M, £*) is a holomorphic family of ^ hDO's. 

Proof. For z £ £1 let kp^(x,y) denote the distribution kernel of P z . The 
distribution kernel of P z is kp z (x,y) — kp^(y,x) t , hence is represented outside the 
diagonal by a holomorphic family of smooth kernels. Therefore, we need only to 
prove the statement for a holomorphic family of scalar ^DO's on a Heisenberg 
chart U C R d+1 , as we shall now suppose that the family (P z ) ze o is. In addition, 
there is no loss of generality in assuming that the order m(z) of P z is such that 
there exists /i G R so that 3lrh(z) > [i for any ze!l. 

Next, thanks to Proposition 14.4.51 the kernel of P z is of the form 

(4.6.1) k Pz = \e' x \K P ,(x,-e x (y))+R z (x,y), 

with (K Pz ) zen inHol(f7,/C*([/xR d+1 )) and {R z ) ze n in Hol(0, C°°(U X U)). Then 
the proof of Proposition 13 . 1 . 21*1 in Appendix iBl shows that kp z (x, y) is equal to 

(4.6.2) \e' x \K P ,(x,-£ x {y)) + (l-x(x,-e x {y)))\e' y \K Pz {y,-e y {x))+R z (y,xl 
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where we have let 

(4.6.3) K Pt {x,y)=x{x,y)\eX^e' y \K P Se-\-y),-e e - 1{ _ y) {x)\ 

and the function x( x >y) <= C°°(U x R rf+1 ) has a support contained in the open 
subset U — {(x,y) £ U x e 2 T 1 (— y) G f/}, is properly supported with respect 

x and is equal to 1 near U x {0}. In particular, we have 

(4.6.4) k P t(x,y) = \e' x \K P t{x,-e x {y)) mod Hol(0, C°°(U x [/)). 

Moreover, it follows from the proof of Proposition 13 . 1 . 2"T1 in Appendix iBl that 
for any integer N we can write 

(AT) 4 

(4.6.5) K P t(x,y)= ^ K a^S,z + ^RnA x iV)i 

a,/3,7,<5 j—l 

(4.6.6) K aPlS . z = a aPlS (x)yP +s (d2d«KpJ(x, -y), 

where the smooth functions a a/ 3 7 s(x) are as in Proposition 13 . 1 .2T1 the summation 
goes over all the multi-orders a, [3, 7 and <$ such that (a) < N, < (6^ < |iV 
and I7I < |5| < 2|-y | < 2A^ and the remainder terms RW (x,y) take the forms: 

- <l = E W =*E®=$ W )K Jo ^(^^^(/^pj^-H-y),^^,^), 

where the functions rN a p(t,%,y) are in C°°([0, ljx[/x M d+1 ), the equality fc=|Z 
means that fc is equal to |Z if |Z is integer and to |i + A otherwise, and we have let 
$*0, 2/) = -y + t(y - e e -i(_ v )(»)); 

- R%] z {x,y) = T,^=^N r Na(x,y)y f3 (d^KpJ(e- 1 (~y),-y) 1 with r Na (x,y) in 
C°°(C/ x K d+1 ); 

- = E h \=NEN<\ S \<2N^s(x)y^ s /> - t) N -\dn x d%K P ,){x + 

tfeH-y) - x),-y)dt, with a Q/M (a;) G C°°(t/); 

- ^Ifo y) = Ei^ l7 ,5(i - xfo y))K a (3~/sAx, y)- 

Each family (if a /375,z)zen belongs to Hol(f2,/C*([/ x R d+1 )). Moreover, the 
remainder term R$ z belongs to Hol(f2, C°°(U x R d+1 )) and, along similar lines 
as that of the proof of Proposition 14.5.21 we can show that for any integer J the 
other remainder terms (R$ z )zen are in Hol(£l, C J (U x K d+1 )) as soon N is large 
enough. Therefore, we have K P t ~ E§(c^<$ E| 7 |<|5|<2| 7 | K cx/3j6,z in the sense 
of l|4.4.4|) . which means that Kp> belongs to Hol(f2, IC*(U x M d+1 )). Combining 
this with (|4.6.4|l and Proposition 14.4.51 then shows that (P|) z6 n is a holomorphic 
family of $ H DO's. □ 

Assume now that M is endowed with a density > and £ with a Hermitian met- 
ric. Then Proposition ^. 6. ll allows us to carried out the proof of Proposition 13 . 2 . l2l 
in the setting of holomorphic families, so that we get: 

Proposition 4.6.2. Let (P z ) ze n C ^* H (M, £) be a holomorphic family of 
^hDO's. Then the family (P*) z <=n C ^* H (M,£*) is an anti-holomorphic family 
of "J hDO's, in the sense that (Pl) zen is a holomorphic family of 5* ^DO's. 
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Heat Equation and Complex Powers of 
Hypoelliptic Operators 

In this chapter we deal with complex powers of hypoelliptic differential opera- 
tors in connection with the heat equation. Due to the lack of microlocality of the 
Heisenberg we cannot carry out in the Heisenberg setting the standard approach 
of Seeley |Sej to the complex powers of elliptic operators. Instead we rely on the 
pseudodifferential representation of the heat kernel of |BG S . which is especially 
suitable for dealing with positive differential operators. 

In Section I*TT1 we recall the pseudodifferential representation of the heat kernel 
of an hypoelliptic operator in terms of the Volterra-Heisenberg calculus of BGS 
and we extend to this setting the intrinsic approach of Chapter's] We then specialize 
the results to sublaplacians and integer powers of sublaplacians in Section 15.21 

In Section 15.31 we make use of the framework of Section 15.11 to prove that the 
complex powers of a positive differential operators form a holomorphic family of 
^^fDO's, provided that the principal symbol of the corresponding heat operator is 
invertible in the Volterra-Heisenberg calculus. 

The other two sections are devoted to applications of the above result. First, 
in Section "5""*l we make use of it to extend Theorem 13. 3. 181 to non-integer vE^DO's 
and to show that the invertibility of the principal symbol of the heat operator is 
implied by the Rockland condition when the bracket condition H + [H, H] = TM 
holds. 

Second, in Sect ion 15*31 we construct the weighted Sobolev spaces Wjj{M, £) and 
check their main properties. In particular, we prove that they yield sharp regularity 
results for f^DO's. 

Throughout this chapter we let (M d+1 ,H) be a compact Heisenberg manifold 
equipped with a (smooth) density > and let £ be a Hermitian vector bundle over 
M of rank r. 

5.1. Pseudodifferential representation of the heat kernel 

In this section we recall the pseudodifferential representation of the heat kernel 
of a hypoelliptic operator of BGS , which extends to the Heisenberg setting the 
approach to the heat kernel asymptotics of [Grej . 

Let P : C°°(M,£) -> C°°(M,£) be a differential operator of even (Heisenberg) 
order v which is selfadjoint and bounded from below. We also assume that the 
principal symbol of P is an invertible principal symbol, which by Theorem 13.3.181 
is equivalent to say that P satisfies the Rockland condition at every point. In 
particular, P is hypoelliptic with gain of ^-derivatives by Theorem 13.3. II 

Since P is bounded from below it generates on L 2 (M, £) a heat semigroup e~ tp , 
t > 0. In fact, the hypoellipticity implies for t > the operator e~ tp is smoothing, 
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i.e., is given a smooth kernel kt{x,y) in C°°(M x M,£ M (£ £g) |A|(M))), where 
|A|(M) denotes the bundle of densities on M. 

On the other hand, the heat semi-group allows us to invert the heat equation. 
Indeed, the operator given by 

/>oo 

(5.1.1) Qof(x,t)= e- sP f(x,t-s)dt, f € C C °°(M x R,£), 

Jo 

maps continuously Cf (M x E, £) into C° (R, L 2 (M, £)) C V(M x R, £ ) and satisfies 

(5.1.2) (P + d t )Q f = Qo(P + d t )f = f V/eC c M (Mxl,£). 

Notice that the operator Qo has the Volterra property of Pi , i.e., it is transla- 
tion invariant and satisfies the causality principle with respect to the time variable, 
or equivalently, has a distribution kernel of the form Kq (x, y, t—s) with Kq (x, y, t) 
supported outside the region {t < 0}. Indeed, at the level of distribution kernels 
the formula l|5.1.1l) implies that we have 

/u ,i , ,s / h{x,y) if t > 0, 

(5-1-3) K Qo (x,y,t) = | Q v ift<0. 

The above equalities are the main motivation for using pseudodifferential oper- 
ators to study the heat kernel k t (x,y). The idea is to consider a class of fj/DO's, 
the Volterra ^DO's, taking into account: 

(i) The aforementioned Volterra property; 

(ii) The parabolic homogeneity of the heat operator P+dt, i.e., the homogeneity 
with respect to the dilations of R d+2 = R d+1 x R defined by 

(5.1.4) A.(£,r) = (A.£,AV), A^O. 

In the sequel for g e S'(R d+2 ) and A ^ we let g\ denote the element of 
S'(R d+2 ) such that 

(5.1.5) (gx(t,T),m,T)) = \\\-( d+2+v \g(Z,T)J(\~ 1 Z,\^T)), f e S(R d+2 ). 

Definition 5.1.1. A distribution g e 5'(R <i+2 ) is parabolic homogeneous of 
degree m, m G Z, when we have g\ = X m g for any A =/= 0. 

Let C_ denote the complex halfplane {3r < 0} with closure C_ C C. Then 
we define Volterra symbols and Volterra f ^DO's as follows. 

Definition 5.1.2. The space S v , m (R d ^ 2 ), m e Z, consists of functions g(^,r) 

in C°°{R d+2 \0) such that: 

(i) q(X4, AV) = X m q(x, r) for any A ^ 0; _ 

(ii) q(£,,r) extends to a function in C°((M. d+1 x C-) \ 0) whose restriction to 
R d+1 x C_ belongs to C°°(M d+1 )(g) Hol(C-). 

We also endow S Vtm (Rtt 2 ) with the Frechet space topology inherited from that 

of C oo (R rf+2 \0)nC ((M d+1 x CT)\0)n [C*°°(R d+1 )®Hol(C_)]. 
The interest of the above definition stems from: 

Lemma 5.1.3 f jBGSI Prop. 1.9]). Let q(£,r) £ S Vim (Rp 2 ). Then there exists 
a unique distribution g S 5'(]R d+2 ) agreeing with q on M. d+2 \ such that: 
(ii) g is parabolic homogeneous of degree m; 
(Hi) The inverse Fourier transform g{x,t) vanishes for t < 0. 



5.1. PSEUDODIFFERENTIAL REPRESENTATION OF THE HEAT KERNEL 



83 



Let U be an open subset of R d+1 together with a hyperplane bundle H C TU 
and H- frame Xq, . . . , Xd of TU. 

Definition 5.1.4. S Vtm (U x R^ 2 ), m e Z, consists of functions q(x,£,r) in 
C°°{U x (R d + 2 \ 0)) audi i/wrf; 

ft q(x, A.£, AV) = A^z, £, r) /or any A ^ 0; 

(«j q{x,i,r) extends to an element of C°° (U)(g>C° ((R d+1 x CT) \ 0) w/iose 
restriction to U x R d+1 x C_ fceZon^s to C°°(J7 x R d+1 )<g) Hol(C_). 

Definition 5.1.5. S™(U x R^ 2 ), m S Z, consists of functions q(x,£,r) 
in C°°{U x R d+2 ) with an asymptotic expansion q ~ ^^>q qm—j with q m —j ^n 
S v _ m -j(U x R^ 2 ) and ~ taken in the sense that, for any integer N and any com- 
pact K C U , we have 

(5.1.6) \d^d^(q- ]T q m -j)(x,S,T)\ < c NKafik (U\\ + \ T \Vv)™-"-@-v\ 

j<N 

for x e K and |£| + |r| « > 1. 

Definition 5.1.6. Lei q(x,£,r) e S Vim (U x R^ 2 ) and Zei 5 6e i/ie disiri- 

bution in C°° (U)®S' (R d+1 ) be the unique homogeneous extension of q provided 
by Lemma \5.1.cA Then we let q(x,y,t) denote the inverse Fourier transform of 
g(x,£,r) with respect to the variables (£, r). 

Remark 5.1.7. The above definition makes sense since it follows from the 
proof of Lemma T5. 1.31 in [BGS] that the extension process of Lemma 15 . 1 . 31 applied 
to every symbol q(x, ., .), x € U, is smooth with respect to x, so really gives rise to 
an element of C°° (U)®S' (R d+2 ) . 

Definition 5.1.8. ^jj v (U x R(„)), m e Z, consists of continuous operators 
Q : C^°(U X x R f ) — > C°°(U X x R ( ) such that Q has the Volterra property and can 
be put into the form 

(5.1.7) Q = q(x,-iX,D t )+R, 
with q in S r v n {U x R^+ 2 ) and R in $-°°(U x M). 

Remark 5.1.9. It is immediate to extend the properties of $^DO's on U 
alluded to in Section |3~T1 to Volterra 'J'^fDO's onf/xl except for the asymptotic 
completeness as in Lemma 13.1.71 which is crucial for carrying out the standard 
parametrix construction. The issue is that the cut-off arguments of the classical 
proof the asymptotic completeness of standard fDO's cannot be carried through in 
Volterra setting because we require analyticity with respect to the time covariable. 
A proof of the asymptotic completeness of Volterra 'J'DO's is given in [Pi] , but 
simpler proofs which can be carried out verbatim for Volterra f ifDO's can be 
found in Po5 . 

Let a E U. Then, as for Heisenberg symbols, the convolution on the groups 
x R, gives rise to a continuous bilinear product, 

(5.1.8) h» : S v , mi (R^ 2 ) x S v , m2 (R d + 2 ) -» S v , mi+m2 (R d + 2 ). 
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Here again * a depends smoothly on a and so we get a bilinear product, 

(5.1.9) Sy >mi (U x R^+ 2 ) x S v<m2 (U x R^+ 2 ) -» S v , mi+m2 (U x R d { + 2 ), 

(5.1.10) qi * q 2 (x, £, r) = ( 9l (x, ., .) ** q 2 (x, ., .))(£, t), q € S v>m . ((7 x Eg 2 ). 

Proposition 5.1.10. For j = 1,2 Zei e ®h%(U x and assume that 
one of these operators is properly supported with respect to the space variable x. 
Then Q\Q 2 belongs to $^ J v (f7 x R(„)) and i/g^ ~ J2k>o Qj,m-k denote the symbol 
of Qj then Q1Q2 has symbol q ~ X)fc>o 9mi+m 2 -fc where, using the notation of 
Proposition ^. 1 . PI me Ziaue 

(fc— fei— /C2) 

(5.1.11) g m i+m 2 -fe = X! X! h OL0iS{Dlqi, m -L-kx) * (f 7 d£df «2,m 2 -fc 2 )- 

Remark 5.1.11. Since x K is Abelian with respect to the time variable, 
the product * a is merely the pointwise product with respect to r, e.g., we have 
t * q = t*q = Tq for any q S S v , m (U x R^ 2 ). In particular, the Volterra- 
Heisenberg calculus, while not microlocal with respect to the space variable, is to 
a large extent microlocal with respect to the time variable. 

On the other hand, thanks to the Volterra property the kernels of $j/DO's can 
be characterized as follows. 

Definition 5.1.12. IC Vym (U xR^ 2 ), m € Z, consists of distributions K(x,y,t) 
in C°°(U)®S' reg (R d+2 ) such that: 

(i) The support of K(x,y,t) is contained in U x R d+1 x R + ; 
(11) K(x, X.y, X v t) = (sign X) d \ m K{x, y, t) for any A e R \ 0. 

Definition 5.1.13. /C" l (C/xR^+ 2 ), m e Z, is the space of distributions K(x,y,t) 
in V'(U x R d+2 ) which admit an asymptotic expansion K ~ X)j>o K m +j with K m+ j 
in K, v . m +j(U x R d+2 ) and ~ taken in the sense of \3.1.24\j - 

In the sequel, for x 6 U we let ^ and e x respectively denote the changes 
of variable to the privileged coordinates and to the Heisenberg coordinates at x. 
Then, along the same lines as that of the proofs of Proposition 13.1.151 and Propo- 
sition l3~l. 161 we obtain the following characterization of Volterra ^jjDO's. 

Proposition 5.1.14. Let Q : C%°(U X x R t ) — > C°°(U X x R t ) be a continuous 
operator with distribution kernel kq(x,t;y, s). Then the following are equivalent: 

(i) The operator Q belongs to ^h,v( U x K )>' 

(ii) The kernel of Q can be put into the form, 

(5.1.12) k Q (x,t;y,s) = \^' x \K{x,-tp x (y),t - s) + R(x,y,t - s), 

with K in K.f(U x R^ 2 ), rh = -(to + d + 2 + v), and R in C°°(U x R rf + 2 ). 
(Hi) The kernel of Q can be put into the form, 

(5.1.13) k Q (x,t;y,s) = \s' x \K Q (x, -e x (y), t - s) + R(x, y, t - s), 
with K Q in K.f(U x R^ 2 ); to = -(to + d+ 2 + v), and R in C°°(U x R d + 2 ). 

An interesting consequence of Proposition 15.1.141 is the following small time 
asymptotics for the kernel of a Volterra 'J'h DO. 
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Proposition 5.1.15 ( BGS Thm. 4.5]). Let Q e ^h,A u x r m) have s V mho1 
q ~ ^2j>o Qm-j and kernel kg (x,y,t—s). Then as t — ► + the following asymptotics 
holds inC°°{U), 

(5.1.14) kq(x, x, t) ~ t~ 2[T l +d+1 £ ^'|4|g 2[?] _ 2j .(x, 0, 1). 

i>o 

Let {/ be an open subset of R d+1 together with a hyperplane bundle H C Tf/ 
and a ii-frame of T[/ and let <fi : ([/, i? ) — > ({/, 7J ) be a Heisenberg diffeomorphism. 
Then using Proposition 15.1.141 and arguing along similar lines that of the proof of 
Proposition 13 . 1 . l51 allows us to prove: 

Proposition 5.1.16. Let Qef^ (U x R (l)) ) and set Q = (cf> © 1 R )*Q. 

7 J TTie operator Q belongs to ^h v ( u x 

£J 7/ £/ie distribution kernel of P is of the form \b.l. I'd]) with Kg^x^y, t) in 
K™{U x R^ 2 ) £/ien the distribution kernel of P can be written in the form 15.1.1$ 
with K Q (x,y,t) in JCf(U x R d { + 2 ) such that 

(5.1.15) K Q {x,y,t)~ J2 ^Mv^dlK^xl^'^y.t), 

where the functions a a p(x) are as in < 3. 1.36)) . 

This allows us to define Volterra ^DO's on the manifold M x R and acting 
on the sections of the bundle £ (or rather on the sections of the pullback of £ by 
the projection M x R — > M, again denoted £). 

Definition 5.1.17. v (MxR^,£), ragZ, consists of continuous operators 
Q : C C °°(M xR,£)^ C°°(M x R,£) such that: 

(i) Q has the Volterra property; 

(ii) The distribution kernel of Q is smooth off the diagonal of (M xM) x (MxR); 
fmj For any trivialization r : £\ v — > [7 x C r o/£ over a /oca/ Heisenberg chart 

k : U ~* V C M. d+1 the operator {k®\&)*t*(Q\ UkS ) belongs to ^ v (Vxl w ,C r ) := 
*^ v (V A xR (t , ) )®EndC r . 

Using Proposition lS . 1 . lBI we can define the global principal symbol of a Volterra 
^hDO as follows. Let Q*M denote the dual bundle of the Lie algebra bundle qM 
of M and consider the canonical projection it : q*M x M — > A/. 

In the sequel, depending on the context, denotes either the zero section of 
q*M or the zero section of g*M crossed with {0} C C_. 

Definition 5.1.18. S Vjm ($*M x R/„\,£), m G Z, consists of sections q(x,£,r) 
in C°°((q*M xR) \ 0,tt* End£) swc/i i/wrf: 

ft) q(x, A.£, AV) = A m o(:c, f , t) /or any A G R \ 0; 

(ii) q{x,£,r) extends to a section o/7r*End£ over (g*M x C_) \ which is 
smooth with respect to the base space variable and continous with respect to the oth- 
ers and which restricts on g*MxC_ to an element ofC°°(g*M, tt* End£)(§) Hol(C_). 

Using (|5.1.15|l and arguing as in the proof of Proposition ^. 2. 21 we get: 
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Proposition 5.1.19. For any Q g ^g v (M x M.^,£) there is a unique symbol 
o~ m {Q) G S Vtm (Q*M x R( v ),f) such that, if in a local trivializing Heisenberg chart 
U C R d+1 we let Kq^ € ICm(U x R d+1 ) be the leading kernel for the kernel Kq in 
the form 15.1.13\) for Q, then for (x, £, r) eU x [(R d+1 X R) \ 0] we have 

(5.1.16) <Tm(Q)(x,Z,T) = [KQ,<h]b,tW,r){x,S,T). 

Equivalently, on any trivializing Heisenberg coordinates centered at a G M the 
symbol o~ m (Q)(a, ., .) coincides with the (local) principal symbol of Q at x = 0. 

Definition 5.1.20. For Q £ *g iV (M xl w ,f) i/je symbol a m (Q)(x,i,r) pro- 
vided by Provosition \5. 1.71a is called the (global) principal symbol of Q. 

Extending Definition 15.1. 61 to Volterra-Heisenberg symbols on M x R we can 
define the model operator of a Voltcrra ^^DO as follows. 

Definition 5.1.21. Let Q £ \&g v (M x R( v \,£) have principal symbol a m (Q) 
and let a G M . Then the model operator Q a of Q at a is the left- convolution operator 
by o~ m (Q) v (a, ., .), that is, Q a is the continuous endomorphism of S{G a M x R,£ a ) 
such that, for any f € S(G a M,£ a ), we have 

(5.1.17) Q a f(x, t) = ( f 7„ l (g) v (a, y, t),f(x.y~\t - s)). 

Remark 5.1.22. The model operator Q a can be defined as an endomorphism 
of S(G a M, £ a ), not just as an endomorphism of So(G a M, £ a ) as in Definition 13. 2. 71 
because cr m {Q)^L T ^i y ., .) makes sense as an element of S'(G a M,£ a ). 

Proposition 5.1.23. The group law on the fibers of GM x R gives rise to 
a convolution product * from S Vtfni (Q*M x M.i v \,£) x S Vi „ l2 (g* M x M.^,£) to 
Sy, mi +ma(&*M x R(„),£) such that, for q mj £ S v<mj ($*M x R^,£),we have 

(5.1.18) gi *q 2 {x,t,T) = [qi(x,.,.) * x q 2 {x, ., .)](£, r), 
where * x denote the convolution product for symbols on G X M x R. 

In a local trivializing Heisenberg chart the symbolic calculus for Volterra ^//DO's 
reduces the existence of a Volterra f ijDO parametrix to the invertibility of the local 
and global principal symbols. Therefore, we obtain: 

Proposition 5.1.24. Let Q e *^,v( M x R (v),£), m G Z. T/ien we have 
equivalence: 

(i) The principal symbol of Q is invertible with respect to the product j\5.1.1ti\) 
of Volterra-Heisenberg symbols; 

(ii) The operator Q admits a parametrix in ^^'"(M x R(„),£ ). 

In the case of the heat operator P + dt, comparing a parametrix with the 
inverse (|5.1.1|l and using 15.1.31) allows us to obtain the pseudodifferential represen- 
tation of the heat kernel of P below. 

Theorem 5.1.25 ( BGS, pp. 362-363]). Suppose that the principal symbol of 
P + dt is an invertible Volterra-Heisenberg symbols. Then: 

1) The heat operator P + dt has an inverse (P + $t) _1 in *&^ V (M x R(„),£). 

2) Let Krp + QA-i(x,y,t — s) denote the kernel of (P + <9t) -1 . Then the heat 
kernel kt{x , y) of P satisfies 

(5.1.19) kt(x,y) = K( P+dt )-i(x,y,t) for t > 0. 
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Combining this with Proposition 15 . 1 . 15l then gives the heat kernel asymptotics 
for P in the form below. 

Theorem 5.1.26 ( RGS Thm. 5.6]). If the principal symbol of P + d t is an 
invertible Volterra-Heisenberg symbol, then as t — > + the following asymptotics 
holds in C°°(M, (End£) ® |A|(M)), 

(5.1.20) k t (x,x) ^t-^^t^o^P)^), aj(P)(x) = \e' x \(q^ 2j ) v (x,0, 1), 

where the equality on the right shows how to compute aj(P)(x) in a local trivializing 
Heisenberg chart by means of the symbol q^ v -2j{x,S,,r) of degree —v — 2j of any 
parametrix of P + d t in ^~^ V {M x N.r v \,£). 

5.2. Heat equation and sublaplacians 

In this section we specialize the results of the previous sections to sublaplacians 
and their integer powers. In particular, we complete the treatment in |BGS| of the 
heat kernel of a sublaplacian. 

Throughout this section we let k be an integer > 1 and we set v — 2k. In 
order to deal with sublaplacians it will be convenient to enlarge the definition of 
homogeneous Volterra-Heisenberg symbols as follows. 

Let U C R d+1 be a Heisenberg chart with H- frame Xq, . . . , Xd and let G be an 
open angular sector whose closure contains K and which is contained in C \i[0, oo). 

Definition 5.2.1. FormeZ and N e NU{oo} we let S v , m (U x R d+1 x 6^) 
be the space of functions q(x,£,r) on U x (R d+2 \ 0) such that: 

(i) q(x, £, r) is C°° on U x (R d+2 \ 0) and near the region {r = 0} is C°° with 
respect to x and £ and C N with respect to t; 

(ii) We have q(X4, X v t) = \ m q(£, r) for any A G M \ 0; 

(Hi) q(x,£,r) extends to a continuous function on U x [(R d+:L x 0) \ 0] whose 
restriction to U x R d+1 x belongs to C°° (R d+1 )(g) Hol(0). 

In particular, when = C_ and iV = oo we recover the class S v . m {U x R d { + 2 ) 
defined in the previous section. 

As alluded to in Remark 15.1.111 the Volterra-Heisenberg calculus is microfocal 
with the respect to the time variable. As we shall now see this allow us to extend 
the product for homogeneous Volterra-Heisenberg symbols to the symbols in the 
class S% m (U x R d+1 x 0$ } ). 

Definition 5.2.2. S' _00 (C/ x M d+1 x Q N ) consists of functions q(x,£,r) on 
U x R d + 2 such that: 

(i) q(x,£,r) is smooth on U x R d+1 x (R \ 0) and for any integer N' , any 
compact K C U and any c > we have estimates, 

(5.2.1) \d«dld k T q{x,t,T)\ <C N , Kca/3k (l + \li\ + \T\)- N ', (x,0eKxR d +\\T\>c, 
with a, (3 and k arbitrary. 

(ii) q(x, £, t) is smooth with respect to x and £ and is C N with respect to r near 
U x R d+1 x and for any integer N' , any compact K C U we have estimates, 

(5.2.2) \d5%%q{x,Z,T)\ < C N , Kapk (l + \C\ + \t\)- n ', (x,Z,t) e K x R d + 2 , 
with a and (3 arbitrary and with k < N . 
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(Hi) q(x,^,r) extends to a continuous function on U x R d+1 x O whose restric- 
tion to U x R d+1 x 6 belongs to C°°(U x Hol(0) and such that, for any 
integer N' and any compact K C U , we have estimates, 

(5.2.3) \d^q{x,^r)\ < C N , Ka p{l + \£\ + \t\)~ n ' , (x, £, r) e K x R d+1 x 9, 
with a and (3 arbitrary. 

Definition 5.2.3. S™ h v (UxW i+1 x N ), m £ It, consists of functions q(x,£,r) 
onU x R d + 2 such that: 

(i) q(x, £, t) is smooth onU x (R d+2 \ 0) and near the region U x (R d+1 \0) x 
it is smooth with respect to x and £ and is C N with respect to t; 

(ii) q(x,^,r) extends to a continuous function on U x [(M d+1 x 0) \ 0] whose 
restriction to U x R d+1 x belongs to C°°(U x R d+1 )<x> Hol(0). 

(Hi) For any A G M \ the function q(x,\.£,\ v T) — A m q(x,^,r) belongs to 
S-°°(U xR d+1 x N ). 

Along similar lines as that of the proof of Lemma ^ .3.21 and of the proof of |Po5l 
Prop. 3.3] we obtain: 

LEMMA 5.2.4. 1) Let q G S™ hv (U x R d+1 x G N ). Then q admits a unique 
homogeneous part, i.e., there is a unique symbol q(x, £, t) in S v . m (U x R d+1 x 0(^0 
such that on U x (R d+2 \ 0) we have 

(5.2.4) q m (x^,T) = hm\- m q(x,X4,X v r). 

2) Letq rn G 5 v , m (J7 x R d+1 x 0^). Then there exists q G S™ h v (U x R d+1 x N ) 
with homogeneous part q rn . Moreover q is unique up to the addition of a symbol in 
S-°°{U x R d+1 x N ). 

In particular, this lemma implies that l|5.2.4|) gives rise to a linear isomorphism, 

(5.2.5) S v , m (U x R d+1 x e$ } ) ~ S2, V {U x R d+1 x Q N )/S-°°{U x R d+1 x Q N ). 
Let q G 57^ V (U x R d+1 x Q N ). For any compact K C U we have estimates, 

(5.2.6) \d2dlq(x,Z,T)\<C Ka p(l + U\\ + \T\ v ), (x,Z,T)KxR d+1 x6, 
Combining this with the inequalities, 

(5.2.7) (1 + |rn*(l + U\\)i < 1 + M + |r|" < (1 + ||£||)(1 + M"), 

(5.2.8) (i + neii + \ r \ v ) m < (i + iieiira + \rn M , 

the latter being the Peetre's inequality, we see that we can regard ., t)) tS q as a 
continuous family with values in S™(U x R d+1 ) which is a 0(|r|l m l) in this Frechet 
space as |r| — ► oo. 

In fact, this family is also holomorphic on 0, smooth on 1\0 and C N near 
r = and its r-derivatives too are 0(|r|l m l) in S™(U x R d+1 ) as r becomes large. 

Recall that the convolution products on the groups G^ x ' , x € U, give rise to a 
smooth family of bilinear products, 

(5.2.9) * (x) : Sp(R d+1 ) x Sp(R d+1 ) — -» S™ 1+m2 (JR d+1 ). 
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Therefore, if qj e S^ V (U x R d+1 x 0^) then we define a family with values in 

s 2]v m2 ( u x x ® N ) b y lettin g 

(5.2.10) qi*q 2 (x^,r) = ( gi (a:, .,r) * (x) q 2 (x, .,r))(£), (s,£,t) G (7 x R rf+1 x 0. 

This family is continuous on 0, is holomorphic on 0, is smooth on R\ and is C N 
near r = 0. Moreover, along with its derivatives it is a 0(|r|l m l) in ST^iU x R d+1 ) 
as t becomes large. 

On the other hand, it also follows from the inequalities (|5.2.7[1 that if q is a 
symbol in S* -00 ^ x R d+1 x 0^0 then we can regard (q(., .,t)) t(E q as a continuous 
family with values in S , "°°(C7 x R d+1 ) which is holomorphic on 0, is smooth on 
R\ 0, is C N near t = and which, for any integer N' , together with its derivatives 
is a 0(\t\- n ') in S-°°(U x R d+1 ) as t becomes large. Therefore, if in (|5.i>.10jl we 
replace qi or q 2 by an element in S~°°(U x R rf+1 x 0(^0 then the resulting symbol 
belongs to S-°°{U x R d+1 X0J,). 

Now, for j = 1,2 let ^ € S^ V (C/ x R d+1 x W ). Then thanks to (|Q7jl for 
any A S R \ the symbol gi * q 2 (x, A.£, A' u t) - \" ll+m2 qi * g 2 (x, £, r ) is equal to 

(5.2.11) A.£, AV) - A mi 9i(a;, £, r)] * ^(x, A.£, AV) 

+ X m ^ qi {x,i,T) * [q 2 (x,\4,\ v T)-\ m *q 2 (x,Z,T)}, 

and so belongs to S~°°(U x R d+1 x 0|^\) by the observations above. This shows 
that gi * <j 2 belongs to 5^ v +m2 (C/ x R d+1 x W ). Therefore, the formula (|5.2.l0|) 
defines a bilinear product * from S%£ V (U x R d+1 x W ) x S™ V (U x R d+1 x W ) 
to S2)+ m2 (U xR d+1 xO N ). 

Moreover, if qj £ S^ a \(U x R rf+1 x 0^) has the same homogeneous part as 
that of qj then thanks to the equality qi* q 2 — qi*q 2 — (<Zi — ?l) * <Zi + <7i * (<72 — q 2 ) 
we see that qi * q 2 and * q 2 agree up to an element in S~°°(U x R d+1 x 0^0 and 
so have same homogeneous part. Therefore, using the isomorphism (I5.2.5|l we get: 

Lemma 5.2.5. The convolution products on the groups G^ a \ a € U , give rise 
to a bilinear product * from S v , mi {U x R d+1 x 0^ } ) x S v , m2 (U x R d+1 x 0^ } ) to 

S v<mi+m2 (U xR d +^ x 0^). 

Definition 5.2.6. Form e Z and N e NU{oo} the space S v , m (8*M xQFyS) 
consists of sections q(x,£,r) of £ over (q*M xR)\0 such that: 

(i) <?(x, £, t) is C°° on q*M x (R \ 0) and near the region q*M x it is C°° 
with respect to x and £ and C N with respect to t; 

(ii) We have g(A.£, X v t) = A m g(£, r) for any A G R \ 0; 

fmj <7(x, £, r) extends to a section ofir* End£ over (j*Mx9)\0 which is smooth 
with respect to the base space variable and continous with respect to the others and 
which restricts on g* M x C_ to an element of C°°(rj*M, ir* End£)<8> Hol(O). 

For instance, if P : C°°(M,£) — » C°°(M, £) is a differential operator of Heisen- 
berg order v then the symbol cr v (P)(x,£) +ir belongs to S V] „(g* x 0^,5) for any 
open angular sector whose closure containing R. 

Along the same lines as that of the proof of Proposition 13.2.81 using (|3.2.2U|) 
and Lemma 15 . 2 . 51 we obtain: 
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Lemma 5.2.7. The convolution products on the tangent groups G a M , a G M , 
give rise to a bilinear product * from S Vtmi (0*M x Q^yS) x S v<m2 (g*M x Q^y£) 

to S v<mi+m2 (Q*M x 9f v) ,£). 

In particular, for a symbol q G S v . m (2*M x Q^,£) it makes sense to speak 
about its inverse in S v - m (Q*Al x 9|^,£). 

Next, let U C M d+1 be a trivializing Hcisenberg chart together with a H-frame 
Xq, . . . , Xd and let L(x) = (Lj k (x)) be the matrix of the Levi form C with respect 
to this H- frame, so that for j, k = 1, . . . , d we have 

(5.2.12) C{X 3 ,X k ) = [X h X k ] = L jk X mod H. 
Then we have the following extension of Theorem 5.22 of BGS . 

Proposition 5.2.8. For ui e (-§, §) define 

(5.2.13) Q u = {(/x, x) GM r (C)\ U; [(cos w)~ 1 3?(e M Sp/x)] n = 0}, 
where the singular set A x is defined as in [3.4-15}j ~ l3.4-16\f . Then Sl u is an open 
set and there exists qjf '\x,£,t) G C°°(Q W , 5^,-2 (R^2) 2 > ^ r )) sucft i/ia£: 

qij°\%i£,i l^) depends analytically on fi; 
(ii) For any (fi,x) G i7 the symbol qjx (x, ., .) inverts |£'| 2 + z/x£o + ie~ lu) T, i.e., 

(5.2.14) gH(^.)* x (|^| 2 + i^o + ie--r) = (l^ + ^o + ze-^K^x, .) = 1. 
Moreover, if (/x, x) £ fi Ul fl fi U2 i/ien we Ziaue 

(5.2.15) q^\x,^e^r) =q^\x^,e^r), 

for any £ in W l+1 and any r in e~ iwi C- fl e" lW2 C- 

PROOF. First, in the same way as in the proof of Proposition ^. 4. 4l we can show 
that flu, is an open subset of M r (C) x {/. 

Second, let us assume that r = 1. For x E U define 

(5.2.16) A° = (-oo,-- Trace \L(a)\] U [- Trace |£(a)|, oo) 
For k = 1, 2, . . . let A£ = A° if rk£ x < d and otherwise let 

(5.2.17) A^ = {±(iTrace|L0r)|+2 ]T ay |A, |); ay E N, a, < fc}. 

l<j<n 

Then for k = 0, 1, ... we let fifj denote the subset of C x U defined as in (|5. 2.13(1 
with r = 1 and with replaced by f2j, . Again is open and when rk£ x < d for 
every x G £/ we have fta = = ^w- 
We are now going to prove: 

Claim. For k = 0, 1, . . . there exists q^\x, £, r) in C°°(fi£, S , V ,_ 2 (R^+ 2 )) sat- 
isfying (i) and (ii) on 

For uj — and fc = the claim follows from |BGSI Thm. 5.22] and in this case 
the symbol q ( " } G C°°(f^, S v _ 2 (R^ 2 )) is given by the formula, 

pOO 

(5.2.18) q$Hx,S,T)= e-^-^Gfa&Qdt, 

Jo 
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where G(x, is as in l|3.4.2[l . 

Similarly, for w ^ we define a symbol ^'(i^.t) G C°°(ft° , S v _ 2 (Mit 2 )) 
satisfying (i) and (ii) by letting 

(5.2.19) q$\x,Z,T)= [ e-^-^^Gix^dt. 

Je to (0,oo) 

Notice also that thanks to the analyticity of G(£, t) with respect to t, if (//, x) is in 
fij^ n 17° 2 then, for any £ G R d+1 and any r G e _iWl C_ n e"^ 2 C_, we have 

(5.2.20) ^ l) (^^ fal r)=?W(x,e,e iUa T). 

For fc > 1 the claim can be proved by making integration by parts in the 
integral 1)5.2.19)1 as in |BG| . Moreover, as in the case k = if (fi, x) G fij^ fl fi£ 2 
then the equality l|5. 2.20)1 holds for any £ G R d+1 and any r G e~ lWl C_ n e~"" 2 CL. 

All this shows that the lemma is true for r = 1. The case r > 2 is then deduced 
from the case r = 1 by arguing as in the proof of Proposition 13. 4.31 □ 

In the sequel given open angular sectors Oi and 02 we write 0i CC 02 to 
mean that 0i \ is contained in 02- 

Proposition 5.2.9. Let A : C°°(M,£) -> C°°(M,S) be a selfadjoint sublapla- 
cian which is bounded from below and satisfies the condition \3.4-2!Hty at every point. 
Then the principal symbol of A + dt admits an inverse in S Vl -2(Q*M x 0^,5) for 
any open angular sector GC C \ i[0, oo) containing R. 

Proof. It is enough to prove the proposition in a local trivializing Heisenberg 
chart U C R d+1 with a H- frame Xq, . . . , Xd with respect to which A is of the form, 

d 

(5.2.21) A = -^X 2 -i,u(x)X + O H (l). 

i=i 

Since A is selfadjoint the matrix /x(x) is selfadjoint for every x G U and so 
the condition 1)3.4.22)) implies that, with the notation of Proposition 15.2.81 the pair 
(x,/i(x)) is in Q u for any x G U and any w G (— §,§)• Therefore, thanks to 
Proposition ^. 2. 8l we define an inverse g_2 G 5 v ,- 2 (^ x R^+ 2 ,C') for the principal 
symbol |£'| 2 + i^(x)£o + ir of A by letting 

(5.2.22) g- 2 (z,£,T) =4° ) ;c) ( a; ,£,T), (x,£,t) G [/ x [(R d+1 x C_~) \ 0]. 

Forw G (-§,§) let W = C_U(e- lw C_). Since (IR.llRI) shows that g _ 2 (£, f, t) = 
^Tx)^' el " r ) when r is in C_n(e~ M C_), we see that we can extend the definition 
of q_ 2 to U x R d+1 x W by letting 

(5.2.23) g_2^,£,r)=^ ) (x,£,e^r), (x, £, r) G C/ x R d+1 x (e" iw C_). 

This defines an inverse for |£'| 2 + iji(a;)£o + «t in S V - 2 (U x R d+1 x 0^ (2) ,C r ). 
The proof is now completed by noticing that any angular sector CC C \ i[0,oo) 
containing R is of the form = Wl U W2 with — ^<cji<0<cj2<-§. O 

Remark 5.2.10. It can be shown that any selfadjoint sublaplacian with an 
invertible principal symbol is bounded from below (see |Pol| . |Pol2| ). Therefore, 
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the assumption on the boundedness from below of A in Proposition 15.2.91 in not 
necessary. 

Example 5.2.11. Proposition 15.2.91 is true for the following sublaplacians: 

(a) A selfadjoint sum of squares A v ,x = V 'xi^Xi + • • ■ + V^V^, where V 
is a connection on £ and the vector fields X\, . . . ,X m span H, under the bracket 
condition H + [H, H] = TM; 

(b) The Kohn Laplacian on a CR manifold acting on (p, q)-forms under the 
condition Y(q); 

(c) The horizontal sublaplacian on a Heisenberg manifold acting on horizontal 
forms of degree k under the condition X(k); 

(d) The horizontal sublaplacian on a CR manifold acting on (p, g)-forms under 
the condition X(p, q). 

In particular, Proposition 15 . 2 . 9l allows us to complete the treatment of the heat 
kernel of the Kohn Laplacian in BGS because, as with the invertibility of its 
principal symbol in Section [3.41 we really need the version for systems provided by 
Proposition l5.2.8l but not established in BGS . 

Next, assume that the bracket condition H + [H, H] = TM holds, that is, the 
Levi form of (M, H) has positive rank everywhere, and consider the sum of squares, 



(5-2.24) A v ,x = -(V^V Xl + . . • + V Xm V x J, 

where V is a connection on £ and the vector fields Xi, . . . , X m span H. 

Proposition 5.2.12. The principal symbol of Ay x + dt admits an inverse in 
S v -2k(&*M xR( 2 fc),£) and so Theorems \5.1.25\ and \5.1.26\ hold for At x . 

PROOF. Since proving the above statement is a purely local issue and Av,x is 
a scalar operator modulo lower order terms, we may assume that £ is the trivial 
line bundle and proceed on U x R where U is a Heisenberg chart with iJ-frame 
Yq, . . . ,Yd with respect to which Av,x takes the form, 

(5.2.25) A v ,x - -(If + • • • + Y%) + H (1). 

In particular the principal symbol of A is just |£'| 2 . In addition, let P2k( x iQ be the 
local symbol of Ay x on U. 

Let arg z be the continuous determination of the argument on C \ with values 
in [0, 27r) and for z S C\ let z* — \z\*e~* arsz and set 0* = 0, so that the function 
z — > z~& is analytic on C \ [0, oo) and is continuous at the origin. Set u> = e~ . 
Then for any z € C we have the polynomial identity, 

^ ~, — ( T -1 -<~u\( r V , . — T. \ { i M I-^T^^ 



(5.2.26) T k - z = {T - z*)(T -wz*)...{T 
Therefore, for T = |£'| 2 and z = -ir in S v - 2 k(U x M^+ 2 ) we get 

(5.2.27) p 2k +ir= (|e'| 2 + i(i(-ir)i) * ... * (|e'| 2 + i{iu k - l {-ir)^)). 

Let 8 be the angular sector | arg(— ir)\ > ^jr. As & CC C\i[0, oo) and we have 
H + [H, H] = TM, so that the condition 13.4.221) for A v ,x is satisfied at every 
point, Proposition 15.2.91 tells us that |£'| 2 + ir admits an inverse <3 , (_2)(£)£> T ) in 
S V - 2 (U x K d+1 x e (2) ). 
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Notice that for j = 0, 1, . . . , k — 1 if 3t < then iu^—ir) * is in 9, so for 

(x, £, r) e C/ x [(M d+1 x C_) \ 0] we can let 

(5.2.28) «(-2)j(a:,e,r) = g ( _ a) (a:,{,i^Hr)T)). 

In the sense of Definition l5 . 2 . 2l this gives rise to a symbol in S V .-2(U xR^'xC^^j). 
Therefore, it follows from l|5.2.27(l and Lemma 15.2.51 that we get an inverse for 
p 2k + ir in S V - V (U x W l+1 x C°_ (2fc) ) by letting 

(5-2.29) q(-2k) = 9(-2),o * • ■ ■ * ?(-2),fc-i- 

Let us now show that q { _ 2k) is in S v - 2k (UxR d+1 x C°° (2k) ) = S v - 2k (U xR d + 2 } ). 

Claim. For j = 1,2 let qj £ S VtTnj (U x R d+1 x C°_ (2fe) ). Then, regarding q u q 2 
and gi * q 2 as smooth families with values in C°°(U x R d+1 ) over R \ 0, we have 
(5.2.30) <9 r (qi * q 2 ) = {d T qi) * q 2 + qi * {d T q 2 ). 

PROOF of the claim. It follows from l|5.2.10(l that the Leibniz formula l|5.2.3()fl 
holds for almost homogeneous symbols in 5'* hv (C/ x R d+1 x C^, 2 fe))- Since d T and 
* are homogeneous maps the formula remains true for homogeneous symbols in 
S„((/xR d+1 xCi (2t) ). □ 

Now, differentiating the equality 1 = (p 2 k + ir) * <Z(_2fc) using (|5.2.30J) we get 
= (p2fe + ir) * (<9 T <7(_ 2 fc)) + iq(-2k), which after multiplication by g(_2fc) gives 

(5-2.31) <9r<?(-2fc) = ~iq(-2k) * Q(-2k)- 

This equality holds in C°°(K \ 0, C°°(U x K d+1 )) but, since g ( _ 2fe ) * 9(_ 2 fe) belongs 
to S v - 2v (U x x C^/ 2fc \), this actually shows that the symbol q(- 2k ) belongs 

to Sy,-2k{U x R d + X x Ci (2fe) ). 

+L„+ „. ;„ c _ . /Tr^TDxi+1 ^ mi 1 

-(2fc)> 



Finally, an induction shows that 9(-2fc) is contained in S Vy ~ 2 k(U xR d+1 xC^ 2( .j) 



for any integer iV, hence belongs to S v .- 2 k(U xl^). This proves that the principal 
symbol P(2k) 01 A fc + 9f nas arl inverse in S v .- 2 k{U x M d+1 x C^, 2fc s). The proof is 
thus achieved. □ 

5.3. Complex powers of hypoelliptic differential operators 

In this section we show that the complex powers of a positive hypoelliptic 
differential operator, a priori defined as unbounded operators on L 2 [M , £) , give 
rise to a holomorphic family of f ijDO's. 

Let P : C°°(M,£) — > C°°(M,£) be a selfadjoint differential operator of even 
(Heisenberg) order v such that P has an invertible principal symbol and is positive, 
i.e., we have (Pu,u) > for any u £ C co (M,£). 

Let LTo(P) be the orthogonal projection onto ker P and set Po = (1 — Hq(P))P+ 
ITo(P). Then Po is selfadjoint with spectrum contained in [c, oo) for some c > 0. 
Thus by standard functional calculus, for any s £ C, the power Pq is a well defined 
unbounded operator on L 2 (M,£). We then define the power P s , s £ C, by letting 

(5.3.1) P s = (1 - n (P))P s = P S - ITo(P), 

so that P s coincides with Pq on (kerP) 1 - and is zero on ker P. In particular, we 
have P° = 1 - n (P) and P" 1 is the partial inverse of P. 
The main result of this section is the following. 
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Theorem 5.3.1. Suppose that the principal symbol of P + dt admits an inverse 
in S v - v {g*M x R(„),£). Then: 

(i) For any s € C the operator P s defined by \5.3.1\l is a ^ hDO of order vs; 

(ii) The family (P s ) sg c forms a holomorphic 1-parameter group of '3/ hDO's. 

Proof. Let us first assume that £ is the trivial line bundle over M, so that P 
is a scalar operator. For SRs > the function x — > x~ s is bounded on [0, oo), so the 
operators P ~ s and P~ s are bounded. Moreover, by the Mellin formula we have 

1 r°° dt 

(5.3.2) ps = (1 - n (P))P* = — / t°(l n (P))e- tp -. 

r(sj Jo t 

This leads us to define 

(5.3.3) A s = [ t s - l e- tF db, 3?s > 0. 

Jo 

Then we have 

1*1 />oo 

T(s)p- S -A s = t s - 1 U (P)e- tp dt+ t s - 1 (l-n (P))e- tp ^, 

(5-3.4) Jo h 

= in (P) + er p l\ / (1 + t)- 1 e- tP dt)e- J V 2 . 
2 Jo 

Since IIo(P) and e~ p / 2 are smoothing operators and (J °°(l + i) s_1 e _tP <it)3} s >o is 
a holomorphic family of bounded operators on L 2 (M), we get 

(5.3.5) (r(s)p-* - A s )sr s>0 e Hol(Ks > 0, *-°°(Af)). 

Let us now show that (A s )srs>o defined by (|5.3.3|l is a holomorphic family of 
f hDO's such that ord^4 s = —vs. To this end observe that, in terms of distribution 
kernels, the formula (|5.3.3|l means that A s has distribution kernel 



(5.3.6) k As (x,y) = f t^k 

Jo 



(x, y)dt. 



where kt(x, y) denotes the heat kernel of P. 

On the other hand, since P is bounded from below and the principal symbol 
of P + dt is an invertible Volterra-Heisenberg symbol, Theorem 15 . 1 . 251 tells us that 
P+dt has an inverse Qo : = (P+dt) -1 in \E , ^" v (MxK( 1 ,),f ) and that the distribution 
kernel Kq (x, y,t — s) of Qq is related to the heat kernel of P by 

(5.3.7) K Qo (x,y,t) = k t (x,y) for t > 0. 
Therefore, for 3ts > we have 

(5.3.8) k As (x,y)= f t s ~ l K Qo (x,y,t)dt.. 

Jo 

Let ip and ip be smooth functions on M with disjoint supports. Then us- 
ing (|5.3.8|l we see that <pA s ip has distribution kernel 

(5.3.9) {x,y) = [ t s 1 ip(x)K Qa (x,y 1 t)%l)(y)dt. 
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Since the distribution kernel of a Volterra-^/fDO is smooth off the diagonal of 
(M x R) x (M x R) the distribution Kq (x, y,t) is smooth on the region {x ^ y} x R, 
so (15.3. 9|) defines a holomorphic family of smooth kernels. Thus, 

(5.3.10) (^WWo G Hol(5Rs > 0, *-~(Af)). 
Next, the following holds. 

LEMMA 5.3.2. Let V C R d+1 &e a Heisenberg chart, let Q € ^ H V V (V x R (l)) ) 
have distribution kernel Kq(x, y,t—s) and for 5is > iet B s : C£°(V) — > C 00 C(V") 
be given by the distribution kernel, 

(5.3.11) k BB (x,y)=[ t s - x K Q {x,y,t)di, 5Rs>0. 

Jo 

Then (-B s )sRs>o is a holomorphic family of ^DO's such that ord£? s = —vs. 

PROOF of the lemma. Let e x denote the change to the Heisenberg coordi- 
nates at x. By Proposition 15. l.lH on V x V x M. the distribution Kg(x,y,t) is of 
the form 

(5.3.12) K Q (x,y,t) = \e' x \K(x, -e x (y), t) + R{x, y, t), 

for some K e JC^ (d+2) {V x R^ 2 ) and some R e C°°(U x U x R). Let us write 

K ~ Ylj>o Kj-(d+2) w ith Ki £ K, v ,i(V x Kft 2 ). Thus, for any integer N, as soon 
as J large enough we have 

(5.3.13) K{x,y,t) = Y,K j _ (d+2) {x,y,t)+R NJ (x,y,t), R NJ eC N (UxR d+2 ). 

3<J 

In particular, on V x V we can write 

(5.3.14) k BB (x,y) = \e' x \K s (x, e x (y))+R.(x,y), K.(x,y) = f t s ~ l K{x, y, t)dt, 

Jo 

with (R s )u s >o in Hol(3?s > 0, C°°(V x V)). Moreover, K s (x,y) is of the form 

(5.3.15) K s = J2K jtS + R NJ , S) K jjS (x,y)= [ r^K^^fayrfdt, 

with (R N j,shs>o contained in Hol(9fts > 0,C N (V x V)). 

Notice that K^ {d+2) {x,y,t) is in C°° (V)®V reg {R d+1 x R) and is parabolic 
homogeneous of degree j — (d + 2) > — (d + 2). Thus the family (Kj !S )sR s >o belongs 
to Hol(5Rs > 0,C°°(?7)<g>iy eg (R d+1 )). Moreover, for any A > 0,' the difference 
K jtS {x, X.y) - X^+i-V+VK^lx, y) is equal to 

■ A 2 

(5.3.16) J t s - 1 K(x,y,t)dt€Ko\($ls>a,C 00 (V x R d+2 )). 

Hence (-ft^>)sfts>o is a holomorphic family of almost homogeneous distributions of 
degree vs — (d + 2) + j. Combining this with (|5.3.15|l then shows that (if s )sRs>o 
belongs to Hol(3?s > 0,JC*(V x R d+1 )) and has order vs - (d + 2). Therefore, 
using (|5.3.14|) and Proposition 14.4.51 we see that (-E> s );ks>o is a holomorphic family 
of * ff DO's such that ordS s = -(ordK s +d + 2) = -vs. □ 
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It follows from Lemma 15.3.21 that for any local Heisenberg chart k : U — > V 
the family (k*A s | [/ )srs>o is a holomorphic family of f hDO's on V of order — vs. 
Combining this with (|5.3.10|1 and (|5.3.5|1 then shows that (A s )sr s >o and (P s )srs<o 
are holomorphic families of 'J'/fDO's of orders — vs and vs respectively. 

Now, let s G C and let k be a positive integer such that k > 5Rs. Then on 
C°°(M,£) we have P s — p s ~ k p k . Since P k is a differential operator and P s ~ k is 
a 'f^DO of order v(s — k) this shows that P s is a ^#DO of order vs. In fact, as 
by Proposition ^. 3. fil the product of f jjDO's is analytic this proves that (P s ) se c is 
a holomorphic family of f ;/DO's such that ordP s = vs for every s G C. 

Now, let s e C and let fc be a positive integer such that k > 5fts. Then on 
C°°{M,£) we have 

(5.3.17) P s u = P s - k P k u for any u G C°° (M, £), 

As P fe is a differential operator and P s ~ k is a "f^DO of order m(s — k) this proves 
that P s is a "f^DO of order ms. In fact, as by Proposition I4.3.b1 the product of 
f hDO's is analytic this actually shows that (P s ) se c is a holomorphic family of 
*tffDO's such that ordP s = vs for every s G C. 

Finally, when £ is a general vector bundle we can similarly prove that the 
complex powers P s , s € C, forms a holomorphic family of f ijDO's such that 
ordP s = vs for any s e C. The proof is thus complete. □ 

Example 5.3.3. Thanks to Proposition 15.2.91 Theorem 15.3.11 holds for the fol- 
lowing sublaplacians: 

(a) A selfadjoint sums of squares Av,x = Vjfi + • ■ • + Vx m , where 
X±, . . . , X m span H and V is a connection on £, under the condition that the Levi 
form is nonvanishing. 

(b) The Kohn Laplacian Db-,p,q on a CR manifold acting on (p, g)-forms under 
the condition Y(q). 

(c) The horizontal sublaplacian on a Heisenberg manifold (M d+1 , H) act- 
ing on sections of Aj^H* when the condition X(k) holds everywhere. 

(d) The horizontal sublaplacian Af, ;Pjg on a CR manifold acting on (p, g)-forms 
under the condition X(p, q). 

In the next section we will make use of Theorem 15.3.11 to show that when 
the bracket condition H + [H, H] = TM holds, the Rockland condition insures us 
that the principal symbol of P + d t admits an inverse in S v< - v (q*M x K( v ), £ ) (see 
Theorem l5.4.10fl . Therefore, we obtain: 

Theorem 5.3.4. Assume that the bracket condition H + [H, H] = TM holds 
and that P satisfies the Rockland condition at every point of M. Then the complex 
powers P s , s S C, of P form a holomorphic 1-parameter group of ^ hDO's such 
that ordP s = vs Vs G C. 

Example 5.3.5. Assume that (M, H) is an orientable contact manifold. Then: 

- In degree k ^ n the complex powers of the contact Laplacian form a 
holomorphic 1-parameter group of $jjDO's such that ordA^ fc = 2s Vs G C. 

- In degree n the complex powers of the contact Laplacians A^n-,-, j = 1,2, 
form holomorphic 1-parameter groups of ^/h DO's such that ordAfj. = 4s Vs G C. 
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Remark 5.3.6. The above example allows us to fill a technical gap in j.TK] in 
the proof that the complex powers of the contact Laplacian are ^j^DO's (see |PolO| V 
The latter result is one ingredient in jJK) . among others, in a proof of the Baum- 
Connes conjecture for SU(n, 1). 

Remark 5.3.7. Given a (stratified) graded nilpotent group G it was shown by 
Folland that some complex powers of left invariant sum of squares are left invariant 
'J'DO's. This was made via the use of the fundamental solution of the associated 
heat operators. These results have later been extended to more general operators 
in |CGGP| . Using a different approach Geller |Ge2| dealt with general positive 
left invariant 'i'DO's on the Heisenberg group H 2n+1 provided that the Rockland 
condition is satisfied. In fact, on each tangent group G a M these results can be 
recovered from Theorem 15.3.41 bv looking at the principal symbols of the complex 
powers. 

5.4. Rockland condition and the heat equation 

In this section we make use of Theorem l5.3.1l in connection with the Rockland 
condition. 

First, we extend Theorem 13.3. 181 and Proposition 13 . 3 . 2TH to ^/fDO's with non- 
integer order as follows. 

Theorem 5.4.1. Assume that the bracket condition H + [H,H] = TM holds 
and let P : C C °°(M,£) -> C°°(M,S) bea^ H DO of order m <E C. Then the following 
are equivalent: 

(i) The principal symbol of P is invertible; 

(ii) P and P satisfy the Rockland condition at every point a S M . 

(Hi) P and P* satisfy the Rockland condition at every point a € M. Further- 
more, when (i) or (ii) holds the operator P admits a parametrix in 1 §>J I m (M,£). 

PROOF. Consider a sum of squares Ay.x = Vxi + • ■ ■ + Vx m) where 
V is a connection on £ and the vector fields X\, . . . , X m span H . Since by assump- 
tion the bracket condition H+[H, H] = TM holds, we know from Proposition ^ .2.91 
that the principal symbol of Av,x + dt admits an inverse in S Vj -2(q* M x K(2), £ ), 

so by Theorem 15 . 3 . 1 1 the operator A v 2 X is a $^DO of order — m with an invertible 
principal symbol. Therefore, along the same lines as that of the proof of Theo- 
rem we can show that the conditions (i), (ii) and (iii) are equivalent. □ 

PROPOSITION 5.4.2. Assume that the bracket condition H+[H,H] = TM holds 
and let P : C™(M,£) -> C°°(M,£) be a ^ H DO of order m G C with 5Rm > and 
such that P satisfies the Rockland condition at every point. Then P is hypoelliptic 
with gain of ^km derivatives. 

Proof. Since P satisfies the Rockland condition at every point, we can argue 
as in the proof of Proposition ^ . 3 . 201 using Theorem l5.4.1l instead of Theorem l3.3.18l 
to show that the principal symbol of P is left-invertible. Therefore, P admits a 
left-parametrix in ^^ m (M, £) and it then follows from Remark 13 . 3 . 51 that P is is 
hypoelliptic with gain of ^km derivatives. □ 

Let us now show that the Rockland condition for a (positive) differential opera- 
tor P implies the invertibility of the principal symbol of P + dt ■ This will show that 
the frameworks of |BGS| and of Theorem 15. 3. II apply to a large class of operators. 
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To reach aim it will be convenient to enlarge the class of Volterra $f/DO's as 
follows. 

Definition 5.4.3. Let U be an open subset ofR d+1 . Then: 

1) S m (UxR d { + 2 ), m G Z, consists of functions q(x,€,r) in C°°(U x (R d + 2 \ 0)) 
such that q(x, X.S;, X v t) = X m q(x,^,T) for any A > 0. 

2) S m (U x K^+ 2 ), to G Z, consists of functions q(x,€,r) in C°°{U x R d + 2 ) 

admitting an asymptotic expansion q ~ J2j>o 1m- j> 9m-j <= S m -j(U xR d+1 xR(„j), 
with ~ taken in the sense of $5.1.6)) . 

Definition 5.4.4. vf^M x R^,£), meZ, consists of continuous operators 
Q from C™{M x R,£) to C C °°(A/ x R,£) such that: 

(i) Q is translation invariant with respect to the time variable; 

(ii) The kernel of Q is smooth outside the diagonal; 

(Hi) In any local trivializing chart U C R d+1 with H -frame Xo, . . . we can 
write Q in the form, 

(5.4.1) Q = q(x, -iX, D t ) + R, 
with q in S m (U x R^ 2 ,C r ) and R smoothing operator. 

The main properties of JgDO's and of Volterra f j/DO's hold mutatis mutandis 
for these operators. In particular, it makes sense to define then on M x M and 
the substitute to the class K m (U x R rf+1 ) and JC VtTn (U x R^, 2 ) is given by the 
distributions below. 

Definition 5.4.5. fC m (U x R^ 2 ), to g Z, consists of distributions K(x,y,t) 
in C°°(g)X' re9 (M d+2 \ 0) for which there are c a .i € C°°(U), (a) +vl = m, such that 

(5.4.2) K(x,X.y,X v t) = X m K(x,y,t) + X m \ogX ^ c a (x)y a t l VA > 0. 

{a)-\-vl—m 

Moreover, in this context the principal symbol of a \I/jyDO in \1/^(M x Rr v ^,£) 
makes sense as an element of the following symbol class. 

Definition 5.4.6. S m (Q*M x Kr v \,£), to G Z, consists of sections q(x,£,r) in 
C°°((2*M x R) \ 0, End7r*£) such that q(x, A.£, X v t) = X m q(x, £, r). 

This allows us to define the model operator and the Rockland condition at a 
point a € M in the same way as for $gDO's on M. 

Moreover, the class tyjj(M x M./ v \,£) is closed under taking adjoints, so if Q is 
a Volterra * ff DO in V (M x R(„),£) then its adjoint is not a Volterra *//DO's 
but at least it belongs to *^(M x R (tl) ,£). 

We can now establish the analogue of Theorem 13 . 3 . 1 01 in the Volterra setting. 

PROPOSITION 5.4.7. Let Q G ^(M x R(„\,£). TTie following are equivalent: 

(i) For any a G M the model operator Q a is invertible on L 2 (G a M x WLr v ),£ a )- 

(ii) Q and Q* satisfy the Rockland condition at every point of M . 
(Hi) The principal symbol of Q is invertible in Sq(q*M x !£(„),£). 

Moreover, if the principal symbol of Q is invertible and belongs to So(g*Mxl(„),£) 
then its inverse is in Sq(q*M x M.i v \,£) too. 
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PROOF. The proof of the equivalence between the conditions (i), (ii) and (hi) 
follows along the same lines as that of Theorem l3.3.10l since the results of [CGGP , 
[nnU, [HTi2] . [F52| and |EH] used in the proof of Theorem EHTTUI hold in this 
setting. 

It remains to show that if the principal symbol of Q is invertible and belongs 
to So(g*M x R(„),f ) then its inverse is in Sq(q*M x R(„),£). In view of the proof 
of Lemma 13.3.171 in order to reach this aim it is enough to show that, for any 
Heisenberg chart U C R d+1 , the Volterra class K v ,-( d +2+v)(U x R^, 2 ) is a closed 
subalgebra of K_ {d+2+v) (U x R^+ 2 ). 

It is clear that if Ki and K 2 are in K,y t ^^ d +2+v) (U x Rft 2 ) then Ki*K 2 is also in 
K v ,-(d+2+v)(U x K fJ) 2 )- Moreover, if a sequence (Kj)j> C K, v ^ [d+2+v) (U x R^+ 2 ) 
converges to K in K_ {d+2+v) {U x R^+ 2 ) then K converges to K in V{U x R d + 2 ) 
and so we have suppiiT C Usuppi^j C U x R d+1 x [0, oo), that is, K belongs to 
fC v ,-(d+2+v)(U x R<?+ 2 ). Thus JC v ^ (d+2+v) (U x R^+ 2 ) is a closed subalgebra of 
fc-(d+2+v)(U x ®-(J) 2 ) an< i henceforth the proof is achieved. □ 

In the sequel we will need the notion of positive symbols below. 

Definition 5.4.8. A symbol p £ S m (Q*M, £) is positive when it can be put into 
the form p = q* q for some symbol q G Sm. (g* M, £). 

The interest of this definition stems from: 

Lemma 5.4.9. 1) The principal symbol of P is positive if and only if there 
exist Q G *f (M,£) and R G ^> l }f 1 (M,£) so that P = Q*Q + R. 

2) If P satisfies the Rockland condition at every point and has a positive princi- 
pal symbol, then the operators P ± 9 t satisfy the Rockland condition at every point. 

Proof. Assume that the principal symbol p — cr v (P) of P is positive, so that 
there exists q* G Sa(g*M, E) such that p = qE * qs.. By Proposition 13.2.61 the 

principal symbol map cr« : \tjy(M, £) — > S%(q*M, £) is surjective, so there exists 

Q G *f (M,£) such that (Ts.(Q) = q%. Then by Proposition 13. 2. 91 and Proposi- 
tion ^. 2. 12"l the operator Q*Q has principal symbol qF*q« — a v (P), hence coincides 
with P modulo ^l v £ x {M,E). 

Conversely, if P is of the form P = Q*Q + R with Q in *f (M,£) and R 
in , E r ^~ (M, f) then P and Q*Q have same principal symbol. Therefore, we have 
a v (P) = (Tn(Q) * cra(Q), that is, a v (P) is a positive symbol. 

Finally, suppose that P satisfies the Rockland condition at every point and has a 
positive principal symbol, i.e., there exists pa G Sn(Ux G) so that a v {P) = *p« . 
Therefore, if we let P a be the left-convolution operator with symbol p~a.(a, .) then 
by Proposition and Proposition \A.'2. VA we have P a = (P a )*P a . Thus, by 

Proposition 13.3.61 for every non-trivial irreducible representation n of G we have 
TTp^" = (7fpT)*7fp7, which shows that 7Tp is positive. We then can argue as in the 
proof of |FS2I Lem. 4.21] to show that the operators P a ± dt satisfy the Rockland 
condition on G a M x R^) . Hence P + dt and P — dt satisfy the Rockland condition 
at every point of M. □ 

We are now ready to prove the main result of this section. 
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Theorem 5.4.10. Assume that the bracket condition H + [H,H] — TM holds 
and that P satisfies the Rockland condition at every point. 

1) P is bounded from below if, and only if, it has a positive principal symbol. 

2) If P has a positive principal symbol, then the principal symbol P + d t has an 
inverse in S Vt — v (g*M x Wlr v \,£). Hence Theorems \5. 1.2b\ and T5~1.2b"\ hold for P. 

PROOF. Let us first assume that P has a positive principal symbol. Since P 
satisfies the Rockland condition at every point, Lemma f5 . 4 . 91 1 ells us that the heat 
operator P + dt and its adjoint satisfy the Rockland condition at every point. 

On the other hand, let k = § and let A v>x : C°°(M,£) -> C°°(M,£) be a sum 
of squares of the form, 

(5-4.3) A v ,x = V* Xl V Xt + ... + V* Xm V Xm , 

where V is a connection on £ and the vector fields X\, . . . , X rn . Since by assumption 
the bracket condition H + [H, H] = TM holds it follows from Proposition 15.2.121 
that the principal symbol of Ay x + dt admits an inverse in S v> - v (q*M x M.^,£) 
and that (A k +d t )~ 1 belongs to $j v (Mx R^, £). In particular, since (A^+dt)^ 1 
has an invertible principal symbol, together with its adjoint it satisfies the Rockland 
condition at every point. 

Let Qx = (A fe + dt)- 1 ^ + d t ) and Q 2 = (P + d t )(A k + d t )~ l . They are ele- 
ments of V (M x Rf v -),£) which together with their adjoints satisfy the Rockland 
condition at every point, since they are products of such operators. We may there- 
fore apply Proposition l5.4.7l to deduce that the principal symbols of Q\ and Q2 are 
invertible in Sq, v (q*M x M.r v -j,£). In the same way as in the proof of Theorem 15. 4. 71 
this implies that the principal symbol of P + dt is an invertible Volterra-Heisenberg 
symbol. 

It remains to show that P is bounded from below if, and only if, its principal 
symbol is positive. 

Suppose that P is bounded from below. Possibly replacing P by P + c with 
c > large enough we may assume that P is positive. Notice that P 2 is selfadjoint 
and satisfies the Rockland condition at every point, since so does P. Therefore, 
we may apply the first part of the proof to deduce that the principal symbol of 
P 2 + dt is an invertible Volterra-Heisenberg symbol. As P 2 is positive we then 
may use Theorem OH to see that (P 2 )i = 

is a \E^//DO of order k — ^. Since 
P = {P^) 2 it then follows from Lemma [5.4.91 that the principal symbol of P is a 
positive symbol. 

Conversely, suppose that P has a positive principal symbol. Then thanks to 
Lemma 15.4. 91 the operator P can be written as P = Q*Q + R with Q e ^ k H {M, £) 
and R £ X P^~ 1 (M, £). Let P\ = Q*Q. Since P and P\ have same principal symbol, 
the operator Pi also satisfies the Rockland condition at every point. 

Next, since Pi is positive for A < —1 we have 

poo 

(5.4.4) {Pi-X)- 1 ^ e~ tPl e tx dt, 

Jo 

where the integral converges in C{L 2 {M,£)). Let a = Then we have 

/•oo 

(5.4.5) R(Pi - A)" 1 = RPi a R {x) , R(X) = Pie~ tPl e tx dt. 

Jo 
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Since Pi = Q*Q has a positive principal symbol and satisfies the Rockland 
condition the first part of the proof tells us that the principal symbol of P\ + dt is 
an invertible Volterra-Heisenberg symbol. This allows us to apply Theorem 15.3.41 
to deduce that Pf" is a vp/fDO of order —va = —(v — 1). Therefore, the operator 
RP^ a is a ^hDO of order 0, hence is bounded on L 2 (M,£). 

On the other hand, we have 

/•OO 

(5.4.6) \\R{X)\\l*< r°<\\(tPire- tp i\\e tx dt. 

Jo 

As a € (0,1) the function x — > x a e~ x maps [0,oo) to [0,1]. Therefore, we have 
|| (tPi) a e~ tPl | < 1, from which we get 

/>oo />oo 

(5.4.7) P(A)IU= < / t^e^dt^^- 1 u~ a e~ u du. 

Jo Jo 

Now, by combining H5.4.5(l . I|5. 4.6(1 and (|5.4.7|l together we obtain 

(5.4.8) ||JZ(P a - A) _1 ||z,2 < \\Rp- a \\ L 2\\R (X) \\ L 2 < C a \\\ a ~\ 

where the constant C a does not depend on A. Since a < 1 it follows that for A 
negatively large enough we have ||P(Pi — A) _1 ||i2 < i, so that 1 + R(P\ — A) -1 is 
invertible. Since we have 

(5.4.9) P - A = Pi + R- A = (Pi + R- A)(Pi - A)" 1 , 

it follows that P — A has a right inverse for A negatively large enough. Since we can 
similarly show that for A negatively large enough P — A is left-invertible, we deduce 
that as soon as A is negatively large enough P — A admits a bounded two-sided 
inverse. This means that the spectrum of P is contained in some interval [c, oo), 
that is, P is bounded from below. The proof is now complete. □ 

Example 5.4.11. Assume that (M, H) is an orientable contact manifold. Then 
the 2nd part of Theorem 15 . 4 . 1 01 applies to the contact Laplacian in every degree. 
Thus, in degree k ^ n the principal symbol of A^ fc + dt admits an inverse in 
<Sv,-2(fl*i\.f x M(2); A fc ) and in degree n the principal symbol of An, n j + dt, j = 1, 2, 
admits an inverse in S w ^a(q*M x IR( 4 ), A"). 

Finally, let M 2n+1 be a compact orientable strictly pseudoconvex CR manifold 
endowed with a pseudohermitian contact form 6 and the associated Levi metric. 
For k = 1, . . . , n + 1 and for k = n + 2,n + 4, . . . let E^ fc) : C°°(M) C°°(M) 
be the Gover-Graham operator of order k. We know that is selfadjoint and 
satisfies the Rockland condition at every point. Furthemore, we have: 

PROPOSITION 5.4.12. For k 7^ n + 1 the operator Dg fc ' is bounded from below 
and the principal symbol ofUlg + dt is invertible in S v ,~2k{d* M X K( 2 fe))- Hence 
Theorems Xb^TJR and Xb^TM hold for B ( g k) with v = 2k. 

Proof. Assume k 7^ n + 1. Since is selfadjoint and by Proposition 13.5.71 
it satisfies the Rockland condition at every point, thanks to Theorem 15.4.101 we 
are reduced to show that its principal symbol is positive. Let A{, ; o be the horizon- 
tal sublaplacian on functions and let Xq be the Reeb vector field of 9. Then by 
Proposition 13 . 5 . 71 the principal symbol of agrees with that of 

(5.4.10) □ = (A 6;0 + i(k ~ l)A )(A fc;0 + i(k - 3)A ) ■ ■ • (A 6:0 - i(k - 1)X ). 
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Since k ^ n + 1 it follows from the proof of Proposition 13 . 5 . 7l that each factor 
Ah ; o + iaXo in (|5.4.10(l is a selfadjoint sublaplacian satisfying the condition 1|3.4.22|1 
at every point. It can be shown that any such sublaplacian is bounded from below 
(see |Pol| . |Pol2| L Since the product of selfadjoint operators which are bounded 
from below is bounded from below provided that the product is itself selfadjoint, 
we see that the operator |(H + □*) is bounded from below. 

Notice that i(H + □*) has same principal as □ and Hg fc \ hence satisfies the 
Rockland condition at every point. Therefore, Theorem 15.4. 1UI tells us that the 
principal symbol of ^(H + □*) is positive. Incidentally, the operator has a 
positive principal. The proof is thus complete. □ 



5.5. Weighted Sobolev Spaces 

In this section we construct weighted Sobolev spaces Wfj(M), s £ M, which 
provide us with sharp regularity estimates for \tj/DO's. To this end we assume 
throughout the section that the bracket condition H + [H, H] — TM holds. 

Let Xi , . . . , X m be real vector fields spanning H and consider the positive sum 
of squares, 

(5.5.1) A x =X* 1 X 1 + ...+X* m X m . 

As mentioned in Example 15.3.31 (a) , since the the bracket condition H + [H, H] = 
TM holds Theorem l5.3.1l is valid for 1 + Ax- Thus, the complex powers (1 + Ax) s , 
s £ C, gives rise to a holomorphic 1-parameter group of f ^DO's such that we have 
ord(l + A x ) s = 2s for any s £ C. 

Definition 5.5.1. Wfj(M), s e K, consists of all distributions u e V(M) 
such that (1 + Ax) 5 it is in L 2 (M). It is endowed with the Hilbert norm given by 

(5.5.2) \\u\\ W s h = \\{l + A x )iu\\ L ^ ueW s H {M). 

Proposition 5.5.2. 1) Neither Wfj{M), nor its topology, depend on the choice 
of the vector fields X\ , . . . , X rn . 

2) We have the following continuous embeddings: 

r ,,„, L 2 S (M) Wfi(M) - L 2 S/2 (M) z/ S >0, 

[ ^- 6) I? S/2 {M) W» H {M) - L\{M) l fs<0. 

Proof. 1) Let Yi,...,Y p be other vector fields spanning H. The operator 
(1 + Ay) s (l + A x y s is a ^hDO of order 0, hence is bounded on L 2 (M) by 
Proposition 13 . 1 . 81 Therefore, we get the estimates, 

(5.5.4) ||(1 + A Y yu\\ L2 = ||(1 + A y ) s (l + A x )- S (l + Ax) s u\\ L i 

<C X Ys\\(l + A x yu\\ L 2, 

which hold for any u £ C°°(M). Interchanging the roles of the X/s and of the Yfe's 
also gives the estimates 

(5.5.5) \\(l + A x ) s u\\ L 2 <Cyxs\\(1 + Ay) s u\\ L 2, u£C°°(M). 

Therefore, whether we use the Xj's or the Yk's to define the Wfj(M) changes neither 
the space, nor its topology. 
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2) Let s G [0, oo). Since (1 + Ax)* is a <J ff DO of order s, Proposition 13.1.81 
tells us that it is bounded from L 2 (M) to L 2 {M). Thus, 

(5.5.6) \\u\\ Wk = ||(1 + Aj0*u|| za <C|Ml£;, ueW s H (M), 

which shows that L 2 (M) embeds continuously into Wg(M). 

On the other hand, as (1 + Ax)~^ has order — s Proposition 13 . 1 . 8l also tells us 
that (1 + A x )~i is bounded from L 2 (M) to L 2 s/2 (M). Therefore, on Wjj(M) we 
have the estimates 

(5.5.7) ||u|U= /a - ||(1 + A x )-i(l + A x )iu\\ L 2 /2 

<C.\\(l + &x)- i \\v = C a \\u\\w & , 

which shows that Wfj(M) embeds continuously into L 2 ^ 2 (M). 

Finally, when s < we can similarly show that we have continuous embeddings 
L 2 s/2 (M) ^ W S H {M) and W S H {M) ^ L 2 (M). □ 

As an immediate consequence of Proposition 15. 5. 21 we obtain: 
Proposition 5.5.3. The following equalities between topological spaces hold: 

(5.5.8) C°°{M)=f) sm Wlj{M) and V'{M) = U a6R W£(M). 

Let us now compare the weighted Sobolev spaces Wfj(M) to the weighted 
Sobolev spaces S 2 (M), k = 1, 2, . . ., of Folland-Stein FSl]. 

In we sequel we let N m = {1, . . . , m} and for any I = (ix, . . . , if.) in we set 

(5.5.9) X I =X tl ...X ll . 

Definition 5.5.4 ( |FS1| ). The Hilbert space S%(M), k e N, consists of func- 
tions u G L 2 (M) such that (Xi)u G L 2 (M) for any I S U^ =1 N^. It is endowed 
with the Hilbertian norm given by 

(5.5.10) Nil* = Nil* + E E W X M\h, ueS 2 (M). 

l<j<k l£ff m 

Proposition 5.5.5. For k = 1, 2, . . . the weighted Sobolev spaces W^(M) and 
S 2 (M) agree as spaces and carry the same topology. 

PROOF. First, if I € uj" =1 N^ then the differential operator Xi is bounded 
from Wjg(M) to L 2 (M), so we get the estimate, 

(5.5.11) \\u\\ 2 sk = \\u\\ 2 L . 2 + E E W X M\h < C*IMIh$ ueC°°(M). 

i<j<k ieff m 

On the other hand, the vector fields X/s and their adjoints X*'s give rise to 
bounded linear maps from Sf +1 (M) to Sf(M) for any I G N. Therefore, for any 
integer p, the operator (1 + A x ) p is bounded from Sf +2 (M) to S 2 (M). It follows 
that, when k is even, we have 

(5.5.12) \\u\\ w u=\\(l + A x ) k *u\\ L .<C k \\u\\ sk , ueC°°(M). 
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Moreover, for any u £ C°°(M) we have 

(5.5.13) ||(1 + A x )*h||| 2 = ((1 + £ X*X 3 )u,u) L , 

1<]< m 



\h+ £ \\x 2 \\ 2 L ^\\u\\ 2 sl 

1<j < m 



Thus (1 + A x )* is bounded from S 2 (M) to L 2 (M). Therefore, if k is odd, say 
k = 2p + 1, then the operator (1 + Ax)* = (1 + A A -) P (1 + A x )^ is bounded 
from S'fc(Af) to L 2 (M). Hence ()5.5.13J) is valid in the odd case as well. Together 
with (|5.5.1H this implies that Wjfr(M) and 5?(M) agree as spaces and carry the 
same topology. □ 

Now, let £ be a Hermitian vector bundle over M. We can also define weighted 
Sobolev spaces of sections of £ as follows. Let V : C°°(M, £) -> C°°(M, T* M x £) 
be a connection on £ and define 

(5-5.14) A v ,x = V^V Xl + --- + V Xm Vjc m . 

As in the scalar case, the complex powers (1 + Ay.x) s , s G C, form an analytic 
1-parameter group of W^DO's such that ord(l + Ay.x) s = 2s for any s E C. 

Definition 5.5.6. Wfj(M, £), s e M, consists of all distributional sections 
u £ T>'(M,£) such that (1 + Ay.x) 5 « € L 2 (M,£). It is endowed with the Hilbertian 
norm given by 

(5.5.15) \\u\\ Wfi = ||(l + A v ,x) f w|U 2 , ueWk(M,£). 

Along similar lines as that of the proof of Proposition 15 . 5 . 2l we can prove: 

PROPOSITION 5.5.7. 1) As a topological space Wfj(M,£), s € E, is independent 
of the choice of the connection V and of the vector fields X\ , . . . , X m . 
2) We have the following continuous embeddings: 

, lfi , L 2 S (M,£) W S H {M,£) Ll /2 {M,£) tfs>0, 

L 2 s/2 (M,£) W£(M,£) - ^(M,5) z/,s<0. 

As a consequence we obtain the equalities of topological spaces, 

(5.5.17) C°°(M,£) =n seH W£(M,£) and £>'(M,£ ) = U aeR W£(M,£ ). 
Notice that we can also define Folland-Stein spaces Sl(M,£), k = 1,2,..., 

as in the scalar case, by using the differential operators Vx, = Vx (l • • • Vx it , 
I 6 U^ =1 N^. Then, by arguing as in the proof of Proposition 15.5. 51 we can show 
that the spaces Wjfr(M,£) and S%(M, £) agree and bear the same topology. 

Now, the Sobolev spaces Wfj{M, £ ) yield sharp regularity results for ^/fDO's. 

Proposition 5.5.8. Let P : C°°(M,£) -> C°°(M,£) be a ^ H DO of order m 
and set k = SRm. Then, for any s £ R, the operator P extends to a continuous 
linear mapping from W s H +k {M,£) to W S H (M,£). 

Proof. As P s = (1 + A v ,x)^-P(l + Av^) - ^ is a * ff DO with purely 
imaginary order, Proposition 13.1.81 tells us that it gives rise to a bounded operator 
on L 2 (M,£). Therefore, we have 

(5.5.18) \\Pu\\ w ^ = \\P s (l + A VtX ) s+k u\\ L 2<C s \\u\\ ws+k , ueC°°(M,£), 
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It then follows that P extends to a continuous linear mapping from W a + k {M,£) 
to W^(M,£). ' □ 

Proposition 5.5.9. Let P : C°°(M,£) -> C°°(M,£) be a ^ H DO of order m 
such that P satisfies the Rockland condition at every point and set k — 5ftm. Then 
for any u £ T>'(M,£) we have 

(5.5.19) Pu £ W S H {M,£) =^u£ W^ +k (M,£). 
In fact, for any s' £ R we have the estimate, 

(5.5.20) \\u\\ w , H+k <C ss ,(\\Pu\\ wli + \\u\\ w ^, u£W^ +k (M,£). 

Proof. Since P satisfies the Rockland condition at every point and the bracket 
condition H + [H, H] = TM holds, it follows from the proof of Proposition 15.4.21 
that P admits a left parametria in \E'^ m (M,£), i.e., there exist Q in *^ m (M, £) 
and R in #-°°(M,£) such that QP=1-R. Therefore, for any u £ V'(M,£) we 
have u — QPu + Ru. Thanks to the first part we know that Q maps Wfj(M ,£) to 
Wfi~ k (m,£). Since R is smoothing, and so Ru always is smooth, it follows that if 
Pu is in Wh(M,£) then u must be in W H (M,£). 

In fact, as Q is actually bounded from Wjj to Wjj~ and l|5.5.17(l implies that 
R is bounded from any space W&(M,£) to W^ +k (M,£), on W^ k (M,£) we have 
estimates, 

(5.5.21) \\u\\ w s h+ * < \\QPu\\ w s+ k + \\Ru\\ w s h+ * < C ssl (\\Pu\\w k + \\u\\ w ^). 

The proof is thus complete. □ 

Remark 5.5.10. By combining Proposition 15.5.91 with the embeddings 1)5. 5. 3|) 
and (|5.5.16|) we recover the Sobolev regularity of 'fjyDO's as in Proposition 13.1.81 
as well as the hypoelliptic estimates (13.3. 21 . 

Remark 5.5.11. When Jim is an integer it follows from Proposition 15.5.51 
that the estimates <|5. 5.2011 are equivalent to maximal hypoellipticity in the sense 

of |HN3|. 

On the other hand, the spaces W^(M,£) can be localized as follows. 

Definition 5.5.12. We say that u £ V(M,£) is Wfj near a point x a £ M 
whenever there exists tp £ C°°(M) such that tp(xo) ^ and (pu is in Wfj{M,£). 

This definition depends only on the germ of u at xq because we have: 

Lemma 5.5.13. Let u £ V'(M,£) be W S H near x Q . Then for any p £ C°°(M) 
with a small enough support about xo the distribution (pu lies in Wfj{M,£). 

PROOF. Let tp £ C°°(M) be such that p(x a ) ^ and pu is in Wfj(M,£) and 
let ip € C°°(M) be so that tp(x ) ^ and supp-0 n <p _1 ( ) 7^ Tnen X ■= % is in 
C°°(M) and (1 + A v ,x)^« is equal to 

(5.5.22) (1 + A v ,x) f Xfu = (1 + A v ,x) f x(l + A v ,A-) _f -(1 + A V: x) f pu. 

Since (1 + A v ,x)*<pu is in L 2 (M,£) and (1 + A v ,x)*x(l + A v ,x)~* is a zero'th 
order $gDO, so maps L 2 (M,£) to itself, it follows that ipu lies in Wfj(M,£). 
Hence the lemma. □ 

We can now get a localized version of (|5.5.19Jl . 
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Proposition 5.5.14. Let P e Wg{M,£) have an invertible principal symbol, 
set k = Km and let s G R. Then for any u G T>' (M, £) we have 

(5.5.23) Pu is Wfj near xq =>• u is Wj^ near xq. 

Proof. Assume that Pu is Wfj near xq and let (p £ C°°(M) be such that 
<p(xo) and (pu is in Wjj{M, £). Thanks to Lemma f5. 5. 131 we may assume that 
ip = 1 near xq. Let ijj G C°°(M) be such that ip(xo) ^ and ip = 1 near supp-0. 
Since the principal symbol of P is invertible there exist Q in ^^ m (M, £ ) and i? in 
*-°°(M,£) such that QP=\-R, Thus for any u G V{M,£) we have 

(5.5.24) V« = i>QPu + ipRu = ipQipPu + ipQ(l - <p)Pu + ipRu. 

In the above equality Ru is a smooth function since R is a smoothing operator. 
Similarly, as ip and 1 — (p have disjoint supports, the operator ipQ(l — <p)P is a 
smoothing operator and so ipQil — tp)Pu is a smooth function. In addition, since 
ipPu is in Wjj(M,£) and V'Q is a <I>ijDO of order — m, and so maps Wfj(M, £) to 
W^~ k (M,£) , it follows that ipu is in W^ +fc . Hence u is W^ +fc near x . □ 

Next, Proposition 15 . 5 .SI admits a generalization to holomorphic families. 

Proposition 5.5.15. Let SlcC le open and let (P z ) ze n & Hol(0, ^* H (M,£ )) 
be such that m := sup zg ^ 3?ordP z < oo. TTien /or any s G K t/ie family (P z ) zl =n 
defines a holomorphic family with values in £(W'^~ m (M,£), Wfj{M,£)). 

PROOF. Let V C R d+1 be a Heisenberg chart with i?-frame Yq, Y 1: . , . ,Yd and 
let (Q z ) ze n G Hol(Q,^(V)) be such that 3fJordQ z < 0. Then we can write 

(5.5.25) Q z = Pz {x,-iY) + R z , 

for some families (p z ) ze n G Hol(fi,5*(F x M d+1 )) and (i? z ) ze n G Hol(fi, 

Since 5Rordp z = 5RordQ z < we see that (p z ) ze o belongs to Hol(fi, S^(U x R d+1 )). 

Next, for j = l,...,d let Oj denote the standard symbol of — ilj and set 
cr = ((To, . • • , Od). Then it follows from the proof of Proposition ^. 2. 5l that the family 
(p z (x, a(x, £)))zen lies in Hol(0, Sii(V x R d+1 )). Since by |Hw| the quantization 
map q — > q(x,D x ) is continuous from <Sii(Z7 x R d+1 ) to C(Lf oc (U),L 2 (U)), we 
deduce that (p z (x, —iX)) z ^Q and (Q z )zen are holomorphic families with values in 
C(Ll c (U),L*(U)). 

It follows from the above result that any family (Q z )zen € Hol(f2, ^>* H (M,£)) 
such that SRordQz < gives rise to a holomorphic family with values in C{L 2 (M, £)). 
This applies in particular to the family, 

(5.5.26) QW = (1 + A v ,a-)*Q 2 (1 + Av.x) -2 * 2 , « G 0. 

As Q 2 = (1 + Av,x) _ ^Q« (1 + Av.x) 1 ^ it follows that (Q z ) ze o gives rise to a 
holomorphic family with values in C{W s ^ m {M, £), W S H {M, £)). □ 

Combining Proposition 15. 5. TBI with Theorem 15 . 3 . 41 we immediately get: 

Proposition 5.5.16. Let P : C°°(M,£) -> C°°(M,£) be a positive differential 
operator of even (Heisenberg) order v such that P satisfies the Rockland condition 
at every point. Then, for any reals m and s, we have 

(5.5.27) (P z hz< m G Hol(5Rz < m,C{W s + mv (M,£),W S H (M,£ ))). 



CHAPTER 6 



Spectral Asymptotics for Hypoelliptic Operators 

In this chapter we apply the results of the previous chapters to derive spectral 
asymptotics for hypoelliptic differential operators on Heisenberg manifolds. 

In Section we get spectral asymptotics for general hypoelliptic differential 
operators. We then give precise geometric expressions for these asymptotics. First, 
in Section we deal with the Kohn Laplacian and the horizontal sublaplacian on 
a K-strictly pseudoconvex CR manifold, as well as for the Gover-Graham operators 
in the strictly pseudoconvex case. Second, we deal with the horizontal sublaplacian 
and the contact Laplacian on a contact manifold in Section 16.31 

6.1. Spectral asymptotics for hypoelliptic operators 

In this section we explain how Theorem I5.4.1UI enables us to derive spectral 
asymptotics for hypoelliptic operators on Heisenberg manifolds. Throughout this 
section we let (M d+1 ,H) denote a compact Heisenberg manifold equipped with a 
smooth density > and let £ be a Hcrmitian vector bundle over M. 

Let P : C°°(M,S) -> C°°(M,S) be a selfadjoint differential operator of even 
Heisenberg order m which is bounded from below and such that the principal sym- 
bol of P + dt is an invertible Volterra-Heisenberg symbol. Recall that by Proposi- 
tion [^23 and Theorem 15.4. 101 the latter occurs when at least one of the following 
conditions holds: 

- P is a sublaplacian and satisfies the condition (|3.4.22(1 at every point. 

- The bracket condition H + [H, H] = TM holds and P satisfies the Rockland 
condition at every point. 

As an immediate consequence of Theorem 15 . 1 . 261 we get: 

Proposition 6.1.1 f jBGSI Thm. 5.6]). As t -> 0+ we have 

(6.1.1) Tre- tp -t-^J^t^MP), A^P) = [ tr e aj(P)(x), 

J M 

where the density aj(P)(x) is the coefficient of t 1 ™ + in the heat kernel asymp- 

totics rrrwn) for p. 

Let Ao(-P) < Ai(P) < . . . denote the eigenvalues of P counted with multiplicity 
and let N(P; A) be the counting function of P, that is, 

(6.1.2) N(P; A) = #{fc G N; Afe(P) < A}, A e R. 

Proposition 6.1.2. 1) We have A Q (P) > 0. 
2) As A — > oo we have 

(6.1.3) 7V(P;A)^o(P)A^, v {P) =T{1 + —)- 1 A {P). 
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3) As k — ► oo we have 
(6.1.4) X k (P) 



MP) 



PROOF. First, we have A (P) = lim t _>o+ Tre~ tp > 0, so if we can show 
that Aq(P) 7^ then we get Aq(P) > and the asymptotics (|6.1.3[) would fol- 
low from (|6.1.1[1 by Karamata's Tauberian theorem (see, e.g., |Hal Thm. 108]). 
This would also give l|6.1.4|) . since the latter is equivalent to (|6.1.3[) (see, e.g., |Shl 
Sect. 13]). Therefore, the bulk of the proof is to show that we have Aq(P) ^ 0. 

Second, notice that there is at least one integer < such that Aj(P) ^ 0. 
Otherwise, by 1(6.1.1(1 there would exist a constant C > such that Tre~* p < C 
for < t < 1. Thus, 

(6.1.5) ke- tXk{p) < ^V tA ^) < Tre- tp < C, < t < 1. 

j<k 

Therefore, letting t — > + would give k < C for every k S N, which is not possible 
since P is unbounded. 

Next, when m > d + 2 the only integer < is 3 — 0, so m this case we must 
have Aq(P) ^ 0. 

Suppose now that we have m < d + 2 and Aq(P) = 0. Let fi = =^ — jo, where 
jo is the smallest integer j such that Aj(P) ^ 0. Notice that since 1 < jo < 
we have < /i < — 1. Moreover, the asymptotics ((6.1.1(1 becomes 

(6.1.6) Tre~* p = A,- (P)r" + Oft 1- ") as i -» 0+. 

This implies that we have Aj (P) > 0. Since we have Aj (P) ^ by definition of 
jo, we get Aj (P) > 0. Therefore, as alluded to above, it follows from Karamata's 
Tauberian theorem that as k — > oo we have 

(6-1.7) Afc (P)~ /3 = r(l + M )-%- (P). 

It follows that Afc(P-^r) = 0(fc-5- 5 ), with 5 = \{^^ ~ X ) > °- In particular, 

we have X)fc>o ^(-^ ^™~) 2 < °°' that i s > P~^™~ is a Hilbert-Schmidt operator on 
L 2 {M,£). 

In addition, observe that P~^k is a v^DO of order __i£^±Hi anc ] that any 

(d + 2) 

operator Q e "f^ 2 (M,£) can be written as 

(6.1.8) q = n (P)g + (i - n (P))p^^p^Q, 

where Ho(P) denotes the orthogonal projection onto kerP. Recall that the space 
of Hilbert-Schmidt operators is a two-sided ideal of £(L 2 (M < £). Observe that 
in 16.1.8(1 the projection IIo(P) is a smoothing operator, hence is a Hilbert-Schmidt 
operator. Moreover, P^-Q is a bounded operator on L 2 (M,£), since this is a 

(d+2) 

zero'th order V1///DO. Therefore, we see that any Q G H 2 (M,£) is a Hilbert- 
Schmidt operator on L 2 (M,£). 

We now get a contradiction as follows. Let n : U — > V be a Heisenberg chart 
over which there is a trivialization t : £ u — > U x C r of £ and such that the 
open V C R d+1 is bounded. Let <p G C^°(R d+1 ) have non-empty support L, let 
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X eC™{VxV) be such that xO, y) = 1 near L x L, and let Q : C~(V) -> C°°{V) 
be given by the kernel, 

(6-1.9) k Q (x,y) = &\<p(x)\\E w (y)\\-*P X (x,y). 

The kernel Hq{x, y) has a compact support contained in V x and, as tp(x)(l — 
x{ x i y)) vanishes near the diagonal of V x V, we have 

(6.1.10) k Q (x, y) = \s' x Mx)\\ - e x {y)\\-^ mod C°°(V x V). 

Since (p(x)||y|| _ ^ belongs to JC~^(V x R d+1 ), it follows from Proposition ^ . 1 . 15l 
that Q is a *#DO of order 

_ d + 2 

Let Qq = t*k*(Q ® 1). Then Q belongs to 2 (M,£), hence is a Hilbert- 
Schmidt operator on L 2 (M,£). This implies that Q is a Hilbert-Schmidt operator 
on L 2 (V), so by jGKI p. 109] its kernel lies in L 2 (V x V). This cannot be true, 
however, because we have 

(6.1.11) / \k Q (x,y)\ 2 dxdy> [ \s' x \ 2 \^x)\ 2 \\e x {y)\\-^dxdy 

JVxV JLxL 

= [ I4II^)| 2 (/ \\y\\- {d+2) dy)dx = oo. 

This gives a contradiction, so we must have A${P) ^ 0. The proof is therefore 
complete. □ 

Example 6.1.3. Proposition 16 . 1 . 21 is valid for the following operators: 

(a) Real selfadjoint sublaplacian A = V^- Vxi + • • ■ + ^*x m ^'x m + ^{ x )t where 
V is connection on £, the vector fields X\, . . . , X m span H and (i(x) is a selfadjoint 
section of End£, provided that the Levi form of (M, H) is non- vanishing; 

(b) The Kohn Laplacian on a compact CR manifold and acting on (p, g)-forms 
when the condition Y(q) holds everywhere; 

(c) The horizontal sublaplacian on a compact Heisenberg manifold acting on 
horizontal forms of degree k when the condition X{k) holds everywhere; 

(d) The horizontal sublaplacian on a compact CR manifold acting on (p, q)- 
forms when the condition X(p, q) holds everywhere; 

(e) The Gover-Graham operators on a strictly pseudoconvex CR manifold 
M 2n+1 with 

(f) The contact Laplacian on a compact orientable contact manifold. 

Several authors have obtained Weyl asymptotics closely related to (|1.5.3|l for 
bicharacteristic hypoelliptic operators (see [IT], |Mel| . [MS ), including sublapla- 
cians on Heisenberg manifolds, and for more general hypoelliptic operators (see |Mol| . 
|Mo2| ) using different approaches involving other pseudodifferential calculi. 

These authors obtained their results in settings more general than the Heisen- 
berg setting but, as far as the Heisenberg setting is concerned, our approach using 
the Volterra-Heisenberg calculus presents the following advantages: 

(i) The pseudodifferential analysis is somewhat simpler, since the Volterra- 
Heisenberg calculus yields for free a heat kernel asymptotics, once the principal 
symbol of the heat operator is shown to be invertible, for which it is enough to use 
the Rockland condition in many cases; 
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(ii) As the Volterra-Heisenberg calculus takes fully into account the underlying 
Heisenberg geometry of the manifold and is invariant by change of Heisenberg 
coordinates, we can explicitly compute the coefficient vq{P) in (|6.1.3[) for operators 
admitting a normal form. This is illustrated below by Proposition 16.1.51 which 
will be used in the next two sections to give geometric expressions for the Weyl 
asymptotics l|6. 1.3(1 for geometric operators on CR and contact manifolds. 

Next, prior to dealing with operators admitting a normal form we need the 
following lemma. 

LEMMA 6.1.4. Let P : C°°(M,£) -> C°°{M,£) be a selfadjoint differential 
operator of Heisenberg order m such that P is bounded from below and the principal 
symbol of P + dt is an invertible Volterra-Heisenberg symbol. Then, for any a G M, 
the following hold. 

1) The model operator P a + d t admits a unique fundamental solution K a (x, t) 
which, in addition, belongs to the class /C Vj _(,j_|_2)(G a M x K( m )). 

2) In Heisenberg coordinates centered at a we have 

(6.1.12) a (P)(0) = K a (0,l)- 

Proof. First, it is enough to prove the result in a trivializing Heisenberg chart 
U near a. Furthermore, we may as well assume that P is scalar because the proof 
for systems follows along similar lines. 

Let Q G ^hX(U x K( TO )) be a parametrix for P + d t on U x R. Let cr_ m (Q) G 
S v ,- m (g*U x R( m )) be its global principal symbol, so that cr_ m (Q) the inverse of 
o~m(P) + It, and let Q a be the left-invariant Volterra-^/fDO on G a U x E with 
symbol cr_ m (Q)(a, ., .). In particular, the operator Q a is the inverse of P a + d t on 
S(G a U x M) and it agrees with the left-convolution by K a — [cr_ m (a, ., T )->r y ty 
Therefore, the left-convolution operator with [(P a + d t )K a \ agrees with (P a + 
d t )Q a = 1. Thus, 

(6.1.13) (P a + d t )K a (y,t)=S(y,t), 

that is, K a (y,t) is a fundamental solution for P a + dt- 

Let K G S'{G a U x K) be another fundamental solution for P a + d t . Then 
the left-convolution operator Q by K is a right-inverse for P a + dt, so agrees with 
Q a . Hence K — K a , which shows that K a is the unique fundamental solution of 
P a + d t . 

In addition, K a is in the class /C Vi _(d +2 )(G a M x M( OT )) because this the inverse 
Fourier transform of a symbol in S v ,- m (g*U x K( m )). 

Finally, let g_ m G S v .- m (U x M. d+1 x R( m )) be the local principal symbol 
of the parametrix Q. As Q has global principal symbol <j- m (Q) it follows from 
Proposition ^. 1.191 that g_ TO (0, ., .) = a- m (Q)(a, ., .). Moreover, since we are in the 
Heisenberg coordinates centered at a, the map £o to the Heisenberg coordinates 
centered at is just the identity. Combining this with (|6.1.3|l then gives 

(6.1.14) oo(P)(0) = |4|<U0, 0, 1) = [<r- m (Q)]( 6 ,T)^(y,t)(a, 0, 1) - K a (0, 1). 
The proof is thus achieved. □ 

Now, assume that the Levi form of (M, H) has constant rank 2n. Therefore, by 
Proposition 12 . 1 . 61 the tangent Lie group bundle GM is a fiber bundle with typical 
fiber G = H 2n+1 x R d - 2n . 
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Let P : C°°(M, £ ) — * C°°(M, £) be a selfadjoint differential operator of Heisen- 
berg order m such that P is bounded from below and satisfies the Rockland condi- 
tion at every point. 

We further assume that the density dp(x) of M and the model operator of P 
at a point admit normal forms. By this it is meant that there exist po > and a 
differential operator P : C°°(G, C) -> C°°(G,C r ) such that for any point a e M 
there exist trivializing Heisenberg coordinates, herewith called normal trivializing 
Heisenberg coordinates centered at a, with respect to which the following hold: 

(i) We have dp(x) lx=0 = [p dx} lx=0 ; 

(ii) At x — the tangent group is G and the model operator of P is Po. 

In the sequel, we let vol p M denote the volume of M with respect to p, that is, 



(6.1.15) volp M = / dp(x). 

Jm 

As it turns out the assumptions (i) and (ii) allows us to relate the Weyl asymp- 
totics (16.1.3(1 for P to vol p M as follows. 

Proposition 6.1.5. Under the assumptions (i) and (ii) as A — > oo we have 

(6.1.16) N{P-\)~ ^2( V0 1 M )A^, ^ (P o ) = r(l + ^)- 1 tr c ,if o (0,l), 

Po m 

where Ko{x,t) denotes the fundamental solution of Po + dt- 
Proof. By Proposition 16.1.21 as A — * oo we have 

(6.1.17) N(P;X)^y (P)X^, v (P) = T(l + 'ttl)-^ f tr £ a (P)(x). 

m J M 

On the other hand, by Lemma |6. 1.41 in normal trivializing Heisenberg coordi- 
nates centered at point a S M we have 
(6.1.18) 

[tro- a (P)(x)dx] [x=0 = [tr C r K o (0, l)dx] u=0 = tr C r K (0, l^Ko^)],^. 
Hence tr^ ao(P)(x) = p^ 1 trc K o (0, l)dp(x). Thus, 

(6.1.19) iy {P) = T{1 + ^^)- 1 [ p - 1 tr C rK (0,l)dp(x)=Po 1 v (P )vol p M, 

m Jm 

with u (P ) = r(l + tr C r K (0, 1). Combining this (|6.1.17jl then proves the 

lemma. □ 

6.2. Weyl asymptotics and CR geometry 

The aim of this section is to express in geometric terms the Weyl asymp- 
totics (|6.1.3|l for the Kohn Laplacian, the horizontal sublaplacian and the Gover- 
Graham on CR manifolds with Levi metrics. 

Let M 2n+1 be a K-strictly pseudoconvex manifold, < k < ^, equipped with 
a pseudohermitian contact form 6. Let T^o C TfcM be the CR tangent bundle of 
M, set T 0l i = T 0j i and H = 5J(Ti i0 © T 0> i) an d let L e denote the Levi form on Ti 
so that 

(6.2.1) L e (Z,W) = -id6(Z,W) = i6([Z,W}) VZ,W € C°°{M,Ti fi ). 
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Let Xq be the Reeb vector field of 6, so that ix 8 = 1 and ix Q d8 = 0. This 
gives rise to the splitting, 

(6.2.2) T C M = Ti, © T ,i © (CX ). 

For p, q = 0, . . . , n we let A p,? denote the bundle of (p, <?)-fornis associated to this 
splitting. Moreover, we have 

(6.2.3) [Z, W] = -tL fl (Z, W)T mod T 1)0 © T ,i VZ, W G C°°(M, Ii j0 ). 

We endow M with a Levi metric as follows (see also |FSlj ). Let ft be a (positive 
definite) Hermitian metric on Ti o- Then there exists a Hermitian- valued section A 
of Endc Ti.o such that 

(6.2.4) Lg(Z,W) = h{AZ,W) VZ, W G C°°(M, T lj0 ). 

Let ^4 = f7|A| be the polar decomposition of A Since by assumption the 
Hermitian form has signature (n — k, k, 0), hence is nondegenerate, the section 
A is invertible and the section U is an orthogonal matrix with only the eigenvalues 
1 and —1 with multiplicities n — k and K respectively. Therefore, we have the 
splitting, 

(6.2.5) Ti, = T+o © T^, T± = ker(C7 T 1), 

where the restriction of Lg to T^~ (resp. T-j - ) is positive definite (resp. negative 
definite). We then get a Levi metric on T± t o by letting 

(6.2.6) h(Z,W) = h(\A\Z,W), Z,W G C°°(M,T lj0 ). 

In particular, on the direct summands T^ Q of the splitting H6.2.5|) we have 

(6.2.7) U{Z,W) = h(UZ,W) = ±h(Z,W), Z,W G C°°{M,T± ). 

We now extend ft into a Hermitian metric h on TcM by making the following 
requirements: 

(6.2.8) h{X ,X ) = l, h{Z,W)=h{Z,W) VZ,WET 0A , 

(6.2.9) The splitting T C M = CTffi T M © T ,i is orthogonal with respect to ft. 

This allows us to express the Levi form C c : {H®C) x (H®C) -> T c M/(ff <g>C) 
as follows. Since 0(T) = 1 we have 

(6.2.10) £c(-X",y) = 9([X,Y])T = -d£(X,Y)T, X,Y G C°°(M,H <g> C). 
Therefore, if follows from (|6.2.7|l that we have 

(6.2.11) £(Z,W") = -iL g (Z, W) = h(Z,iUW), Z, W G C°°(M, Ti )0 ). 

Since £ is antisymmetric and the integrability condition [Ti^T^o] C 7i,o im- 
plies that £c vanishes on Ti.o x T\$ and on Xb,i x Tb,i, we get 

(6.2.12) £ c (l,7)=/i(X,iy), X,Y G C°°(M,H® C), 
where L is the antilinear antisymmetric section of EndR(-ff © C) such that 

(6.2.13) L(Z + W) = iUW-i(UZ) VZ,W G C°°(M,T lfi ). 

In particular, since U* = U and C/ 2 = 1 we have |L| = 1. 

Let Zx, . . . , Z n be a local orthonormal frame for T 10 (with respect to ft) and 
such that Z\, . . . , Z n _ K span T£q and Z„_ K +i, . . . , Z„ span T{" - Then {T, Zj, Z,} 
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is an orthonormal frame. In the sequel we will call such a frame an admissible 
orthonormal frame of TcM. Then from (|6.2.7|) we get: 

(6.2.14) LeiZj, Z k ) = ej h{Z h Z k ) = ej6 jk , 

where ej = 1 for j = 1, . . . ,n — k and e 3 ■ = — 1 for j = n — k + 1, . . . , n. 

Let {9,9^, 03} be the dual coframe of associated to {T, Zj, Zj}. Then the 
volume form of h is locally given by 



(6.2.15) ^/h(x)dx — i n 9 A 9 1 A 9 1 A ■ ■ ■ A n A n . 

Furthermore, because of l|6.2.14|l we have d9 — ej$ A6 j mod 9AT*M, so as 

ei . . . e n = (-1) K we have 9 A d9 n = n\i n (-l) K 9 A 9 1 A 9 l A • ■ ■ A 9 n A 9 fl . Therefore, 
we get the following global formula for the volume form, 

(6.2.16) JtJ^dx = t—^6 Ad6 n . 

n\ 

In particular, we see that the volume form depends only on 9 and not on the choice 
of the Levi metric. 

Definition 6.2.1. The pseudohermitian volume of(M,9) is 

(6.2.17) vo\eM=^f-[ 9Ad9 n . 

n\ J M 

We shall now relate the asymptotics <|6.1.3|) for the Kohn Laplacian, the hori- 
zontal sublaplacian and the Gover-Graham operators to the volume vole M. To this 
end consider the Heisenberg group H 2,i+1 = KxR 2 " together with the left-invariant 
basis of t) 2n+1 given by 

(6-2.18) X° Q = A, Xj=j?-+ xn +j7 ?-, 

OXq j OXj OXq 

(6.2.19) X °+i = 7fr x i-fo> = h-..,n. 

For /i £ C let £ M denote the Folland-Stein sublaplacian, 

1 

'2 ( 

For this sublaplacian the condition (|3 .4. 14|) reduces to [i ^ ±n, ±(n + 2), . . ., so in 
this case the operators £ M and £ M + dt are hypoelliptic and admit unique funda- 
mental solutions since their symbols are invertible. 

In the sequel it will be convenient to use the variable x' = (x\, . . . , X2n)- 

Lemma 6.2.2. For |5R^| < n the fundamental solution k fJ _(xo, x' , t) of + dt 
is equal to 



(6.2.20) C, = --(X°) 2 + . . . + (X 2 °J 2 ) - lM X °. 



3C 



(6.2.21) x m^r n I e^-^iJ^reM—r^Trwrno. 

J-oc smhrfo ttanhr^o 

where x(t) denotes the characteristic function o/(0,oo). 

Proof. The fundamental solution /c M (xo, x' , t) is solution to the equation, 

(6.2.22) + d t )k(x ,x', t) = S(x ) ® 8{x') <g> 8{t). 
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Let us make a Fourier transform with respect to xo, so that letting k(£oi%',t) — 
k Xo ^.£ (£o,x' ,t) the equation (|6.2.22|l becomes 

(6.2.23) (C + mCo + d t )k a = S(x') ® 5(t), 

(6-2.24) Co = -\ £( A - zx„ + ^o) 2 ~ 5 E(^- + *^o) 2 . 

j=i J j=i "+J 

Notice that C = \H A{ia) , where ff^) = ~ Ej=i( 9 .j ~ Efc=i iAZo)jkX k ) 2 is 
the harmonic oscillator associated to the real antisymmetric matrix, 

-In 
In 



(6.2.25) A(£ ) = Co J, J = 



Therefore, the fundamental solution of Cq + fx^o + dt is given by a version of 
the Mehler formula (see, e.g., |GJj . |Po4l p. 225]), that is, k (t;o, x ',t) is equal to 



(6.2.26) X (t)(2nt)- n det*( . f^j, ,, ) exp[-l( l -^M— x ',x')}, 
v v sinh(iiA(£ )) ; " FL 2t Hanh^A^o) 

= X (t)(27rf)- n ( . f° ))"exp[-l f° J x'| 2 ]. 
AWV ; v sinh(t£ 2itanh(^ ) 

A solution of l|6.2.23|) is now given by k ll (£ ,x',t) = e-^ ot fc (£ , x' , t). More- 
over, as we have 

(6.2.27) \h (^,x',t)\<TT- n M l e- tn ^, 

we see that for |9fyt| < n the function e _t/ ^°£;o is integrable with respect to £o- 
Since k^(xo, x' , t) is the inverse Fourier transform with respect to £o of fc^(^0j x' , t) 
it follows that k u (xo, x', t) is equal to 

(6.2.28) x(*)(27rt)-* r e .^-Ka ( _^ ) n exp[ 1_^| X '|^ , 

J_oo smhr^o ttanhr^o 

The lemma is thus proved. □ 
Next, for |3fyt| < n we let 

(6.2.29) ufa) = -——^(0,0,1) = VXTTT / ^^(^ F )"^o- 

(n + 1)! p (n + 1)! J_ oc sinh^o 

Lemma 6.2.3. Let A : C°°(M,S) -> C°°(M,£) &e a selfadjoint sublaplacian 
which is bounded from below and assume there exists \x G (— n,n) swc/i i/iai near 
any point of M there is an admissible orthonormal frame Z\, . . . , Z n of with 
respect to which A takes the form, 

n 

(6.2.30) A = - ^2(2 jZj + ZjZj) - ifiX + 0^(1). 

i=i 

Then as A — > oo we Aave 

(6.2.31) iV(A; A) - 2"i/(/i) rk£(vol e M)A" +1 . 

Proof. Let Zi, . . . , Z n be & local admissible orthonormal frame of Ti o- Then 
from (|6.2.1|l and (|6.2.7|l we obtain 

(6.2.32) [Zj, Z k ] = -Lg{Z 3 , Z k )T = -ie 3 S 3k T mod T x , © T ,i. 
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(6.2.33) = | 



In addition, we let X± , . . . , X 2n be the vector fields in H such that 

i(Xj - iX n+j ) for j = 1, . . . ,n - K, 
h(X n+ j — iXj) for j = n — k + 1, . . . , n. 

Then X\, . . . , X 2n is a local frame of H = 9?(Ti i0 © To,i) and from lj(i.2.32|l we get 

(6.2.34) [A^,X n+fe ] = -25 ife Xo modi?, 

(6.2.35) [X , Xj] = [Xj,X k ] = [X„+,, X„ +fc ] = mod H. 

Moreover, in terms of the vector fields X\, . . . , X% n the formula H6.2.3t)|l becomes 

(6.2.36) A = -l(Xl + ... + X| n ) + i^Xo + H (1). 

Combining this with l|6.2.13() shows that the condition (|3.4.22() for A, is given in 
terms of the eigenvalues of \L\ = 1 and becomes 

(6.2.37) [i <£ {±(n + 2k); k = 0, 1,2, . . .}. 

Since by assumption we have /i £ (— n, n), the condition (|3.4.22ll is fulfilled at 
every point, so by Proposition 15 . 2 . 51 the principal symbol of A + d t is an invertible 
Volterra-Heisenberg symbol. This allows us to apply Proposition 16 . 1 . 21 to deduce 
that as A — > oo we have 

(6.2.38) N(A;X) - ^ (A)A" +1 , 

where vq{P) is given by l|6.1.3() . 

Let us now work in Hcisenberg coordinates centered at a point a G M related 
to a local H- frame X , X\, . . . , X 2n as above. Because of (|6.2.34|l and (|6.2.35|) the 
model vector fields Xq , X" . . . , X% n coincide with the vector fields (|6.2.18|l ~ Ht).2.19|l . 
so G a M agrees with the Heisenberg group H 2n+1 in the Heisenberg coordinates. In 
addition, using l|6.2.36(l we see that the model operator of A is 

1 

2 ( 

As /j, £ (— n, n) it follows that A satisfies the Rockland condition at every point. 

On the other hand, since we are in Heisenberg coordinates we have Xj (0) = . 
In particular, we have 9(0) = dxo. Moreover, as dd(X, Y) — — 0([X, Y]) we deduce 
from (|6.2.34() - (|6.2.35|l that, for j = 0, 1, . . . ,n and k = 1, . . . , n, we have 

(6.2.40) d6(Xj,X n+k ) = 2S jk , dO{X^X k ) = 0. 

It then follows that d8(Q) = 2^2™ =1 dxj A dx n+ j. Therefore, the volume form is 
given by 

(-1) K 

(6.2.41) ^ — i-B A d9 n (0) = (-l) K 2 n dx A dx x A dx n+1 A ... A dx n A dx 2n - 

n\ 

Note also that because of l|6.2.33() the orientation of M is that given by i n T ' l\Z\l\Z\l\ 
...AZ n AZ n = (-l) K TAXiAl n+ iA...AX I1 AA'2, l . Therefore, at x = the volume 
form of M is in the same orientation class as (— l) K dxoAdxiAdx n+ i A. . .Adx n Adx2 n - 
Thus, 

(6.2.42) A = 2 " dx U=o' 



(6.2.39) A a = --((X?f + ... + (X% n ) 2 ) - t^Xg = £ M . 
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All this shows that in the above Heisenberg coordinates the volume form and 
the model operator of A have normal forms in the sense of Proposition 16 . 1 .51 with 
Po = 2™ and Pq = £ M <£> ±c- Therefore, we may apply (|6.1.16|) to get 

(6.2.43) p (A) = 2'V (£ M ® l c ,) / t^lff A d9 n = 2™ u Q (C M ) rk £ volg M, 
where Vq{C^) = 7^jryfc jU (Q, 0, 1) = v{ijl). The lemma is thus proved. □ 

We are now ready to relate the asymptotics l|6.1.3|) for the Kohn Laplacian to 
the pseudohermitian volume of M. 

Theorem 6.2.4. Assume that M is endowed with a Levi metric and consider 
the Kohn Laplacian U h . p>q : C°°(M,A p ' q ) -> C°°(M,A p ' q ) acting on (p,q) -forms 
with q ^ k and q ^= n — k. Then as A — > oo we have 

(6.2.44) N(D b . p , q ; A) ~ a nKpq (vo\ e M)\ n +\ 
where a nKpq is equal to 

(6.2.45) £ « t ),(„_ 2(s _ 9 + 2t)) . 

max(0,g— re)<fe<min(g,n— re) 

In particular a nKpq is a universal constant depending only on n, k, p and q. 

Proof. As M is K-strictly pseudoconvex the y(g)-condition reduces to q ^ n 
and q ^ n — k, so in this case ^b; P ,q has an invertible principal symbol. Since Db;p, g 
is a positive it follows from Proposition 16 . 1 .21 that as A — > oo we have 

(6.2.46) N(D b;M ; A) ~ u (D b;p , q )X n+1 . 

It then remains to show that Uo(\3 b - tPtq ) = a nKpq vole M with a nKpq given by l|6.2.45[) . 

Let {T, Zj, Zj} be a local admissible orthonormal frame of TcM and let {6, & , 9^} 
be the dual coframe of T£M. For ordered subsets J = {ji, ■ ■ ■ , j P } and K = 
{ki, . . . , k q } of {1, . . . , n.} with ji < . . . < j p and k\ < . . . < k q we let 

(6.2.47) 9 J ' R = J1 A . . . A 6»> A fl' 01 A ... A 6 h " . 

Then {0 J ' K } form an orthonormal frame of A* : * and, as shown in BG, Sect. 20], 
with respect to this frame □& takes the form, 

(6.2.48) □ b = diag{D J ^} + O ff (l), 

(6.2.49) U JR =4 E ^ + ^ + ^ E ^' ^1 - ^ E 1^' 

l<i<n i£K jg-fs" 

Moreover, using (|6.2.32|l we see that the leading part of Ojk is equal to 

(6.2.50) -- 22 (Z-jZj + ZjZj) - -fJ, K X , Mk = ^ e J E e J' 

Notice that since ej — 1 for j — I, . . . ,n — k and 6j ; = — 1 for j = n — k + 1, . . . ,n 
we have fix € [— n, n] and /zk = ±n if, and only if, we have K = {1, . . . , n — k} or 
if = {n — k + 1, . • • , n}. Thus if |if | = g with g ^ {k, n — k} then □ j^- is two times 
a sublaplacian of the form (|6.2.30Jl with fi — fix in (— n, n). 
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On the other hand, complex conjugation is an isometry, so from the orthogonal 
splitting H6.2.5B we get the orthogonal splitting T ,i = © Tq 1 with T 01 = T x . 
By duality these splittings give rise to the orthogonal decompositions, 

(6.2.51) A 1,0 = A+° © Ai'°, A ' 1 = A+ 1 ffi A°'\ 
Therefore, letting A p '^ k = A p '° A (A°/) k A (A 04 )^ we have 

(6.2.52) A p ' q = A p ' 9 ' k . 

max(0,fj- «)<fe<min(g,n— n) 

Let n p;g fe be the orthogonal projection onto A p ' q ' k and set O pq k = Il pq kO b U pq k . 
As (|6.2.48|l and (|6.2.49|l show that O b . Ptq is scalar up to first order terms we have 

(6.2.53) □6 iPl9 = 51 □ p;gfe + H (l). 

max(0,q— >c)<fc<min(q,n— re) 

In particular, as ^(D^p.g) depends only on the principal symbol of D^p.g we get 

(6.2.54) u (n b . tM )= va(P m k)- 

max(0,g— K)</e<min(q.n— k) 

We are thus reduced to express each coefficient fo(Dp ;9 fc) in terms of vole M. 
Next, if 9 JK is a section of A p ' q,k then we have 

(6.2.55) #Kn{l,...,n-K} = k, #K n {n - k + 1, . . . , n} = q - k, 

(6.2.56) #K C n {1, . . . ,n - k} = n - k - k, 

(6.2.57) #K C n{n - K+l,...,n} = K-q + k, 

from which we get fix = k — (q— k) — [(n — K — k) — {k — q + k)] = n + 2q—2n — Ak. 
Combining this with I6.2.48|I - H6.2.5U|I then gives 

(6.2.58) n mk = -~ (ZjZj + ZjZj)- ~(n + 2< ? -2K-4fc)Xo + H (l). 

l<j<n 

Now, we can apply Lemma 16.2.31 to 2\3 p - q k to get that uo(\3 p - q k) is equal to 

(6.2.59) 2^ ( ' i+1) i/o(2Dp;«jfc) = 2- (n+1) 2"(rk A p '< q ' k )is(n + 2q - 2k - 4fc). vol e M 

1 / n\ (n — kA ( k 
= 2{p){ k ){q-k 

Combining this with Ij6.2.46|l and (|6.2.54|l then shows that as A — > oo we have 

(6.2.60) N(D b . p ^X) ~ a nKpq (vo\ e M)\ n+ \ 

with a nK pq given by (|6.2.45|l . The proof is thus achieved. □ 
Next, we turn to the horizontal sublaplacian on (p, g)-forms. 

Theorem 6.2.5. Assume that M is endowed with a Levi metric and consider 
the horizontal sublaplacian A b : C°°(M,A p > q ) -> C°°{M,A p ' q ) acting on (p,q)- 
forms with (p,q) ^ {n,n — n) and (p,q) (n — K, k). Then as A — > oo we have 

(6.2.61) N(A b , p ^ A) ~ p nKpq (vo\ e M)\ n+ \ 



J v{n + 2q-2n- Ak). vol M. 
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where ftnnpq is equal to 
(6.2.62) 

£ Kv)G-D("r)(AH 2( «- rt+ « 



max(0,g— K,)<k<rnin(q,n— k) 
max(0,p— k) <l<.min(p ,n— k) 



In particular [3 nKpq is a universal constant depending only on n, k, p and q. 
PROOF. Thanks to (|2.2.13f) we know that we have 

(6.2.63) A b = D b;P!q + D b;P!q , 

where denotes the conjugate operator of O b , that is, O b r] = O b fj, (or, equiva- 
lently, the Laplacian of the <9b-complex). 

As in H6.2.52JI we have orthogonal splittings, 

(6.2.64) A p '« = A p ^ q = A p ' i;9 ' fc , 

max(0,p— K,)<l<min(p,n— k) max(0,q- K)<fc<min(g,n— re) 

max(0,p— K.)<l<m'm(p,n— re) 

(6.2.65) A p ^ q = (A^ )' A (Ai'°) p_i A A°'», A p ^ k = A p - l:0 A A p ^°. 

Since O b - p ^ q is a scalar operator modulo lower order terms, the same is true for D b 
and Aft. Therefore, on A p ' q we can write 

(6.2.66) U b = o pM + o H (i), n pM = u Ptl , q D b n pAq , 

max(0 : p— K)</<min(p,n— k) 

where n Pi ; ;9 denote the orthogonal projection onto A p ' l ' ,q . Therefore, if we let H Pt i-q t k 
denote the orthogonal projection onto A p,l ' ,q,k and set A p j. q: k = H p ,i- q ,kA b H p j. q _k, 
then we have 



(6.2.67) A b = & P ,l; q ,k + H {l). 



max(0,g— k)< k<mm(q.n— k.) 
max(0,p- K)</<min(p,n— k) 



In particular, as in l|(j.2.68fl we have 

(6.2.68) v (A b . p ^ q ) = ^2 u o(Ap,i ;q ,k)- 

max(0,g— K)<k<.min(q.n— k) 
max(0,p— K)</<min(p,n— k) 

Next, let {Xq, Zj, Zj} be a local admissible orthonormal frame for T^M . Since 
Pj i ;q = O q - p j, using l|fi.2.58J) we see that on A p ' l ' q we have 

(6.2.69) U pM = -- J2 (Z j Z j + ZjZ j ) + ~(n + 2p-2K-4l)X + O H (l). 

Therefore, on A p ' l ' q ' k we can write 

(6.2.70) Ap^.^ = □ p;9l fc + D p j. q 

= - J2 (Z j Z j +Z j Z j )-i(2(q-p)+4(l-k))X + O H (l). 

l<j<n 
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Thanks to (|6.2.70|) we can apply Lemma f6. 2. 31 to get 

(6.2.71) voi&p.M-k) = 2 " * AP< l *< k v{2{q - p) + 4(1 - k)) vol, M 

= r (" 7 ') C - 1) (" v) (, - > <% - " + 4(1 - k)) voie u - 

Combining this with 16.2.68fl then shows that as A — > oo we have 

(6.2.72) 7V(A 6 ; A) ~ (3 nfipq (vol g M)X n+l , 

with /3 nKpq given by (|6.2.62|l . The theorem is thus proved. □ 

Finally, suppose that M is strictly pseudoconvex, i.e., we have k = 0, and for 
k = l,...,rc.+ l,n + 2,n+4,... let B (k) : C°°(M) -> C°°(M) be the Gover-Graham 
operator of order k. Then we have: 

Theorem 6.2.6. Assume k ^ n + 1. TTien i/iere exists a universal constant 

(k) 

Vn > depending only on n and k such that as A — > oo we have 

(6.2.73) 7V(E^ fe) ; A) ~ z/ fe > (vol e M )A^ . 

Proof. Let Z\, . . . , Z n be an orthonormal frame of T^o over an open U C M. 
Since k = this is an admissible orthonormal frame. Therefore, as shown in 
the proof of Lemma 16.2.31 if for j = 1, . . . , n we let Zj — h(Xj — iX n+ j) then 
Xq, X\, . , . , X% n is an f/- frame such that in associated Heisenberg coordinates cen- 
tered at a point a e U we have G M = H 2n+1 and 0A<20"(O) = 2 n dx and the model 
operator at x = of A M = — ^{ZjZj + ZjZj) — ifiT, \i € C, is the Folland-Stein 
sublaplacian £ p in H6.2.20I) . 

By Proposition 13. 5. 71 the operator is of the form, 

(6.2.74) (A b , Q +i(k-l)X Q )(A b , Q +i(k-3)X Q ) ■ ■ ■ (A h , -i(k-l)X ) + O H {2k-l). 

Moreover, by l|3.5.24J) we have Afc ; o = — Yli^j^j + ^j^i) + Ofi(l), so in Heisenberg 

coordinates as above the model operator at x — of Ab ; o — ifJ-Xo, fJ> € C, is just 
Incidentally, the model operator of is £-k+i£-k+3 ■ 1 ■ £fc-i- 
All this shows that admits a normal form in the sense of Proposition ^. 1 .41 

and that we can make use of this proposition as in the proof of Lemma 16.2.31 to 

deduce that as A — > oo we have 

(6.2.75) N0 g k) ;X) ~ ^ fe )(vol e M)A 2 * 1 , i/<*> = 2 n T(l + *t±l)-i K M(p, 1), 

where K^ k '(x,t) denotes the fundamental solution of C-k+iC-k+3 • • • £-k-i + d t - 
In particular, we see that v\ is universal constant depending only on k and n. 
Furthermore, it follows from Proposition 16 . 1 . 21 that i/n is > 0. □ 

6.3. Weyl asymptotics and contact geometry 

In this section we express in more geometric terms the Weyl asymptotics for the 
horizontal sublaplacian and the contact Laplacian on a compact orientable contact 
manifold (M 2n+1 ,H) equipped with a contact form 9. 

Let Xq be the Reeb vector field associated to 6, so that tx d9 = and 
ix Q = 1- Since M is orientable H admits a calibrated almost complex struc- 
ture J £ C°°(M, End if), J 2 = — 1, so that for any nonzero section X of H we have 
d0(X, JX) = -d0(JX, X) > 0. We then endow M with the orientation defined by 
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9 and the almost complex structure J, so that 9 A d9 n > 0, and we equip it with 
the Riemannian metric, 

(6.3.1) g e ,j = d0(., J.) + 9 2 . 

A local orthonormal frame X\ , . . . , Xi n of H will be called admissible when we 
have X n+ j — JXj for j — 1, . . . ,n. If 9 1 , . . . , 9 2n denotes the dual frame then we 
have d9 = Y^j=i & A so the volume form of gg is equal to 

(6.3.2) 9 1 A 9 n+1 A ... A 9 n A <9 2 " A (9 = — tZ0" A 9. 

n\ 

In particular, the volume form is independent of the choice of the almost complex 
structure and depends only on the contact form. 

Definition 6.3.1. The contact volume of (M 2n+1 ,9) is given by 

(6.3.3) vol e M=— t [ d9 n A 9. 

n] - Jm 

Lemma 6.3.2. Let A : C°°(M,£) — > C°°(M, E) be a selfadjoint sublaplacian 
such that A is bounded from below. We further assume that there exists [i G (— n, n) 
so that near any point of M there is an admissible orthonormal frame X\, . . . , X211 
of H with respect to which A takes the form, 

(6.3.4) A = -{Xl + ... + X\ n ) - i[iX + 0^ (1). 
Then as X — > 00 we have 

(6.3.5) A(A; A) ~ 2 n v{p) rk£(vol 9 M)A n+1 . 

Proof. Let X\, . . . , Xi n be an admissible local orthonormal frame of TM and 
for j = 1, . . . , 2n let X,- = a/2X<- Then X , X u . . . , A 2 „ is a local H- frame of TM 
with respect to which A takes the form, 

(6.3.6) A = ~{Xl + ... + XfJ - in(x)T + H {1). 
Moreover, for j,k = 1, . . . , 2n we have 

(6.3.7) 6{\X h JX k ]) = -2d6{X h JX k ) = -2g e {X h X k ) = -25 jk . 
Therefore, for j, k = 1, . . . , n we get: 

(6.3.8) [X j ,X n+k ] = -2S jk X modi/, 

(6.3.9) [T, Xj] = [X, , X fe ] - [X n+j , X n+fc ] - mod H. 

The equalities (|6.3.6(l - l|6.3.9[) are the same as (|6.2.34l) - (|6.2.36() in the case k = 0. 
Therefore, along the same lines as that of the proof Lemma fo. 2. 31 we get 

(6.3.10) i/ (A) = 2"^ / d9 n A9 = 2 n vU) vol e M. 

Combining this with Proposition 16 . 1 . 2l then proves the asymptotics (|6.3.5|l . □ 

Theorem 6.3.3. Let A b , k : C°°(M,A^H*) -> C°°(M, A^ +1 i/*) &e i/ie Ziori- 
zontal sublaplacian on M in degree k with k =/= n. Then as A — > 00 we have 

(6.3.11) A(A b;fc ;A)~ 7 „ fc (vol e Af)A" +1 , lnk = ]T 2™ W - <?)• 
In particular "f nk is universal constant depending on n and k only. 



6.3. WEYL ASYMPTOTICS AND CONTACT GEOMETRY 



121 



Proof. As explained in Seetion the almost complex structure of H gives 
rise to an orthogonal decomposition Aj^H* = p+9=fc X p ' q . If X\, . . . ,Xi n is a 
local admissible orthonormal frame of H then, as shown by Rumin RuJ Prop. 2], 
on A p,q the operator takes the form, 

(6.3.12) A fc = -(A 2 + ... + A 2 J + i(p - g)X + O ff (l). 

where the lower order part is not scalar. Therefore, modulo lower order terms, Af, 
preserves the bidegree. We thus may write 

(6.3.13) A b[k = A M + H (1), A PA = np !9 A 6 n M , 

p+q=k 

where n Pi9 denotes the orthogonal projection of A'^H* onto A p ' q . In particular, 

(6.3.14) ^o(A fc;fe ) = 

p+q=k 

Moreover, since A p g takes the form (|6.3.12|l with respect to any admissible 
orthonormal frame of H, we may apply Lemma 16.3.21 to get 

(6.3.15) ^o(A p , ? ) = 2™ ( n )( n \iP-l)- 

Combining this with l|6.3.14|l then gives the asymptotics (|6.3.11|l . □ 
Finally, in the case of the contact Laplacian we can prove: 

Theorem 6.3.4. l)LetA R . k : C°°(M, A fc ) -> C°°(M,A k ) be the contact Lapla- 
cian in degree k =/= n. Then there exists a universal constant v nk > depending 
only on n and k such that as A — * oo we have 

(6.3.16) N(A R:k ) ~ v nk (vo\ e M)X n+1 . 

2) For j = 1,2 consider the contact Laplacian A R;nj : C°°(M, A") -> C°°(M, A"). 
Then there exists a universal constant u n j > depending only on n and j such that 
as A — > oo we have 

(6.3.17) ^(A^,) ~ ^„ J (vol e M)A 2i * i . 

Proof. Let »eM and consider a chart around a together with an admissible 
orthonormal frame X±, . . . , X^ n of H . Since T, X\, . . . , Xm form a H- frame this 
chart is a Heisenberg chart. Moreover, as shown in the proofs of Lemma f6 . 2 . 31 and 
Lemma f6 . 3 . 21 the following hold: 

(i) We have J° = X®, where Xq,...,^^ denote the left-invariant vector 
fields §XE§ and (|6.2MQI) on H 2n+1 . In particular, we have G a M = U 2n+1 and 
H a = Hq, where Hq is the left-invariant Heisenberg structure of H 2n+1 . 

(ii) We have 0(0) = dx Q = 0°(O) and d6(0) = 2J2] =1 dx 3 A dx n+J = d0°(O), 
where 9° — dxo + ^ij=i( x jd%n+j ~ Xn+jdxj) is the standard left-invariant contact 
form of H 2n+1 . 

(iii) The density on M given by the contact volume form \0 A d0 n agrees at 
x = with the density 2 n dx on R d+1 . 

On the other hand, for k = 0, 1, . . . , 2n the fiber at a of the bundle A^ depends 
only on H a and on the values of 9 and d9 at a. Therefore, it follows from the 
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statements (i) and (ii) that in the Heisenberg coordinates centered at a the fibers 
at x = of the bundles A* A™ of M and H 2n+1 agree. 

Next, let A R denote the contact Laplacian on TC 2n+1 . Then we have: 

Lemma 6.3.5. In the Heisenberg coordinates centered at a the model operators 
of A R . k and An-nj agree with A R . k and A^. ■ respectively. 

PROOF of the lemma. First, note that in view of the formulas (|3.5.38j) 
(I3.5.42|) for Ar and of Proposition 13.2.91 and Proposition 13.2.111 we only have 
to show that in the Heisenberg coordinates centered at a the model operators d R . k 
and D R . n agree with the operators d R . k and D R . n on H 2 " +1 . 

Let 9 1 , . . . , 9 2n be the coframe of H* dual to X\ , . . . , X% n ■ This coframe gives 
rise to a trivialization of A^H* over the chart, in which we have db — Y^=i £ {^)^j- 
Furthermore, since -^(0) = we have 0j(O) = dxj, so the model operator of db is 
dg = Y^jZi e(dxj)Xj = d°, where d b is the aVoperator on H 2n+1 . In particular, as 
for k = n + 1, . . . , 2n we have d R -k = d b -k on A fc , we get d R . k = d b . k — d°. fc = d R . k . 

On the other hand, by definition for k = 0, . . . , n— 1 we have d* R . k = d b . k on A k . 

Thus (d R . k y = (d* R . k r = (d* hk r = (d a b . k y = (d° b . k y = (d% k y, which b y taking 

adjoints gives d R . k — d R . k . 

Finally, as D R . n = Cx + d b;n -ie(d9)~ 1 d b;n the model operator D R . n is equal 
to £ Ta + dl^isideyy^ = C T o + d°„_' lE (d0°)*dg ; « = D% n . The proof is 
therefore achieved. □ 

Thanks to the statements (i) and (iii) and the claim above we may apply 
Proposition 16. 1.51 Letting K^^x^t) be the fundamental solution of A R . k + d t we 
then deduce that as A — > oo we have 

(6.3.18) N{A R , k ) ~ ^ fc (vol e M)A I1+1 , v nk = - — tr A ,,o K .. k (0, 1). 

(n + ly. 

In particular, the constant v nk depends only on n and fc, hence is a universal 
constant, and it follows from Proposition 16 . 1 .21 that v nk is a positive number. 

Similarly, let K . n j(x,t) be the fundamental solution of A R . n j + d t - Then as 
A — > oo, we have 

(6.3.19) N(A R . nj ) ~ Vnd ^o\gM)X^, 

where v n j = 2T(1 + ^^i) -1 tr A «,o K i n (0, 1) . In particular v n> j is a universal 
constant depending only on n and j. The proof is thus complete. □ 
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Proof of Proposition 3.1.18 



First, we need the lemma below. 

Lemma A.l. For Vim > we have K. m (U x R d+1 ) C C°° (U)®C^ (R d+1 ) . 

PROOF. Let N = [^i] and let a be a multi-order such that \a\ < N. As 
(a) < 2\a\ < -(k + d + 2) the multiplication by £ Q maps S^(U x R d+1 ) to 
C°°(U)^)L 1 (R d+1 ). Composing it with the inverse Fourier transform with respect to 
£ then shows that the map p -> maps x R d+1 ) to C oo ([/)®C (E d+1 ). 

It then follows that for any p g S m (U x R d+1 ) the transform p^ y (x 1 y) belongs to 
C°°([/)<x>C JV (R d+1 ). 

Now, if if € /C m (?7 x R d+1 ) then by Lemma HTl.141 there exists a symbol 
p £ x M d+1 ), ?fi = -(to + d + 2), such that K(x,y) is equal to p^ y (x,y) 

modulo a smooth function. Hence K{x,y) belongs to C°°(U)®C N (R d+1 ). The 
lemma is thus proved. □ 

We are now ready to prove Proposition 13 . 1 . 181 Let U be an open subset of 
R d+1 together with a hyperplane bundle H C TU and a i/- frame of TU and let 
(j> : (U,H) — ► (U,H) be a Heisenberg diffeormorphism. Let P € $^(V) and set 

P = 4>*P. We need to show that P is a tyjjDO of order to on U . 

First, by Proposition 13 . 1 . Hp the distribution kernel of P takes the form, 



with Kp(x,y) in JC rh (U x M d+1 ) and P(i,y) in C°°{U x (7). Therefore, the distri- 
bution kernel of P = <fr* P is given by 

(A.2) fc P (z,y) = |^(y)|fep(0(x),0(y)) = \s' x \K(x, -e x (y)) + R(<f>(x), 0(y)), 

where AT is the distribution on W = {(a:,y) e [/xl^ 1 ; ^(-y) G {/} C f7 x R d+1 
given by 

(A.3) A(a;, y) = \d y <S>{x, y)\Kp(cf>(x),$(x, y)), y) = -e^ w) o(j)o e'^-y). 

Next, it follows from |Po6l Props. 3.16, 3.18] that we have 



where Q(x,y) is a smooth function on 11 with a behavior near y = of the form 



(A.6) K{x,y)= \d v $(x,y)\ K - J } (d?K P ) (<f>(x), ef>' H (x)y) + R N (x, y), 



(A.l) 



kp(x,y) = |^|i5rp(x,-e 5 (y)) + P(z,y), 



(A.4) 



$(x,y) 



^(^X-y) + ©(^ y) = 4>'H( x )(y) + ®( x > 2/). 




(a)<7V 
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where Rjsr(x,y) is equal to 

(A.7) R N (x,y)= \dv®(x,y)\^f- / (t-lf-^Kp^x^x^dt. 

<a)=JV J ° 

and we have let $t(x, y) = 4>' H (x)y + tQ(x, y). 

Set f a {x, y) = \d y $(x, y)\Q(x, y) a . Then (|A.5j) implies that near j/ = 0we have 

(A.8) f a {x,y) = (|| 2/ || 3 «o+2( Ql +...+« <i ) ) = 0(||y||*«). 

Thus all the homogeneous components of degree < § (a) in the Taylor expansion for 
fa(x,y) at y = must be zero. Therefore, we can write 

yP 

(A.9) f a (x,y)= ^^"gT + X! r Nap(x 1 y)y 13 , 

where we have let f a /3(x) = d^f a (x,0), the functions rMap{x,y) are in C°°(Li) 
and the notation (6^ = |iV means that is equal to |7V if |iV is an integer and to 
| TV + 5 otherwise. Thus, 

(A.10) K(x,y)= ^2 ^2 K a/3 (x,y)+ J2 RNa(x,y) + R N (x,y), 

{a)<N 3( Q )<(fl)<|Ar < Q )<jV 

where we have let 

(A.ll) ^ a/3 (x,y) = f a p{x)yP{d?K P ){<l>{x),ct>' H {x)yl 

(A.12) fliva(a:,»)= £ r^s, y)y (d?K P )(<t>(x), <f>' H (x)y). 

As in the proof of Proposition 13. 1 . lBl the smoothness of (f>' H (x)y and the fact 
that 4>' H (x){X.y) = X.(f>H'(x)y for any A £ K imply that K a p(x,y) belongs to 
1C*-<A+@(U x M d+1 ). Notice that if |(a) < (^=|JV then we have Sra- (a) + (0) > 
dim + i(6^ > SRm + . It then follows from Lemma [A.ll that. for any integer J, the 
remainder term Rno is in C J (U x R d+1 ) as soon as AT is large enough. 

Let tt x : U x R d+1 — > U denote the projection on the first coordinate. In the 
sequel we will say that a distribution K(x, y) £ V(U x K d+1 ) is properly supported 
with respect to x when ^ x \ exxvpK is a proper map, i.e., for any compact L C U the 
set supp K n (L x M d+1 ) is compact. 

In order to deal with the regularity of RN(x,y) in l|A.7|) we need the lemma 
below. 

Lemma A. 2. There exists a function Xn £ C^°(jU) properly supported with 
respect to x such that x{ x tD) — 1 near y = and, for any multi-order a, we can 
write 

(A.13) x{x,v)Q(x,y) a = ]T e a0 (t,x,y)^ t (x,yf 

»=§W 

where the functions 8 a p(t, x, y) are in C°°([0, 1] x U x ]R d+1 ). 

Proof of the lemma. Let V be a relatively compact open subset of U and 
let (to, xo) € [0, 1] x U'. Since $t (a;o,0) = and d y & to { x o, 0) = <j)' H (xo) is invertible 
the implicit function theorem implies that there exist an open interval I XQ containing 
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t Xo , an open subset U Xo of U containing xq, open subsets V XQ and V Xo of M. d+1 
containing and a smooth map ^S xo (t, x, y) from I xo x U xo x V xo to V^ such that 
U Xq x T4 is contained in U and for any (f , x, y) in I xo x [7 So x V4 and any y in 
we have 

(A.14) y = <f> t (x,y) y = * Xo (t,x,y). 

Since [0, 1] x U' is compact we can cover it by finitely many products I Xk x U Xk , 
k = 1, ..,p, with (tk,Xk) £ [0, 1] x V. In particular, the sets I = U^/ft and J7" = 
UC/fe are open neighborhoods of I and V respectively. Thanks to (|A.14(I we have 
^x k = %x, on (I Xk x U Xk x V Xk )n(I Xl x U Xl xV Xl ). Therefore, setting V = n k V k and 
V = HfeVfe we have U" x V C U and there exists a smooth map \& from 7 x 17" x V" 
such that for any (t, x, y) in I x £7" x V and any y in V we have 

(A.15) y = $ t (x,y) y = -qr(t,x,y). 

Furthermore, as dy^(t,x, 0) = [9 y $ t (x, 0)] _1 = ^(rr) -1 and for any A £ R 
we have (f)' H (x)~ x (A.y) = Xcf)' H (x)~ x (y), the function ^(t, x, y)) behaves near 
y = as in (|A.5fl . so as in l|A.8|) and 1A.9|) for any multi-order a we can write 

(A.16) Q(x,9(t,x,y)) a = V 6 a p(t,x,y)f, 



E 

<3>=§<q> 



for some functions 9 a p(t, x, y) £ C°°(I x U" x V). Setting y — &t(x, y) then gives 
(A.17) &(x,y) a = V M*. lO*. 



E 



for some functions 0ap{t, x, y) £ C°°(I x U" x F). 

All this allows us to construct locally finite coverings (f7^) n >o and (J7")„>o of 
U by relatively compact open subsets in such way that, for each integer n, the open 
Un contains U' n and there exists an open V n C M. d+1 containing so that, for any 
multiorder a, on [0, 1] x (7" x V n we have 

(A.18) 0(x,yr= Y, e^(t,x,y)^ t (x,yf, 

for some functions 6 ( ^(t,x,y) £ C°°([0, 1] x U% x V n ). 

For each n let (p n £ C™{U") be such that ip n = 1 on U' n and let i/'n G C^{V n ) 
be such that ^„ = 1 on a neighborhood V„ of 0. Then we construct a locally finite 
family (Xn)n>o £ C^°(U) as follows: for n = we set Xo^y) = </?o(a ; )V'o(2/) and 
for n > 1 we let 

(A. 19) Xn(x,y) = (1 - poCaOV'oG/)) ... (1 - p n -i (aj)V'n-i {y))Vn{x)^ n {y)- 
Then x = X)n>o An 1S a well defined smooth function on U x M d+1 supported on 
U n >o(^7n x ) C £7, hence properly supported with respect to x. Also, as x(x,y) 
is equal to 1 on each product U' n x we see that x(x, y) = 1 on a neighborhood 
of [7 x {0}. In addition, thanks to (|A.18(I on [0, 1] x U we have 

(A.20) x(x,y)Q(x, y ) a = Yxn(x,y)Q(x,y) a = ]T e a p(t,x,y)^ t {x,y) fi , 

«>0 ® = §<o) 

where 6 a/s {t,x,y) :=J2 n Xn{x,y)6%>{t,x,y) belongs to C°°([0, 1] x {7 x M d+1 ). The 
lemma is thus proved. □ 
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Let us go back to the proof of Proposition Q] . 1 . lTfl Thanks to (|A.7(I and l|A.13(l 

we see that x( x > u)Rn{x, y) is equal to 

(A.21) E E / r a/s (t,x,y)(fd?K P )(cf>(x),$ t (x,y))dt, 

(a)=N ((3) = %N J0 

with r a p(t,x,y) in C°°([0, 1 x U x Since y p d%Kp is in K." l+N / 2 (U x 

it follows from Lemma [A. II that, for any integer J > 0, as soon as N is taken large 

enough yPd^Kp is in C J {U x K d+1 ) and so X {x,y)RN(x,y) is in C J (J7 x R d+1 ). 

On the other hand, set Kp{x,y) — x( x ,y)K(x,y) = J2Xn(x,y)K(x,y). Since 
x{x, y) is supported in IA and is properly supported with respect to x this defines 
a distribution on U x R d+1 . Moreover, using lA~TT)l) we get 

3 

(A.22) K P (x,y)= £ £ K a0 (x,y) + ^R^ , 

(4<N | <a)<<$<§ TV J = l 

where the remainder terms R^ , j = 1, 2, 3 are given by 

(A.23) = x(x,y)RN{x,y), R$ = ^ x(x,y)RN a (x,y), 

{a)<N 

(A.24) R%\x,y)= E (l-x(x,y))K a0 (x,y). 

{a)<N |(4<^<|AT 

Each term if Q/3 (>, y) belongs to /C™~ (q>+ ^ (Z7 x R d+1 ) and, as m + (ft) - {a) = m + j 
and | (a) < imply (a) < 2j and (ft) < |j, in the r.h.s. (|A.22() there are only 
finitely many such distributions in a given space /C" l+:, (t/ x R d+1 ) as a and j3 range 
over all multi-orders such that | (a) < . 

(3) 

Furthermore, the reminder term R N is smooth and the other remainder terms 
R$ , j = 1, 2, are in C J (U x R d+1 ) as soon as N is large enough. Thus, 

(A.25) K P {x,y)~ ]T K^fay), 

which implies that belongs to K, m (U x M d+1 ) and satisfies (|A.25fl . 

Finally, from (jA.ljl and the very definition of <£>(x, y) on U xU, we deduce that 
the distribution kernel of P differs from \e' x \Kp(x, —e x (y) by the smooth function 

(A.26) [1 - X (x, E x (y))]\e' m \Kp(4,(x), ~e Hx) o <f>(y)) + R(<t>(x), <f>(y)). 

Combining this with Proposition 13 . 1 . lfil and the fact that Kp(x,y) satisfies l|A.25|l 
proves Proposition 13 . 1 . 1 8l 
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Proof of Proposition 3.1.21 

Let P : C%°{U) -> C°°{U) be a * H D0 of order m and let us show that its 
transpose operator P* : C^°(U) — > C°°(U) is a f fl DO of order m. By Proposi- 
tion E^23 the distribution kernel of P is of the form, 

(B.l) k P (x,y) = |4|if P (x,-e x (y))+i?(a;,y), 

with if P (ic, y) in /C m (£/ x R d+1 ) and #(sg, y) in C°°(U x J7). Thus the distribution 
kernel kpt(x,y) = kp(y,x) of P* is equal to 

(B.2) I4l#p(y, -e„(a:)) + x) = \e' x \K(x, -e x (y)) + R{y, x), 

where K is the distribution on the open U = {(x, y); s~ (—y) € U} given by 
(B.3) K(x,y) = le'J-^'ylKpie-H-yl-^-^-y^))- 

Lemma B.l. OnU we have 
(B.4) e s -i ( _ y) (x)=y-e(x,y), 

where : U — > R d+1 is a smooth map with a behavior near y = of the form fA.ty) . 

Proof. Let (x,y) e U and Y e G X U let X y (Y) = y.Y, that is, \ y is the left 
multiplication by y on G^C/. Then by jPo6l Eq. (3.32)] for Y small enough we have 

(B.5) lime x oe-} 1(t _ y) (t.Y) = X_ y (Y) = X y 1 {Y). 

Since e x o e_ -i, 4 1S a smooth function of (t,Y) near (0,0), it follows from 

the implicit function theorem that for V small enough we have 

(B.6) limt- 1 .^ ^ o s-\Y) = X y (Y). 

In particular, for Y = we get 

(B.7) limt- 1 .e s -x {t _ v) (x)=y. 

Now, the function s £ ~i^_ y - j (x) depends smoothly on (x,y) E U 1 so (|B.7|) allows 
us to put it into the form, 

(B.8) e e -i { _ y) (x)=y-Q(x,y), 

where = (Qq, . . . , 0^) is smooth map from U to M. d+1 with a behavior near y = 
of the form 

(B.9) eo(x,2/) = 0(|yo| 2 + |yolM + M 3 ), Qj(x, y) = 0(|y| 2 ), j = l,...,d. 
In particular, near y = the map has a behavior of the form (|A.5|I . □ 
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Next, a Taylor expansion around [e x (—J/), —y) gives 
(B.10) K(x,y) = ]T \e' x \-%\^^(d^K P )(s-\-y)-y)+R N (x,y), 

{a)<N 

where i?jv(x,?/) is equal to 

(B.11) J2 Kr'KI^T- C {l-t) N - X d«K P ){e-\-y),S> t {x,y)), 

(a)=N °" J ° 

and we have let $t(x, y) = —y + t®(x, y). 

Let a a (x,y) = Is^l" 1 \e' y \ e< " x ^ ■ Thanks to (|A.5|I the same arguments used to 
prove (|A.9(1 show that there exist functions rjy a (x,y) S C°°(U), (^ = |7V, so that 

(B.12) a a (x,y)= ^ a a0 {x)y' 3 + ^ r Na {x,y)y 13 , 

|W<#<|JV <3> = §JV 

where we have let a a p(x) — -^d^a a (x,0). Therefore, we get 
(B.13) K(x,y)= E ao/ 3 ( 2; )/(^p)( £ - 1 (-y),-y) 

(a)<N |(^<^)<|JV 

+ ^2 RNa{x,y) + R N {x,y), 

{ol)<N 

where we have let 

(B.14) R Na (x,y) = r Na (x,y)y^d^K P )(e- 1 (~y),-y). 

Next, a further Taylor expansion gives 

(B.15) (d«K P )(e- 1 (-y),- y )= £ l^ e -\- y ) - x )-r^ Kp )(x,-y) 

h\<N 

+ E [ (l-t) N - 1 (d2d^K P )(e t (x, y ),-y), 

h\ = N J ° 

where we have let £t{x,y) = x + t(e~ 1 (— y) — x). Since £^T 1 (— y) — x is polynomial 
in y of degree 2 and vanishes for y — 0, we can write 

(B.16) L( e -i(-y)- x yi= b lS (x)y s , 

|7|<I<5<2| 7 | 

where we have let b^six) = ^^[dyi^x 1 (~ v) ~ :r ) 7 ]i/=o- Thus, 

(AO 

(B.17) K(x,y)= Y K *f3~f8(x,y) + ^ E R N a p(x,y) 

ce,P,J,6 {a)<N § (c^<(6(><f N 

+ ^ RNa{x,y) + R N (x,y), 

{d)<N 

where the first summation goes over all the multi-orders a, (3, 7 and S such that 
(a) < N, §(a) < (ft) < § N and | 7 | < \S\ < 2\y\ < 2N, and 

(B.18) K a ^ s (x,y) = f af3jS (x)y 0+s (dZd?K P )(x,-y), 
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with faf3j8(x) — a a i3{x)b 1 s{x) and RNa0{x,y) is equal to 

(B.19) £ J2 a «w(x)y P+S f\l-t) If - 1 {B2d*K P )(e t (x,y),-v). 

| 7 |=JV Af<|5|<2JV 

Now, the distribution y i3 K P {x,-y) belongs to IC" l -( a )+^ (U x R d+1 ). In par- 
ticular, if |(a) < $>=§iV then dim - (a) + ^3} > dim + § > Km + |JV. Therefore, 
for any given integer J Lemma fA.ll tells us that y l3 Kp(x 1 —y) is in C J (U x K d+1 ) 
as soon as N is large enough. It follows that all the remainder terms RNa(x,y), 
(a) < N, belong to C J (14) for N large enough. 

Similarly, if §(a) < @) and | 7 | = N < \S\ < 2N then dim - (a) + @ + (<5) > 
dim + ($) > dim + ^N, so using Lemma lA. II we see that y l3+d (d^d y 'Kp)(x, —y) is 
in C J (U x for N large enough. It then follows that for N large enough the 

remainder terms RNa/3(x,y) with (a) < N and < <Jf5)=|iV are all in C J (U) as 
soon as TV is chosen large enough. 

In order to deal with the last remainder term R^(x,y) notice that, along the 
same lines as that of the proof of Lemma IA.2I one can show that there exists a 
X € C°°(IA) properly supported with respect to x such that x(x,y) — 1 near y = 
and, for any multi-order a, we can write 

(B.20) X{x,y)e(x,y) a = ]T aP (t, x, y)$ t (x, yf , 

«3> = f<a> 

where the functions 9 a p(t, x, y) are in C°°([0, 1] xUxR d+1 ). Therefore x(x, y)RN{x, y) 
is equal to 

(B.21) E E K\~ l K\ fr Na p{t,x,y){yPd$K P ){e-\-y),* t {x,y)), 

for some functions rN a p{t,x,y) in C°°([0, 1] x U x M d+1 ). Since (y^dyKp) is in 
/C A -^+^(J7 x R d+1 ) and we have »m - (q> + > 5Rm + ±(a) = dim + |JV, 
using Lemma [A. II we see that for iV large enough x(x,y)RN(x,y) is in C J {U). As 
x(x, y)i?Ar(cc, y) is a properly supported with respect to a; this shows that it belongs 
to C J {U x R d+1 ). 

Let Kpt(x,y) = x(x,y)K(x,y). This defines a distribution on L7 x ]R d+1 since 
X is properly supported with respect to x. Moreover, we have 

W 4 

(B.22) K pt (x,y)= £ K Q ^ 4 (a;, y) + £ R n( x , !/)> 

where the remainder terms R^ , j = 1, . . . ,4, are given by the formulas, 

(B.23) = x{x,y)RN(x,y), Rn )= E x(x,y)RNa(x,y), 

{a)<N 

(B.24) i$> = ]T E xfolO^Va/sfol/), 

{a)<N f <a)<(^)<|jV 
(JV) 

(B.25) i#> = J2 (l-x(x,y))K af3 , s (x,y). 
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Note that K a fa S (x, y) belongs to /C h ~( a )+d>+( s > (U x R d+1 ) and there are finitely 
many terms of a given order as a, (3, 7 and 5 ranges over all the multi-orders such 
that §<o) < (ft and \~f\ < \5\ < 2| 7 |. 

On the other hand, the remainder term is smooth and it follows from the 
above observations that the other remainder terms are in C J (U x K d+1 ) as soon as 
N is large enough. Thus, 

(B.26) Kpt(x,y)~ ^ ^ K a0jS (x,y), 

|<a><(^ l7l<|5|<2| 7 | 

which incidentally shows that Kpt(x,y) belongs to IC m (U x 

Finally, thanks to 1B.2|> we can put the kernel of P* into the form, 

(B.27) k P *(x,y) = \e' x \K P (x,-e x (y)) + |4|[(1 - X )K](x,-e x (y)) + R(y,x) 

= \s' x \K P {x,-e x (y)) modC°°(UxU). 

It then follows from Proposition 13.1. that P* is a tyjjDO of order m. Moreover, 
working out the expression for K a pys shows that the asymptotics expansion l)B.26(l 
reduces to Ij3.1.38|l . The proof of Proposition 13 . 1 . 2T1 is thus achieved. 
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